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Some Electrical Properties of Zinc Oxide Semiconductor* 


E. E. Haunt 
Randal Morgan Laboratory of Physics, University of Pennsylvania,t Philadelphia, Pennsylvania 
(Received November 8, 1950) 


Measurements of the dark electrical conductivity o, and Hall 
coefficient were made on sintered spectroscopically pure zinc oxide 
powder samples over a temperature range from 100°K to 625°K 
and at room temperature on zinc oxide crystals containing lead 
impurities, using both the usual dc potentiometer-probe method 
and an ac (4000 cps) set. In this reproducible range, Ine is not 
linear with 1/T for the sintered samples but exhibits maxima 
occurring at higher T and o values, the higher the sintering 
temperature; the electronic carrier concentration of the different 
samples, calculated from the Hall data, indicates thermal ioniza- 
tion of 1.6X 10'* to 9.010" donors/cm® lying 0.017 to 0.045 ev 
below the conduction band, with increasing ionization energy and 
increasing donor concentration, in general, occurring for higher 
sintering temperatures. Conductivity measurements are also made 
on sintered samples from 300°K to 1040°K using the ac (4000 cps) 
voltmeter-ammeter method; above about 650°K, Ino versus 1/T is 
linear and in agreement with the results of previous workers with 


ionization energies varying from 14 to 2.4 ev. Back reflection x-ray 
patterns indicate an increase in the lattice spacing after sintering; 
the change can be correlated with the presence of interstitial zinc 
atoms. The forbidden gap is taken to be about 3 ev, corresponding 
to an ultraviolet absorption edge and luminescence peak at 3.2 ev; 
the yellowing of worked or highly conducting or heated samples is 
attributed to a shift of this absorption edge into the visible. Room 
temperature impedance measurements show a frequency depend- 
ent reactance and resistance attributable to capacitive shunting of 
the high resistivity grain boundaries (v~10’ cps). It is shown that 
the low frequency conductivity of the sintered samples is de- 
termined by the conductivity and relative thickness of the grain 
boundary material while the Hall coefficient depends mainly on 
the carrier concentration in the semiconducting grains; uncritical 
use of low frequency and dc results thus would lead to spuriously 
low values of the conductivity and mobility in relation to the true 
properties of the grains. 





I. INTRODUCTION 


INC oxide is regarded in the literature!” as a typical 
donor-type semiconductor. Measurements of the 
temperature variation of the electrical properties of this 
semiconductor, such as the conductivity and Hall coeffi- 
cient, have actually, however, not been very extensive; 
a brief summary of some published results is given later 
in this Section. Accordingly, the main purpose of this 
investigation was the measurement of the dark con- 
ductivity and Hall coefficient from 100°K to 625°K of 


* The essential portion of a dissertation in physics presented to 
the faculty of the Graduate School of the University of Pennsyl- 
vania in partial fulfillment of the requirements for the degree of 
Doctor of Philosophy. Part of this work was presented in Phys. 
Rev. 78, 348, 349 (1950), while a more extensive account of this 
work was given in Technical Report No. 17 (October 31, 1949), 
Nobsr-42487, copies of which can be obtained from P. H. Miller, 
Jr., University of Pennsylvania, Philadelphia 4, Pennsylvania. 

t Now at RCA Laboratories, Princeton, New Jersey. 

t Supported in part by Bureau of Ships. 

1F, Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940). 

2N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (The Clarendon Press, Oxford, 1940). 


different zinc oxide semiconductor samples, whose 
preparation and properties are described in Sec. II; the 
experimental details and results are described in Sec. IV 
and analyzed in Sec. V to determine the variation of 
carrier concentration and mobility with temperature. 
The results of conductivity measurements, made from 
300°K to 1040°K in an effort to duplicate the results of 
previous workers, are given in Sec. III. Some auxiliary 
x-ray and frequency effect measurements are described 
in Sec. VI. A correlation of all the results with theory is 
attempted in Sec. VII. 


Previous measurements*~® of the electrical properties 


3 Bevan, Shelton, and Anderson, J. Chem. Soc. London, 1729 
(1948). The conductivity did not respond to changes of oxygen 
pressure at temperatures much below 500°C whereas at higher 
temperatures the response was immediate. Three temperature 
ranges were suggested which determine the properties of the oxide 
reacting with its atmosphere: (a) at high temperatures lattice 
defects created at the surface can migrate into the crystal lattice 
by self-diffusion and the attainment of thermodynamic equi- 
librium is possible; (b) at intermediate temperatures, i.e., around 
500°C, reversible changes in the population of surface atoms are 
sufficient to account for changes in the conductivity while the bulk 
composition is frozen; (c) at low temperatures the conducting 
properties are not reproducible and depend entirely on the past 
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TABLE I. Heat treatment of samples. 











Heating Sintering Sintering Cooling Quench* 
rate temp. time rate temp. 
Sample (°C/hr) (°C) (hr) (°C/hr) (°C) 
1 290 895 16 440 785 
2 290 1100 16 380 815 
3 98 1100 16 380 815 
4 145 1295 16 294 1075 
5 135 1400 16 374 1120 
6 328 1335 0 2320 800 
7 2050 1460 0 350 1200 
g> 1100 16 
9» 1100 16 
10> 1100 16 
11 1870 1270 0.17 3660 660 
12 1850 950 5 2180 660 








* Samples quenched in zinc oxide powder at room temperature. 
> Supplied by F. J. Morin, Bell Telephone Laboratories, Murray Hill, 
New Jersey. 


of zinc oxide indicate three temperature ranges which 
characterize the behavior of this semiconductor.* Above 
about 450°C, the conductivity increased with de- 
creasing oxygen pressure*® or increasing tempera- 
ture.*:*-§ The results of conductivity measurements*:** 
in air as a function of temperature in this range are 
shown by the dashed lines in Fig. 2; the conductivity oa, 
in ohm cm, is plotted versus the inverse absolute 
temperature 7. The linear portions of the curves can be 
fitted by 


o=A exp(—E4/kT), (1) 


where k is 1.37 10~"* erg/deg, with the values of A and 
Ex given in Fig. 3. From about 450°C to 100°C, the 
conductivity decreased irreversibly with time at con- 
stant temperature and, ‘as a function of temperature, 
exhibited maxima.* Below about 100°C, the conductivity 
in some cases, could be fitted by Eq. (1) with EZ, varying 
from 0.007 to 0.04 ev.;’* the Hall coefficient was 
measured only around room temperature’? and at 
—190°C.® The results of Baumbach and Wagner‘ were 
correlated with Wagner’s!® model for non-stochiometric 
conducting solids: after heat treatment, such as sinter- 
ing, the zinc oxide is no longer of stochiometric composi- 
tion but contains, in interstitial positions in the lattice, 
excess zinc atoms which are formed by a partial dis- 
sociation of the zinc oxide during the heat treatment and 


thermal history of the sample since equilibration of the surface 
with the atmosphere is extremely slow. 

*H. H. v. Baumbach and C. Wagner, Z. physik Chem. 22, 199 
(1933). The conductivity varied as the —1/a power of the oxygen 
pressure at fixed temperatures between 400° and 700°C, where a 
varied between 4.1 and 4.5 for different samples. 

5Series of three papers by E. Mollwo and co-workers, Ann. 
Physik 3, 223 (1948). 

, ©W. Jander and W. Stamm, Z. anorg. Chem. 199, 165 (1931). 

7P. H. Miller, Jr., Phys. Rev. 60, 890 (1941). 
| *F. Stéckmann, Z. Physik 127, 563 (1950). 

*0. Fritsch, Ann. Physik 22, 375 (1935). Larger ionization 
energies occurred in general for samples having lower room 
temperature conductivities; for many samples, however, measure- 
ments were made only at room temperature and —5S0°C or 
— 190°C. 

10 C, Wagner, Z. physik Chem. 22, 181 (1933). 


which can act as donors."!:” Miller’ attributed the large 
values of EZ, in the high temperature range to the single 
ionization of isolated interstitial zinc atoms whereas the 
smaller values obtained in the low temperature range 
were thought to be due to the ionization of paired 
(interacting) interstitial zinc atoms. Stéckmann® corre- 
lated the position of the conductivity maxima in the 
middle temperature range with oxidation rates of two 
types of donors: interstitial and substitution (Zn 
atom —Zn** ion near an O-~ hole); the dark conduc- 
tivity was attributed to the single thermal ionization of 
these donors while Mollwo® attributed photoconduc- 
tivity to subsequent optical ionization. 


II. PREPARATION AND PROPERTIES OF SAMPLES 


Sintered compressed zinc oxide powder samples were 
used for the majority of measurements since attempts 
to produce samples by other means were not successful." 
The zinc oxide powder was obtained from the New 
Jersey Zinc Company, Palmerton, Pa.; spectroscopic 
analysis“ indicated traces corresponding to a range 
of 0.001 to 0.0001 percent of cadmium, aluminum, 
and sodium impurities. After sintering, the samples were 
white to grey when viewed in white light,!® and the 
sample density, measured by a flotation method, ranged 
between 95 and 98 percent of the x-ray value.'® The 
cylindrical sintered samples 1 to 7 were cut into cut and 
sliced samples as shown in Fig. 1. The cut samples were 
used for the measurements of Sec. IV; their dimensions 
were approximately 1.0 cmX0.4 cmX0.2 cm. Nickel- 
plated contacts were used for all current electrodes. 

The sintering histories of the samples are given in 
Table I. Samples 1 to 5 were sintered at increasing 


The sign of the Hall emf and Seebeck emf indicated a net 
negative carrier concentration. 

® Application of the law of mass action to this reaction for the 
case of double or single ionization of the donors gives a value of 
6 or 4, respectively, for a (see footnote 4) ; from the thermoelectric 
measurements of Baumbach and Wagner, a value of 6.1 has been 
determined by C. A. Hogarth, Nature 161, 60 (1948) and Phil. 
Mag. 39, 260 (1948). 

13 Experiments with Joule heating, similar to the work of Fritsch 
(footnote 9), were not successful. Alternating currents of 15 and 25 
amp were passed for 5 to 10 hours through pre-sintered samples 
approximately 2 cm in diameter and 5 cm long. The usual result 
was the production along the sample axis of an inhomogeneous 
porous core; usually very small crystals appeared on the sample 
surface, but attempts to enhance their growth failed. Experiments 
to grow pure single crystals of zinc oxide were also conducted by 
slowly reacting zinc vapor with water vapor or oxygen; crystals 
large enough for electrical measurements have not yet been ob- 
tained by this method. Use of the ZnO—SiO, system seems 
promising for obtaining crystals of zinc oxide in view of the results 
of Carnegie Institution of Washington, “Final report of investiga- 
tions to prepare transparent phosphors,” OEMsr-634. 

4H. M. Cyr, New Jersey Zinc Company; private communi- 
cation. 

18 Working the sample surface resulted in a yellow discoloration ; 
in most cases sintered samples showed an orange to red lumines- 
cence at room temperature under x-ray or mercury vapor lamp 
—- If the surface was worked, the luminescence disap- 
peared. 

16 From the x-ray diffraction measurements of C. W. Bunn, 
Proc. Phys. Soc. (London) 47, 835 (1935), the lattice constants of 
zinc oxide in 10°X units are a9=3.2426 and ¢o/ao= 1.6020. The 
density of zinc oxide, using these values is 5.680 g/cm‘. 
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Fic. 1. Traveling-probe measurement of voltage-drop versus 
distance along a sample for samples 2, 5B, and 7. Relative posi- 
tions of the cut and sliced samples in the sintered sample shown at 
the top of the figure. 


sintering temperatures. The heating rate of sample 3 
was about 3 times slower than sample 2, whereas the 
subsequent heat treatment was the same; the results of 
electrical measurements indicated that both these 
samples had similar electrical properties. The results of 
traveling-probe voltage-drop measurements across the 
sliced samples 1, 3, and 4 showed a variation similar to 
the results for sample 2 shown in Fig. 1. From the slope 
of this curve, the conductivity was 0.0413 ohm cm 
near the surface and 0.0540 ohm cm in the central 
region. Sample 5 contained a dark grey region in the 
central portion of the sintered sample ;!7 cut sample 5A 
was taken from an outer portion of the sintered sample, 
whereas cut sample 5B included this dark region as its 
central portion. From probe measurements along the 
length of cut sample 5B, shown in Fig. 1, the con- 
ductivity of the dark portion, situated between the 
arrows in Fig. 1, was 0.0106 ohm~ cm™, whereas the 
conductivity at the ends was 1.23 ohm~ cm™ as found 
for cut sample 5A at room temperature in Sec. IV. 
Samples 6 and 7 were flashed sintered; the results, 
shown in Fig. 1, for sliced sample 7, similar to the 
variation found for sample 6, again indicated a decrease 
in conductivity toward the surface of the sintered 
sample. Sample 7 exhibited cracks and inhomogeneities 
and was not measured further. Samples 11 and 12 were 

7In an x-ray beam, the dark region showed a green lumines- 


cence which was absorbed whereas the outer portion showed an 


orange luminescence which was transmitted through the sample of 
thickness 0.134 cm. 
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sintered at the beginning of this investigation and were 
used, with the top and bottom surface removed, for the 
measurements of Sec. III. 

Zinc oxide crystals that have grown accidentally in 
industrial processes were obtained.’* Samples 13 to 17 
were hexagonal needle-like crystals averaging 0.4 cm 
long and 0.15 cm across the flats; spectroscopic analysis 
indicated about 1 part lead impurity in 10° by weight. 


Ill. HIGH TEMPERATURE CONDUCTIVITY 
MEASUREMENTS 


Initially this investigation attempted to reproduce the 
high temperature conductivity measurements of previ- 
ous workers.*:** The cylindrical sintered sample was 
held between two silver electrodes in a thick metal cup; 
an electric furnace could be moved up around this 
holder. The sample resistance was measured by the 
voltmeter-ammeter method at 4000 cps; the circuit is 
shown in Fig. 2. The temperature was determined by 
the thermoelectric voltage of a Chromel-Alumel thermo- 
couple in contact with an electrode. 

Typical results obtained are shown in Fig. 2, where 
the conductivity is plotted versus the inverse absolute 
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[ Voltmeter y 


Sample 
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103/T (Kelvin) 


Fic. 2. Conductivity versus the inverse of the absolute tempera- 
ture at high temperatures measured in cycles for samples 11 and 
12; results of Jander and Stamm shown by curve I, Baumbach and 
Wagner by curve II, Miller by curve III, Stéckmann by curve IV. 
Voltmeter-ammeter method used shown at the top of the figure. 


18 Saint Joseph Lead Company, New York, New York, colorless 
to orange crystals; Eagle-Picher Company, Joplin, Missouri, long 
white hairy crystals; American Zinc Company, Hillsboro, Illinois, 
white to reddish crystals; New Jersey Zinc Company, Palmerton, 
Pennsylvania, colorless to light green crystals. 
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Fic. 3. Values of A versus E4 for the high temperature conductivity 
of different samples when fitted by Eq. (1). 


temperature for samples 11 and 12. The time required 
for a run from room temperature to 530°C and back 
averaged about 60 min. Curves 11A and 11B are the 
initial heating to 530° and cooling curves respectively 


for sample 11. Curves 11C to 11H, not shown, represent © 


three more complete cycles to 530°C ; these curves show 
successively lower conductivities and fall between 
curves 11B and 11J. Sample 11 was then heated to 
700°C, giving curve 11J, while after subsequent cooling, 
curve 11L represents a final heating to 530°C. Sample 12 
was heated to 770°C and the cooling curve 12A was 
obtained. Sample 12 was then heated to 720°C and kept 
there for two hours; the conductivity increased by a 
factor of 2; after increasing the sample temperature to 
770°C, the cooling curve 12B was obtained. The linear 
portions of the curves in Fig. 2 above about 440°C can 
be fitted by Eq. (1) with values of A and Ex, given in 
Fig. 3. 


IV. HALL COEFFICIENT AND CONDUCTIVITY 
MEASUREMENTS 


The fundamental experimental data obtained in this 
investigation were the Hall coefficient and conductivity 
of different samples of sintered zinc oxide asa function of 
temperature from 100°K to 625°K. The measurements 
and results are described in this Section. 

The sample, Hall and conductivity probes, and cur- 
rent electrodes were in thermal contact with a copper 


strip which was thermally attached to a liquid nitrogen 
resevoir for low temperatures and heated by an electric 
furnace for intermediate temperatures and temperatures 
above room temperature. The temperature limits of this 
evacuated unit were — 170°C to 350°C. The conductivity 
was determined from the longitudinal voltage across the 
conductivity probes, the Hall coefficient from the 
transverse voltage across the Hall probes in a magnetic 
field, the current through the sample from the voltage 
drop across a known series resistor, the sample tempera- 
ture from the thermoelectric voltage of a Chromel- 
Alumel thermocouple held in contact with the sample, 
and the magnetic field strength from the voltage of a 
rotating coil driven by a synchronous motor. The dc 
electrical circuit is given in Fig. 4. 

The use of ac instead of dc for Hall coefficient and 
conductivity measurements is attractive because of the 
elimination of errors due to thermal effects and contact 
potentials, the ease of amplification, the reduction of ion 
transfer, and the reduction in the time required for the 
measurements. For these reasons a 4000-cps ac set was 
developed to augment the dc measurements of Hall 
coefficient and conductivity. The Hall and conductivity 
voltages were measured by a narrow pass-band high 
input-impedance amplifier followed by a harmonic 
analyzer. The zero magnetic field strength pick-up 
signal across the Hall probes was balanced out by 
adjusting the phase and amplitude of a bucking voltage 
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Fic. 4. Circuit diagram of dc circuit and equipment for Hall 
coefficient and conductivity as a function of temperature. 
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at the amplifier input.!® The attainable sensitivity was 
limited by noise at the probe and current-lead contacts, 
put for ease of measurement the ac set was superior to 
the dc set. 

The conductivities of samples 1, 2, 4, 5A, 6, and 8 are 
shown as a function of the inverse absolute temperature 
in Fig. 5. The Hall coefficient R, in cm*/coulomb, is 
shown as a function of the inverse absolute temperature 
for the same samples in Fig. 6. The Hall voltage was 
corrected where necessary to take into account the short 
circuiting effects*® of the current-electrodes when the 
length to width ratio of the sample was less than 4. The 
sign of the Hall coefficient, determined from the 
polarities in the dc set, was always negative indicating 
a net negative carrier concentration. Ohm’s law was 
valid for the sample currents used and the Hall voltage 
was linear with magnetic field strength over the range 
used. 

The measurements on sample 1 were reproducible up 
to 195°C. At this temperature the conductivity in- 
creased with time; after cooling to room temperature, 
the conductivity had decreased 6.3 percent and the Hall 
coefficient had increased 7.4 percent. Sample 2 was 
reproducible to 217°C. The conductivity increased with 







ohm! cm7! 


in 


Conductivity 


| 
103 / Temperature in °K 


Fic. 5. Conductivity versus the inverse absolute temperature for 
different samples. 


1 Tf an ac magnetic field were used in addition to an alternating 
current of different frequency through the sample, the Hall 
voltage would appear as the beat frequency and no alignment of 
probes would be necessary; see Russell, Miller, Jr., and Wahlig, 
Phys. Rev. 78, 645 (1950). 

*° Isenberg, Russell, and Greene, Rev. Sci. Instr. 19, 685 (1948). 
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—Hall Coefficient in cm®/coulomb 





103 / Temperature in °K 


Fic. 6. Hall coefficient versus the inverse absolute temperature for 
different samples. 


time at this temperature ; after cooling to room tempera- 
ture the conductivity had increased 56 percent and the 
Hall coefficient had decreased 6.6 percent. The other 
samples were reproducible up to 350°C, the limit of the 
sample holder. 

The conductivity of sample 17 and the dark region of 
sample 5B was measured as a function of temperature 
over a short range below room temperature. The probes 
were located along the latter sample at points indicated 
by the arrows in Fig. 1. The results were fitted by Eq. (1) 
with A=3300 ohm™ cm™ and 13.5 ohm cm“, re- 
spectively, with E,=0.18 ev for both. At room tem- 
perature the Hall coefficient of 5B was 180 cm*/coulomb, 
although, since this dark region was approximately 
square with portions of good conductor on both ends, 
the Hall coefficient may have been twice as large.”° 

The room temperature conductivity and Hall coeffi- 
cient of all the samples is given in Table II. All the 
measurements were made in the dark to eliminate 
photoeffects. 


V. ANALYSIS OF HALL COEFFICIENT AND 
CONDUCTIVITY DATA 


Having measured the Hall coefficient and conduc- 
tivity, the carrier concentration m, in no./cm*, mobility 
b, in cm?/volt-sec, and mean free path /, in cm, can be 
calculated as a function of temperature. As will be dis- 
cussed in Sec. VII, zinc oxide semiconductor is believed 
to exhibit donor-type conduction in the temperature 
range in which the measurements of Sec. IV were made; 
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TABLE II. Summary of room temperature data. 

















-R 
Sample ohm~! cm=t cm?*/coulomb cm?/volt-sec 
1 0.0432 540 20 
2 0.0540 150 7 
4 4.90 10 43 
5A 1.22 30 i 
5B 0.0119 180 2 
6 0.46 56 22 
8 14.4 3.4 42 
9 4.97 4.3 18 
10 15.2 3.0 39 
13 0.886 140 105 
14 9.98 8.1 69 
15 0.78 120 80 
16 9.83 9.5 79 
17 3.3 25 70 
the basic equations are thus”! 
n=3n/8eR, (2) 
b= —(8/3x)Ro, (3) 
l= (3/4e)(24mkT)*b, (4) 


where e is 1.6X10~* coulomb and m is the effective 
mass of the carrier. Using Eq. (2), the concentration of 
electrons in the conduction band was calculated and 
plotted in Fig. 7 as a function of the inverse absolute 
temperature for sample 1, 2, 4, SA, 6, and 8. The 
degeneracy concentration” is shown by the dashed line. 
Using Eq. (3), the mobility for the same samples was 
calculated and plotted in Fig. 8 as a function of the 
inverse absolute temperature. For sample 1, the linear 
portion can be fitted by 


b=1.8X10°7T~, 
whereas 
b= 6,7" 


for the linear portions of the other samples, where 4, in 
cm? deg/volt-sec, equals 2.3 X 10° for sample 2, 6.4X 10° 
for sample 6, and 9.3X10* for sample 5A. The room 
temperature mobility for all the samples is given in 
Table II. The mean free path, using Eq. (4) with m 
equal to the free electron mass ranges from 5X 10~* cm 
for sample 2 to 3X 10~’ cm for sample 1. 


VI. AUXILIARY MEASUREMENTS 


From back reflection x-ray diffraction patterns, the 
interplanar spacing was found to increase in zinc oxide 
after sintering. The interplanar distance dj, in 10°X 
units was 0.77035 for unsintered zinc oxide, which is also 
the value obtained by using the values of Bunn’ for apo 
and ¢o, 0.77046 for sample 2, 0.77048 for sample 4, and 
0.77058 for sample 4 after grinding the surface and thus 
causing a yellow discoloration.'® The patterns obtained 
when neither the film nor sample was rotated indicated 
a growth of the zinc oxide particles in the sintering 
process to roughly 200 times for samples sintered around 
1000°C and 1000 times for 1400°C samples. 


%1G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949). 
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The impedance of several samples was measured at 
room temperature as a function of frequency using a 
General Radio 916-A Radiofrequency Bridge, from 0.5 
to 40 mc. The results for sample 11 are shown in Fig, 9, 
where the resistance in ohms is shown by the full line, 
and the negative reactance in ohms is shown by the 
dashed line, as a function of the frequency in mc. The 
resistance decreased with frequency from a dc value 
R,+R, to a finite value R, at high frequencies, while 
the sample reactance showed a minimum at a frequency 
vo. For sample 11 R,=840 ohms, R,=100 ohms, and 
vo=1.3 mc. The results for samples 1 and 2 are also 
shown in Fig. 9. The frequency vo occured at larger 
values. Curves 1A are the results for fresh contacts on 
sample 1, whereas curves 1B are the results one month 
later. The conductivity, measured by the potentiometer 
probe method, had decreased less than 0.5 percent in 
this period. For sample 2, curves 2A are for fresh con- 
tacts, whereas curves 2B are the results 15 days later, 
for which »p=30 mc, R,= 144 ohms, and R,=62 ohms, 
The source of this frequency effect in the bulk” will be 
discussed in Sec. VII. 


10 






o_ 


Charge Carriers / cm> 


4 6 8 
1037 Temperature in °K 


10 


Fic. 7. Carrier concentration versus the inverse absolute tem- 
perature for different samples. Degeneracy temperature shown by 
dashed line. 


*® The sample impedance is the sum of the bulk and contact 
impedances. However, the results of Fig. 9 showed a much larger 
decrease of sample resistance and a much larger negative value for 
the sample reactance at the minimum than could be attributed to 
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In an effort to estimate the conductivity and dielectric 
constant K of unsintered zinc oxide,” the “Q” and 
capacity change of a cylindrical condenser filled with 
zinc oxide powder were measured as a function of the 
packed density. A Boonton 160-A Q-meter was used and 
the measurements were made at a number of different 
frequencies. Correcting for the porosity of the samples,” 
the values o=5X10~7 ohm™ cm” and K=12 were 
obtained for zinc oxide. Although the results were 
consistent for different frequencies, the values obtained 
must be considered, due to the crude approximations 
involved, as only estimated values. 


VII. DISCUSSION 


The model described in this section is tentatively 
proposed to explain some of the electrical properties of 
zinc oxide. 

Previous to heat treatment, the conductivity of zinc 
oxide is small and possibly ionic. In the sintering process 
loss of oxygen from the sample occurs while the excess 
zinc atoms become ionized and diffuse into interstitial 
positions in the lattice which accommodates them with 
a slight strain”® as evidenced by the x-ray measurements. 


4 


Fic. 8. Electron 
mobility versus the 
inverse absolute tem- 
perature for different 
samples. 


Mobility in cm2/volt-sec 





103 / Temperature in °K 


the effect of measured magnitudes of the contact impedances. 
Consequently the bulk of the sample is assumed to have a fre- 
quency effect with the equivalent circuit shown in Fig. 9. The 
capacity of the sample itself need not be considered in the range of 
frequencies used. ; : 

% There do not seem to be any published values for the dielectric 
constant. The index of refraction is about 2.0 according to G. F. A. 
Stutz, J. Franklin Inst. 210, 67 (1930). 

* An expression developed by K. W. Wagner, Arch. Elektroteck. 
2, 371 (1914), was employed to account for the porosity: non- 
interacting spherical air holes were assumed embedded in a zinc 
oxide continuum, while the fractional volume occupied by the 
holes was calculated from the packed density of the samples. _ 

26 This value was estimated by Miller (footnote 7) to be the ionic 
conductivity of zinc oxide at room temperature. A. Volkl, Ann. 
Physik 14, 193 (1932) and P. Guillery, Ann. Physik 14, 216 (1932) 
measured the loss of a condenser filled with zinc oxide dispersed in 
a liquid dielectric and obtained 10-’—10-* ohm™ cm™ at room 
temperature. : : 

26 If Gis the constant of proportionality of the strain, assumed to 
be proportional to the inverse cube of the distance from the strain- 






in mc 
ct 
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Frequency 
-Reactance 


D.C. 


: Values 


0.1 
! 
Resistance & —Reactance in ohms (x 0.2 for 11) 


Fic. 9. Sample impedance as a function of frequency. Equivalent 
circuit for samples shown at top of figure. 


On quenching, some oxygen returns and recombines, but 
most of the interstitial zinc ions are frozen in and trap 
electrons. Accordingly the outer shell of sintered samples 
will not be as rich as the inner portion in excess zinc and 
will thus exhibit a lower conductivity as is found in 
Fig. 1. In sample 5 it is possible that, in sintering, the 
grain growth, which occurs during sintering as evidenced 
by the x-ray measurements, prevented an interaction of 
the inner portion of the sample with the atmosphere, 
resulting in a low excess zinc concentration and con- 
sequently low conductivity. The excess zinc concen- 
tration increases with sintering temperature as indicated 
by the increased carrier concentration from Fig. 8 in 
samples sintered at higher temperatures and increases 
with decreasing oxygen pressure as found by previous 
workers*~*7_ or when heat treated in a reducing 
atmosphere. *:*8 

The conjectural partial electronic energy level scheme 
for zinc oxide consists of a highest filled band (O--) and 
a normally empty conduction band separated by a 


center, then, if N is the concentration of strain-centers, the 
fractional change in interplanar distance can be shown to be ap- 
proximately 8GN. A value of 3X 10 cm! was calculated for G by 
estimating the strain produced when a zinc atom is introduced at 
the center of a hexagonal unit of zinc oxide. Thus for sample 2, 
N=6X10'* cm= and for sample 4, VN =7X 10'* cm-3, 

27 Excess zinc was found by Mollwo (footnote 5) in highly 
conducting samples of zinc oxide by chemical analysis. 

28 Pre-sintered samples when heated for about 14 hours at 450°C 
in a hydrogen atmosphere showed no change; however, when 
heated for 30 min at 600°C, the samples became gray and were 
better conducting. 
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TABLE III. Calculated ionization energies and 
donor concentrations. 











Sample E (ev) N (cm~) 
1 0.0166 1.9 10'* 
2 0.0283 8.2 10'6 
4 0.0424 9.0 10"? 
5A 0.0447 3.7 X10"? 
6 0.0308 2.4X 10!" 








forbidden gap in which the excess zinc atoms give rise to 
two donor levels: a “low temperature” level slightly 
below the conduction band and a “high temperature” 
level above the highest filled band. 

The carrier concentrations, determined from the low 
temperature measurements of Sec. IV, are believed to be 
due to the thermal excitation of electrons from the “low 
temperature” levels into the conduction band. For V 
donors/cm’ at E ev below the conduction band, the non- 
degenerate carrier concentration is given by’ 


n?/(N—n)=(24mkTh-)! exp(—E/kT), (5) 


where h is 6.55X10~*’ erg-sec. By fitting the tempera- 
ture variation of the carrier concentration in Fig. 7 with 
Eq. (5), the donor concentration and ionization energy 
in the different samples have been determined. A value 
of 1.9 10~-*8 g was assumed for m. The values obtained 
are listed in Table III. There is a continuous increase” 
in Eas N increases for samples 1, 2, 4, and 6. The values 
for sample 5A apply for 10°/T greater than 4; the in- 
crease in carrier concentration for temperatures above 
this point may indicate the ionization of deeper lying 
levels in view of the results obtained for sample 5B or 
may indicate that the donors are spread over a band of 
ionization energies as discussed by Busch.*° The results 
for sample 8 could not be fitted by Eq. (8), but might be 
explained by an elaboration of the above simple donor- 
type semiconductor model ;** the numerous parameters 
involved in such models, however, preclude any set of 
suitable parameters as being the true characteristic set. 

An analysis of the high temperature conductivity re- 
sults of Sec. III to determine the characteristics of the 
“high temperature” donor levels is difficult because of 
the effects of the granular structure of the samples as 
discussed at the end of this Section; also the sample 
characteristics probably change during the measure- 
ment at these elevated temperatures. Figure 3 indicates 
that the ionization energy varies from about 1.4 ev to 
2.4 ev and may increase with donor concentration. The 
visible luminescence'® of zinc oxide may correspond to 


*® This is opposite to the usual dependence. N. F. Mott, Proc. 
Phys. Soc. (London) 62, 416 (1949), and Pearson and Bardeen 
(footnote 21) have attributed a decrease in ionization energy with 
increasing concentration to a screening of the donors by the 
conduction electrons. 

30 G. Busch, Helv. Phys. Acta 19, 189 (1946). 

4 See, for example, J. H. Gisolf, Ann. Physik 1, 3 (1947). 

2H. W. Leverenz, Luminescence of Solids (John Wiley & Sons, 
Inc., New York, 1950), pp. 218, 223. Zinc oxide, after heat 
treatment, exhibits a blue-green (2.5 ev) emission; after heat 
treatment at higher temperature, an orange-yellow (2.4—2.2 ev) 
emission is exhibited (see footnote 17). 


radiative electronic transitions from near the bottom of 
the conduction band to ionized “high temperature” 
levels.™ 

It is difficult to correlate all the thermal and optical 
properties with a definite physical picture of what the 
“high” and “low” temperature levels are. Some Possi- 
bilities are: (a) isolated and paired interstitial Zn 
atoms ;’ (b) interstitial Zn atoms and Znt ions; (c) 
interstitial Zn atoms in the bulk of the grains and near 
or at the grain boundaries; (d) foreign impurities and 
interstitial Zn atoms.* 

The forbidden gap is taken to be about 3 ev in view of 
the long wavelength edge at 3.2 ev of the ultra-violet 
absorption in zinc oxide,** which, because of the large 
absorption coefficient (~10'/cm), is ascribed to for- 
bidden gap transitions. Seitz,** who assumed zinc oxide 
to be predominately ionic,*” theoretically estimated the 
forbidden gap to be 16 ev; however, when the effect of 
the relatively broad 2 oxygen band (highest filled 
band), as found by O’Bryan and Skinner,** and the 
polarization energy discussed by Wright*® is included, a 
value of approximately 3 ev is not unreasonable. After 
heat treatment, a weak tail in the absorption spectrum 
occurs on the long wavelength side of the intrinsic 
absorption®“° and causes a yellow to gray color to be 
exhibited by the sample when viewed in white light. 
This tail may be caused by forbidden gap transitions at 
excess zinc- or surface-perturbed lattice sites. The 
change of sample color when worked,"* which is a volume 
effect,“' may similarly be due to the presence of strains. 
The forbidden gap also decreases with increasing tem- 
perature, as in other materials; the absorption edge 
shifts about 1.3A/°C* around room temperature“ and 
causes heated zinc oxide to appear yellow when viewed 
in white light.***¢ 


% E. L. Nichols and B. W. Snow, Phil. Mag. 33, 19 (1892), found 
a candoluminescence peaked at 2.4 ev and 2.0 ev for zinc oxide at 
850°C and 1010°C, respectively. 

*The possibility that the high temperature conductivity 
measured in Sec. III is intrinsic must not be overlooked; this is 
discussed more fully in Technical Report No. 17 (October 31, 
1949), Nobsr-42487, E. E. Hahn. 

35 FE. Mollwo, Reichsber. Physik 1, 1 (1944). 

36 See reference 1, p. 448. 

37 Existing crystal data indicated that zinc oxide is semi-ionic 
and semi-covalent. See R. W. G. Wyckoff, Crystal Structures 
(Interscience Publishers, Inc., New York, 1948) and reference 32, 
pp. 45, 484. 

%H. M. O’Bryan and H. W. B. Skinner, Proc. Roy. Soc. 
(London) 176, 229 (1940). 

®D. A. Wright, Proc. Phys. Soc. (London) 60, 13 (1948). 

* Progress Report, Nobsr-42487, University of Pennsylvania 
(June 1, 1950). 

41 See reference 32, p. 385. 

© F. Moglich and R. Rompe, Z. Physik 119, 472 (1942). 

* A. Radkowsky, Phys. Rev. 73, 749 (1948). 

“ The ultraviolet cathodoluminescent peak shifts 1.2A/°C. F. H. 
Nicoll, J. Opt. Soc. Am. 38, 817 (1948). 

‘6 The photoconductivity of zinc oxide, measured by Mollwo 
(footnote 5), peaks at the absorption edge and may correspond to 
transitions from the filled band to either the conduction band 
— or to states lying close to the bottom of the conduction 

and. 

‘6 The ultraviolet luminescent emission of zinc oxide peaks at the 
absorption edge and may correspond to radiative transitions from 
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The effect of the granular structure of sintered 
samples of zinc oxide gives rise to spuriously low meas- 
ured conductivities as follows.‘7 The sintered samples 
probably consist of semiconducting grains enclosed in 
low conductivity layers since, similar to the argument 
applied to the whole sample at the beginning of this 
Section, oxygen returns only to the surface layers of the 
excess-zinc-enriched grains as the sample is cooled 
quickly. A crude approximation is pictured in Fig. 10: 
the sintered sample is composed of cubical grains of 
length L, conductivity «, and mobility 6, with sur- 
rounding layers of thickness W, conductivity oo, and 
mobility bo, where 


a/ao>L/W>1, L/W>bd)/b. 


A similar model was used by Mollwo® to explain 
photoconductivity results. Since the Hall voltage in the 
vertical layer, in Fig. 10, will be shorted out by the 
better conducting faces on either side, the measured 
Hall coefficient is that of the grain; however, the 
measured conductivity om is 


on ooL/W<Ko 


and is determined by the relative thickness and con- 
ductivity of the layer. This effect was independently 
described by Volger.** With an alternating current of 
angular frequency w passing, the impedance of one grain 
and its adjacent layer is 


I> L/o+W/(ootjwK Ko) ], (6) 


neglecting the displacement current in the grain. The 
impedance of a three-dimensional array of such units 
will be a multiplicative factor times Eq. (6) with an 
equivalent circuit the same as that shown in Fig. 9; the 
identifications 


vo= 00/2wK Ko, 
R,/R»= Loo/We 


can be made. From the results of Sec. VI for the 
frequency effect, 


om=5.4X107 ohm cm, 
oo=2.0X10~ ohm™ cm“, 
L/W =270, 
o=0.13 ohm™ cm“, 


either excited state levels near the bottom of the conduction band 
or from the conduction band at donor- or surface-perturbed lattice 
sites to the filled band. See Leverenz (footnote 32), p. 361. 

* Hahn, Russell, and Miller, Jr., Phys. Rev. 75, 1631 (1949). 

* J. Volger, Phys. Rev. 79, 1023 (1950), 
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Fic. 10. Simplified model of sintered zinc oxide semiconductor 
showing semiconducting grains surrounded by low conductivity 
layers. 


for sample 2, and 


Om=2.3X10~ ohm cm“, 

oo=8.7X10-* ohm™ cm“, 
L/W=26, 

o=1.9X10~ ohm™ cm“, 


for sample 11, at room temperature. Thus the uncritical 
use of conductivities measured and calculated by the 
usual method from dc measurements would lead to 
spuriously low values of the mobilities in relation to the 
true properties of the grains; from Table II, the higher 
mobilities in the zinc oxide crystals may be due to this 
effect. 


VII. ACKNOWLEDGMENTS 


The author wishes to express his appreciation to 
Professor P. H. Miller, Jr., under whose direction this 
investigation was pursued, for his helpful advice and 
constant encouragement, and to Dr. B. R. Russell, who 
has been a source of many valuable discussions and 
suggestions. The assistance of Mr. A. Lemonich and 
Mr. S. Harrison is also gratefully appreciated. 





JOURNAL OF APPLIED PHYSICS 


VOLUME 22, NUMBER 7 


JULY, 195; 


Approximation of Axisymmetric Body Forms for Specified Pressure Distributions* 
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The complex relationship between body profile and pressure distribution is important in the design of 
high-speed undersea bodies. For slender axisymmetric bodies integration of the equations for irrotational 
flow has been accomplished, the coordinates of the body profile being related to the pressure distribution 
through coefficients of Legendre polynomials. The limitations and applications of this approximate analysis 
have been demonstrated through comparisons with preassigned conditions and with the results of experi- 
ments. Computed values closely approach those preassigned or measured throughout the central portion of 
the body if the maximum diameter does not exceed three-tenths of the length. The analysis is accordingly 
useful in designing bodies with low coefficients of drag and low incipient cavitation numbers. 





INTRODUCTION 


N important factor in the design of high speed 
undersea bodies is the complex relationship be- 
tween body profile and pressure distribution. Although 
viscous effects cannot be neglected in evaluating the 
over-all drag of such bodies, analyses based on the 
assumption of irrotational flow lead to worthwhile 
results in studies of cavitation and local drag if the 
bodies are well streamlined. Valuable contributions al- 
ready available on this subject are the approximate 
method of discontinuous line sources of von K4rman,! 
the numerical relaxation technique of Southwell,’ and 
the analysis based on a continuous source distribution 
of Kaplan.’ However, with these methods it is possible 
only by trial and error to determine the body profile 
corresponding to a preassigned pressure distribution. 
In order to provide a direct and less time-consuming 
method, an approximate relationship between pressure 
distribution and body profile has been formulated by 
the authors for slender axisymmetric bodies. It has 
been found, however, that an almost identical method 
was developed previously in England,** and hence the 
derivations of the equations employed will not be 
presented in detail. 
The limitations and applications of these simplified 
calculations can be demonstrated through comparisons 
of assigned and calculated pressure variations. Also, in 


* This investigation has been conducted partly as a doctoral 
dissertation submitted by the second author to the Graduate 
College of the University of Iowa [En-Yun, Hsu, “Approximate 
analyses interrelating pressure distribution and axisymmetric 
body form,” Ph.D. dissertation, State University of Iowa, 
February, 1950], and partly as a project of the Iowa Institute of 
Hydraulic Research under the sponsorship of the ONR, Contract 
N8-onr-500. 

1 T. von K4rm4n, Nat. Advisory Comm. Aeronau., Tech. Mem. 
No. 574 (July, 1930). 

2R. V. Southwell, Relaxation Methods in Theoretical Physics 
(Clarendon Press, Oxford, 1946). 

*C. Kaplan, Nat. Advisory Comm. Aeronau., Rept. No. 513 
(1935). 

4A. D. Young and P. R. Owen, “A simplified theory for 
streamline bodies of revolution, and its application to the de- 
velopment of high-speed low-drag shapes,” R. and M. No. 2071, 
July, 1943. 

* A. D. Young and E. Young, “A family of bodies of revolution 
suitable for high-si or low-drag requirements,” R. and M. No. 
2204, Aeronautical Research Council, London, August, 1945. 


regions of pronounced cavitation, the velocity and 
pressure are essentially constant over most of the body 
length, and the calculation of the body profile is com- 
paratively simple by the proposed method. For such 
cases, comparisons can be made with the results of 
experiment.® 


THEORETICAL ANALYSIS 


Integration of the general but complex differential 
equations for irrotational flow past axisymmetric bodies 
is accomplished only if several simplifying assumptions 
can be made. If the component of velocity normal to 
ellipsoidal coordinate surfaces is neglected, the un- 
known coefficients of the Legendre polynomials used in 
defining a velocity potential can be related to the 
velocity distribution. Furthermore, if the body is 
slender, the coefficients can be related to the variable 
intensity of a source distributed along the axis of 
symmetry. Finally, the source intensity can, in turn, be 
related to the boundary profile. For the intermediate 
portions of slender bodies, which tend to be ellipsoidal 
in form, the necessary assumptions are valid, whereas 
discrepancies may result near the nose and tail. How- 
ever, minor modifications of the nose and tail do not 


significantly affect the flow pattern over the inter-, 


mediate portion, and this latter region is particularly 
important in studies of both drag and cavitation. 

The appropriate velocity potential satisfying the 
laplacian equation expressed in elliptical coordinates 
can be written in terms of Legendre polynomials, as 
follows: 


p=2aU © AsOn(A)Pa(u)—2aUr>w, — (1) 


in which \ and y are defined implicitly in terms of the 
cylindrical coordinates x and r (see Fig. 1). 


x=2ahyp and r=2a[(A?—1)(1—p?) j}. 


The foci are a distance 4¢ apart, and the uniform 
velocity at infinity is U. The velocity components 
®*H. Rouse and J. S. McNown, Cavitation and Pressure Distri- 


bution—Head Forms at Zero Angle of Yaw, State University of 
Iowa, Studies in Engineering, Bull. 32, 1948. 
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normal and tangential to the coordinate ellipsoids are 
obtained by differentiating yg with respect to space in 
the corresponding directions. For slender bodies, \ ap- 
proaches unity and the normal component of velocity 
approaches zero. If this component is neglected, the 
extreme complexity encountered by Kaplan can be 
avoided. 

By means of a double integration, the troublesome 
summation is eliminated and an expression is obtained 
relating the unknown Legendre coefficients A, and the 
difference between the velocity at a given point and 
that at infinity Ag: 


mt+1 ft “1 Ag 
2 J, LS “au |P n(ui)dur=—AnQn(Ar), (2) 





in which m is any integer, and the value of \ at the 
boundary is assumed to be a constant A;. Any suitable 
variation of Ag/U can be assigned, and the coefficients 
Ay, Ao, *** can be determined in a straightforward 
manner. Only the relationship between the coefficients 
and the boundary profile remains to be evaluated, 
since \; can be estimated with close approximation. 
Introduction of the concept of a line source of variable 
strength along the axis of symmetry provides a con- 
venient bridge between the coefficients in Eq. (2) and 
the desired body ordinates. For a given distribution of 
source strength, a certain body form will result; and, 
conversely, for a given body form, a source distribution 
will exist. A relationship between the source strength 
and the coefficients was presented by Kaplan, and this 
expression can be simplified considerably if the body is 
assumed to be slender. The resulting equation is 


u1 


(ro/2a)?=2 ¥ An Pa(us)duy (3) 


—1 


in which 79 is the radial coordinate of the body profile. 
The values of the integral in Eq. (3) have been tabu- 
lated in reference (5) for various values of yw; from —1 
to +1 and for integral values of m from 1 to 7, seven 
terms in the summation sufficing for virtually all prac- 
tical cases. 

Equations (2) and (3) together comprise the desired 
relationship between the specified boundary velocity 
distribution and the resulting approximate body profile, 
only the value of A; being undetermined. Since ), is 
only slightly greater than unity, a reasonable value can 
be assumed and then verified or corrected from the 
computed profile. Although its value varies somewhat 
from point to point, since no single ellipsoid serves to 
define the profile, this variation has a negligible effect. 
Hence, satisfactory results are obtained if \, satisfies 
the simplified relationship, 


As?= 1+(R/2a)’, (4) 


in which R is the value of 79 for x=0. If not, use of the 
new value computed from Eq. (4) and based on the 
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p=C3" H= C4 


o P(x,r) or (A,p) 
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Fic. 1. Definition sketch for a system of elliptic coordinates. 
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first approximation for R will almost invariably lead to 
a satisfactory check and hence make possible the com- 
pletion of the analysis. 

Although the manner of application of the foregoing 
analysis is dependent upon the type of velocity distri- 
bution assumed, a simple functional relationship can be 
used for slender bodies. The left side of Eq. (2) can be 
integrated straightforwardly for any velocity distribu- 
tion which is polynomial in yw: (or x), and coefficients 
have been obtained‘ for the linear distribution shown in 
Fig. 2. Thus, once e, f, g, and X have been assigned 
arbitrarily, the constants A, can be evaluated if, in 
addition, \; is assumed. The conditions for which the 
various simplifying assumptions are permissible will be 
demonstrated in the example of the following section. 


APPLICATIONS TO SPECIFIC PROBLEMS 


Both the adaptability and limitations of the proposed 
method of analysis can be demonstrated by applications 
to typical problems. The several assumptions, which 
were necessary to the completion of the analysis, result 
in restricting useful applicability of the method to the 
intermediate portion of slender and well streamlined 
bodies. In the regions near the nose and tail, or for 
instances in which the bodies are relatively thick, the 
simplifying assumptions leading to Eq. (3) are not 
justifiable. However, for the high speeds necessary in 
many applications, slender bodies are mandatory. Fur- 
thermore, in reducing either the drag or the incipient 
cavitation number, the central region is most important. 

The variation of velocity assumed in the evaluation 
of the integral in Eq. (2) is in reality impossible near 
the nose and tail. That is, for irrotational flow, stagna- 
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tion will always occur at the nose and tail, and the 
variation in these regions will not be linear. However, 
the apparent contradictions represented by assumed 
values of e and g, other than minus one, are not real; 
the velocity potential obtained can only represent an 
approach to the assumed condition with the greatest 
departures at the two ends. 

Profiles which are either symmetrical or unsym- 
metrical fore and aft can be obtained, and examples of 
each type have been completed. For symmetrical pro- 
files X=0, e=g, and the assumption of a value for 
the pressure ratio at midlength determines the value 
of f. Four cases were computed in which e=0, 0.5/, f, 












































-06 
ame / 
. e=q=f/2 Jf 
-O5} ¢ age re 
¢ e=g-l2f y, 
J 
-04 7 
To pheroid 
( vA -03 r p.2° @ 
‘ ipa 
0.2 hie 
-0,! 
o>” oar a2 03 O4 05 06 
Rea 


Fic. 4. Summary of minimum pressures for various 
symmetrical profiles. 


and 1.2/, respectively, for minimum pressure ratios of 
both —0.1 and —0.2. Representative pressure distri- 
butions and the corresponding profiles are shown in 
Fig. 3. Over the central portion, the computed pressure 
is very nearly equal to that preassigned, and the ex- 
pected lack of coincidence near the nose is apparent, 
As a matter of course, better results are obtained for 
the slenderer profiles. Results for a minimum pressure 
ratio of —0.3 were omitted because of appreciable dis- 
crepancies between the assigned and computed values 
even at the center. The exact location of the nose js 
not accurately prescribed, since it depends upon the 
value of \,. In Fig. 3 and subsequent figures, the half- 
lengths are shown as being equal to 1 instead of \,, 
both because the value of \, used is only slightly greater 
than one and because it is variable near the nose. Since 
minor adjustments of the nose and tail do not affect 
significantly the profile or flow pattern in the central 
region, further refinement was not made. The effective- 
ness of a slight exaggeration of the desired conditions 
is indicated in Fig. 3; the velocity distribution based on 
the assumed condition e=1.2f=g is more nearly linear 
in the central region than was the corresponding distri- 
bution for e=f=g. 

The variation of the minimum pressure ratio with the 
ratio of maximum diameter to length (R/2a) is com- 
pared in Fig. 4 for the four assumed conditions. Also 
included are the values for pressure ratios of —0.3 and 
the results of exact computations for true ellipsoids of 
revolution. It is readily seen from Figs. 3 or 4 that the 
proportions of a body, and hence the effective volume, 
can be varied considerably for a given constant value 
of the minimum pressure ratio. The results for a 
minimum pressure ratio of —0.3 do not follow the 
trend established in Fig. 4 for the slenderer bodies and 
spheroid. An examination of the plotted curves leads to 
the conclusion that the upper limit of the region of 
applicability is approximately defined by the condition 
R/2a=0.3. 

A representative series of body profiles which are not 
symmetrical fore and aft was determined for assumed 
conditions of a constant maximum velocity over the 
forward portion and a linear decrease in velocity over 
the remainder of the body (e=/, g=0). The point at 
which the decrease began was varied by assigning 
values to X of —1.0, —0.4, —0.2, 0, 0.2, and 1.0. The 
last value, which can also be defined by the conditions 
e=f=g, leads to a symmetrical profile, and is included 
as a limiting case of the series. Representative results 
are shown in Fig. 5 for typical cases, X-values of —1.0 
and 0.2 having been selected. Minimum pressure ratios 
of —0.1 and —0.2 were again used to determine the 
values for e arid f. Good correspondence between the 
assumed and computed pressure distributions can be 
noted, as before, over the central portion of the profile 
with the expected departures at the two ends. 

In Fig. 6 a summary plot is presented for computa- 
tions based on assumed velocity distributions of the 
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type shown in Fig. 5. As the extent of the region of 
specified minimum pressure is increased from a point 
at the nose to the entire length of the body, the asym- 
metry decreases noticeably and the ratio of maximum 
diameter to length increases. The gradual pressure re- 
covery of the slenderer bodies would lead to separation 
only very near the tail. Also, the symmetrical profile at 
the other extremity of this series has the largest volume 
for a given length and cavitation number. Since the 
minimum pressures for the case X = — 1.0 were approxi- 
mately —0.08 and —0.14 instead of —0.1 and —0.2, 
respectively, to be strictly comparable the assumed 
minimum pressure ratios (at the nose) should have been 
decreased sufficiently to make the computed minima 
for each of the bodies the same. Instead, the computed 
minima rather than the preassigned were plotted in 
Fig. 6. As for the symmetrical profiles, the curves in 
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Fic. 5. Computed profiles and pressure distributions for 
representative unsymmetrical profiles. 


Fig. 6 lie on either side of that for spheroids, the trends 
being similar provided that R/2a does not exceed 
approximately 0.3. 

In connection with an experimental study® of cavita- 
tion around nose forms of various shapes, an approxi- 
mate analysis was made for a hemispherical nose form 
with a cavitation number, (po— p,)/(pU?/2), of 0.2, 
which corresponds to the condition of a constant mini- 
mum pressure ratio of —0.2 over a large portion of the 
profile. Although in the experiments the head form was 
mounted on a long cylindrical shaft, as indicated in 
the upper portion of Fig. 7, a finite unsymmetrical 
body was assumed, and a profile comparable over only 
the forward portion was sought. After making several 
trials, the results shown by the open circles (and the 
dotted profile in the upper part of the figure) were 
obtained. The values of the various constants used are 
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Fic. 6. Summary of minimum pressures for various 
unsymmetrical profiles. 


e=0.15, f=0.0954, g=0, and X= —0.2. Although more 
nearly complete agreement could doubtless be obtained 
by further adjustment, the profile and the photographed 
vapor pocket are seen to be nearly coincident over the 
entire forward portion despite appreciable differences in 
the pressure distributions near the nose. Agreement of 
the after portion was not expected because of the 
marked geometrical differences. This computation is in- 
dicative of a second application of this analytical pro- 
cedure, viz., the approximation of a complex pressure 
distribution by repeated trial and adjustment of the 
disposable parameters. 

The results presented in Fig. 7 were also used as a 
basis for comparing the proposed approximate analysis 
with the more rigorous solution of Kaplan. Although, 
as was mentioned in the introduction, one cannot ob- 
tain the profile form directly by means of Kaplan’s 
analysis, his method was used in computing the pressure 
distribution for the body form obtained analytically as 
described in the preceding paragraph (the dashed line 
in the upper part of Fig. 7). That is, two methods of 
computing the pressure distribution from the approxi- 
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Fic. 7. Approximate results for cavitation around 
a hemispherical head form. 
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mate body form are compared. Kaplan’s results, which 
are shown as a dash-dot line, are somewhat below the 
open circles, indicating the magnitude of the effect of 
neglecting the velocity components normal to the co- 
ordinate ellipsoids and of the other assumptions. To be 
considered are the facts that the Kaplan method is far 
more complex in application, and that it is indirect 
when the body profile is desired. Also, the form selected 
is relatively thick (R/2a>0.3); corresponding dis- 
crepancies would be less for slenderer bodies. 

Another application is found in the determination of a 
profile with an assumed linear increase in pressure as 
specified in the relationship 


(p— po)/(pU?/2) =1-— [1+(Ag/U) ?= Cy+Cops. 


Although the resulting irrational expression for Ag/U 
cannot be integrated conveniently, a suitable approxi- 
mation can be obtained from a series expansion to 
three terms as follows: 


Ag/U =C3t+CapitCou:?. 


If this expression is substituted into Eq. (3), a solution 
is obtained directly. All coefficients A, for n>3 are 
zero because of the characteristics of the assumed dis- 
tribution. The results for a pressure ratio assumed to 
increase linearly from —0.2 at the nose to 0 at the tail 
are shown in Fig. 8. Although the computed pressure 
variation is noticeably curvilinear, a gradual pressure 
recovery is established over more than half of the body 
length. Furthermore, it is expected that an improved 
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approximation could be obtained if a larger number of 
terms were used. 

Both the flexibility of and the restrictions on the 
applicability of the proposed approximate method are 
illustrated by the several foregoing examples. In the 
event of the definition of the conditions which result in 
separation, the proposed method should be useful in 
specifying boundary profiles with improved drag char. 
acteristics. Moreover, if profiles are determined for 
which the pressure is uniformly low, improvements in 
the design of cavitation-free underwater bodies are 
possible. Although useful application of the method is 
restricted to the central portion of well-streamlined 
slender bodies, it is on this region that interest centers, 
It has been shown’ that even rather marked alterations 
in profile at the nose do not significantly affect the 
pressure distribution on the central portion. Further. 
more, trial-and-error procedures are avoided, and, once 
the integration for a family of functions has been com- 
pleted,** the time required for solutions of the types 
presented in Figs. 3, 5, and 8 is only a small fraction of 
the time necessary for the more exact procedures. 


CONCLUSION 


Starting from a preassigned pressure distribution, one 


can, by means of the method proposed herein, proceed 


directly to the definition of the corresponding body 
profile. The computed pressure distribution throughout 
at least the central portion of the body will closely 
approach that which was preassigned if the maximum 
diameter does not exceed three-tenths of the length. 


The analysis is accordingly useful in designing bodies 


with low coefficients of drag and low incipient cavitation 
numbers, because the central region plays a primary 
role in the occurrence of either separation or cavitation. 
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The motion of suspensoid particles relative to that of the solvent resulting from polarization forces pro- 
duced by an inhomogeneous electric field is defined as “‘dielectrophoresis.” It is analogous to the related 
phenomenon of electrophoresis, in which motion of suspensoid particles is produced by the action of an 


electrostatic field on the charged particles. 


From a consideration of theoretical calculations and from experimental observations it is concluded that 
the phenomena of “dielectrophoresis” and “dielectro-precipitation” can be observed under rather ideal 
conditions, though it is ordinarily often difficult to do so because of the presence of the more easily produced 
electrovhoresis or ion-type migration of charged particles. 


The usefulness of dielectrophoresis (and/or electrophoresis) for removing suspended solid particles from 


polymer solutions during analysis is described. 





HE application of highly inhomogeneous, strong, 
electric fields to suspensions of solids or of 
liquids in fluids has been found helpful in coagulating 
and precipitating finely dispersed material for analysis. 
The phenomenon seen in the relative motion of sus- 
nsoid and medium resulting from polarization forces 
produced by an inhomogeneous electric field is defined 
as “dielectrophoresis;’’ and when this leads to co- 
agulation, the process may be called “dielectro- 
precipitation.” 

Dielectrophoresis does not require ionized particles 
but rather depends on asymmetrical induction and 
attraction of displacement charges within the particles, 
and further that the resultant motions be different for 
solvent and solute. Migration in either alternating or 
direct current fields is observed to take place. Figure 1 
diagrammatically shows the effect of an inhomogeneous 
field on a discrete particle lying in the field. The un- 
equal field force acting on all permanent or induced 
dipoles causes them to be constrained to move towards 
the region of highest field density. 

When the polarizability of the suspensoid is greater 
than the solvent, the asymmetric field forces accelerate 
the suspensoid particles more than the solvent, giving 
rise to an increased concentration of the suspensoid 
near the center of high field strength. The suspensoid 
particles are then more prone to collision and coagula- 
tion. Agglomerations of suspensions may therefore fre- 
quently be accomplished with this technique using 
simple apparatus. 

The following equations are included to show the 
relative importance of the factors involved. The force 
on a small particle in a non-uniform field is expressed 
to a good first approximation by 


f=P-dE/dr (1) 
=E-¢-dE/ar (2) 
=(k—1)-E-0E/4rdr=(k—1)-0(E*)/8xdr, (3) 





* Based on research at the Naval Research Laboratory, Ana- 


costa, D. C. Present address: Du Pont Experimental Station, 
Wilmington, Delaware. 


where f=force per unit volume, P=polarization= Ee, 
E= field strength, e= proportionality factor of polariza- 
bility, and k= dielectric constant= 1+47e. 

The excess force on the suspensoid of dielectric 


constant, ki, over that on the solvent of dielectric 
constant, ke, is 


Af= (€,— €2)0(E*) /dr= (ki — kp) 0(E*) /4r dr. (4) 


This relation says that the motion of the suspensoid 
under the influence of the inhomogeneous field will be 
proportional to the absolute value of the electric field 
strength applied, to its divergence, and to the differ- 
ences in dielectric constant of suspensoid and solvent. 
The motion will be in the direction of the greatest field 
strength and independent of field direction. 

The force of the field on the particle will cause mo- 
tion opposed by viscous drag; hence, the force on the 
particle is given by 


F= (volume of particle) -Af=4ra®Af/3=6manv, (5) 


using Stoke’s equation and assuming spherical par- 
ticles, giving 


v=2-a?-Af/9n=a%(ki— kz) EOE/18endr, (6) 


where F=force on the particle, a=radius of particle 
in cm, n=viscosity of medium in poises, v= velocity 
in cm/sec. 

In the interesting case of the divergent field formed 
in the liquid between two infinitely long concentric 
cylinders, we have 


E=0V/dr=2q/kr, (7) 
Vi—V2= (29/k)In(r2/r1), (8) 
Vi—V=(29/k)In(r/n1), (9) 


a(E?)/ar=4q2/rk?, . (10) 


where V = potential in statvolts at r cm from the center, 
Vi— V2=potential in statvolts applied across the elec- 
trodes, g=charge per cm on the inner conductor, 
k=dielectric constant of the mixture. 
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Fic. 1. Diagram of forces operating on dipoles and suspended 
particles in an inhomogeneous electric field. 


Dielectrophoresis. 


Combining Eqs. (8) and (9) and substituting in 
Eq. (6), we get 


v= a?(ki— k2)(Vi— V2)?/18anr* In(r2/r;). (11) 


In a system, e.g., where 7;=10 mils=1.27 X10 cm, r2=5 cm, 
and V;—V2=10* volts=33.3 statvolts, and 7=107 poise (tolu- 
ene, etc.), we have 

v= 55a7(ki—k2)/r’. (12) 
E.g., if a= 104=10- cm, r=1 cm, ki —k2+ 10 as for a graphite 
or Ni sol in toluene, then we have »=55(10~*)?108=0.055 cm/sec, 
which is a reasonably determinable velocity in the laboratory. 
However, for a very fine suspension of particles of not too 
different dielectric constant we might observe, e.g., where a=1y 
=10~ cm, r=1 cm, ki:—2=10; as for a polymer suspended in 
toluene: 
v= 55(10*)210=5.5X10-* cm/sec, which is in the order of 
magnitude of diffusional velocities. The migration in this case 
would be quite difficult to observe. 


A calculation due to J. A. Wheeler of the time re- 
quired to sweep out a cell by dielectrophoresis is given 
below: 


dt=dr/(dr/dt) = dr/v=const-rdr, (13) 


rl 
t=const: f r'dr=iconst[r*—r, }=iconst-r* (14) 


since rr. 
Hence, the time in seconds is 


teec) = 9nr*[In (77/11) P/2a(ki— k2)(Vi— V2). 
E.g., in the above apparatus [see Eq. (12) ], we have 
t=r*/220a*(ki— kz). 


(15) 
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For the case of the graphite or Ni sol described 
t= 10*- 10°/220-10°=4.55 sec, which is a reasonably short experi. 
mental period. ‘ 

For the polymer suspension described 


t= 10*- 10*/220- 10 =4.55- 10* sec= 12.6 hr. 


In the absence of disturbing influences such as cop. 
vection, the weight, w, of material migrating to the 
central electrode in time, /, will be 


W =c(vol. swept out)=ch(xr?); 
hence, we have, 


W = $heal(Vi—V2)/In(r2/r1) 24 (hi— he) /n i, 
where c=conc of sol in grams/cm*, h=height of cylin. 
drical cell, and r,=radius swept clean in time . 

At this point it is well to sum up our expectations 
about the occurrence of dielectrophoresis and compare 
it with the related phenomenon of electrophoresis, 

Dielectrophoresis, arising because of the tendency 
of matter to become polarized and move into regions 
of highest field strength, 


1. Produces motion of the particles in which the direction of 
motion is independent of the direction of the field; i.e., either dc 
or ac voltages can be employed. 

2. Should be observable most readily in relatively coarse sys. 
pensions (e.g., particle diameter =2y). 

3. Requires highly divergent fields. No motion should be ob- 
served in the nondivergent field between centers of parallel plates, 

4. Requires relatively high field strengths, e.g., 10,000 v across 
a 5-cm cell. 

5. Would be most apparent in fluids of low viscosity (thin 
liquids, gases). 

6. Generally requires a large difference in dielectric constant 
between solvent and solute—e.g., (ki —2) > 10—100. ; 

7. Will deposit weights of sol in direct proportion to the voltage 
applied in equal times of deposition. 


Electrophoresis, arising from the electrostatic attrac- 
tion of charged electrodes for charged particles, 


1. Produces motion of the particles in which the direction of the 
motion is dependent on the direction of the field. Reversal of the 
field reverses the direction of trave]. Care must be taken in the 
application of this rule for distinction between electro- and 
dielectrophoresis as motion of charged particles towards a sharp 
electrode can occur even in alternating fields of high strength 
because of the occurrence of partial rectification effects making 
the applied alternating voltage cause predominantly direct current. 

For example, a milky 20 percent suspension of Hycar rubber in 
methyl ethyl ketone was readily precipitated to form a thick 
adherent coat on parallel electrode plates 5 cm apart by de but 
not by ac voltage of 2000 to 6000 v. This shows the suspension 
to’ consist mainly of charged particles capable of deposition fol- 
lowing electrophoresis. The suspension was also precipitated at 
the wire of the wire and sheet pair by either dc or 60-cycle ac 
voltage as above. The latter observation by itself might at first 
sight be considered as caused by dielectro-precipitation; however, 
the further consideration shows this cannot be the case as the 
dielectric constant of the medium (18.4) exceeds that of the sus- 
pended particles (ca 15). This leaves deposition following electro- 
phoresis as the more probable explanation with the assumption 
that partial rectification of the ac occurred. 

2. Is observable with particles of any molecular size. 

3. Operates in either divergent or uniform fields. 

4. Requires relatively low voltages. 

5. Requires relatively small charges per unit volume of the 
particles. 
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SUSPENSOIDS 


With these guides for examination of particle motion 
in electric fields, it is instructive to examine some of 
the experimental facts available. Hatschek and Thorne! 
studied nickel sols in anhydrous toluene in which rubber 
acted as a protective colloid. As electrodes, they used 
small parallel plates having sharp edges. They observed 
equal quantities of precipitate forming at each elec- 
trode, with considerable rubber present in the pre- 
dipitate. The sol precipitated in quantities proportional 
to the first power of the applied voltage during equal 
times. This, they concluded, was a principal reason for 
interpreting the results as electrophoretic and not di- 
electrophoretic, since they expected first-power de- 
pendence in the first and second-power dependence in 
the second instance. The present theory indicates that 
first power dependence on voltage for the weight de- 
posited would be expected for cells of cylindrical sym- 
metry, an approximation of the field at the sharp edge 
of the parallel sheet electrodes. 

Hatschek and Thorne found several contradictory 
phenomena in their interesting study. For one, alter- 
nating potential did not cause coagulation (migration 
was not studied) as did static voltage in their large 
apparatus, an observation which led them to interpret 
the phenomenon in this instance to be electrophoresis. 
On the other hand, in a smaller cell used on their 
microscope stage they observed the particles in the 
middle of the field between two narrow parallel plates 
to be unaffected by the field. Further, particles away 
from the exact middle, which were caused to migrate 
under the influence of the field, did not reverse their 
direction of travel on changing the field direction. The 
last two observations cannot easily be explained as 
electrophoresis but can easily be interpreted as typical 
examples of dielectrophoresis. It would seem that both 
electrophoresis and dielectrophoresis were being ob- 
served in their experiments despite their conclusion that 
only electrophoresis was present. 

Soyenoff? noted the coalescence of coal dust in 
toluene occurring at over 5000 volts/cm to be equally 
efective by dc or ac voltage. This he attributed to 
dielectric polarization, remarking that “---any sus- 
pensoid body of higher conductivity or dielectric con- 
stant than the medium (is caused) to move toward the 
region of highest field intensity.” 

Reising,? in a study of the migration of pigment 
particles in paint vehicles observed in several cases 
that roughly equal quantities of precipitate collected 
on his relatively narrow electrodes. He used static 
voltages. Whether or not this is an instance of dielectro- 
phoresis is not certain from the descriptions given. 





'E. Hatschek and P. C. L. Thorne, Kolloid-Z. 23, 1 (1923). 
*B. C. Soyenoff, J. Phys. Chem. 35, 2993 (1931). 
*J. A. Reising, Ind. Eng. Chem. 29, 565 (1937). 
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Winslow‘ produced rotary migration and alignment 
of elongated semiconducting particles suspended in 
media of low dielectric constant (e.g., moist silica gel 
particles suspended in kerosene), and also observed 
migration of particles under the influence of field gradi- 
ents. The latter seems describable as dielectrophoresis. 

Studies in our laboratory have been concerned prin- 
cipally with the use of dielectrophoretic technique to 
aid in polymer analysis. It proved difficult, e.g., to 
remove carbon-black filler from polyvinyl chloride 
samples by other means such as filtration or centrifuga- 
tion; but removal was rapidly and simply accomplished 
in a powerful, divergent electric field. For example, a 
one-gram sample of the polymer sample was taken up 
in 50 ml of di-isopropyl ketone with the aid of gentle 
heating, then placed in the coagulation cell. The cell 
consisted of a Petri dish of ca 10-cm diameter containing 
the electrodes. A 10-mil tungsten wire formed the 
central electrode and dipped vertically into the liquid. 
A band of tinfoil 8 mm high resting on the inner wall 
of the cell formed the outer electrode. A high voltage, 
either dc or ac of 10,000 volts, was then applied. The 
liquid immediately underwent considerable action, small 
ripples formed, and the carbon particles underwent 
rapid migration toward the central wire to form a 
coating. The solution of polymer became water clear in 
a few minutes of what was very likely dielectro-pre- 
cipitation and was then removed for further analysis. 
Similar results were obtained with polyvinyl chloride- 
polyvinyl acetate copolymers .When parallel plates, 
with carefully rounded edges to avoid high field gradi- 
ents, were used instead of the wire and sheet combina- 
tion, no precipitation was observable with either dc or 
ac. This adds confirmation to the conclusion that di- 
electrophoresis occurred under these conditions. 

Similar results were obtained with suspensions of 
coal dust or of charcoal dust in toluene. 

It is concluded that the phenomenon of dielectro- 
phoresis can be observed, though it is often difficult 
to do so because of the presence of the more easily 
produced electrophoresis or ion-type migration of 
charged particles. Calculations of the magnitudes of the 
effects of various variables on it show that dielectro- 
phoresis, to be observed, requires rather ideal condi- 
tions. A number of experiments are cited as examples 
of these conclusions. The usefulness of dielectrophoresis 
(and/or electrophoresis) for polymer analysis is de- 
scribed. 

The author wishes to acknowledge the many helpful 
suggestions and criticisms made by Drs. Maurice B. 
Hall, Harold F. Ring, and John A. Wheeler. 


‘W. M. Winslow, J. Appl. Phys. 20, 1137 (1949). 
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Three-Dimensional Photoelasticity 
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The classical Sommerfeld-Runge method for deriving the laws of geometric optics in isotropic inhomo- 
geneous media from Maxwell’s equations is applied to problems in “weakly” anisotropic and inhomogeneous 
media. This leads to a generalized Hamilton-Jacobi partial differential equation for the phases of the two 
waves (eikonals) which can propagate with finite velocity in such a medium. If one restricts oneself to a 
limited class of stress distributions, one derives a very powerful method of solving axially and spherically 
symmetric problems which would be very difficult to treat by the direct solution of the classical equations 
of elasticity. The Maxwell-Neumann law is derived in variational form so that, in principle, one can estimate 
in any given case the error involved in the conventional assumption that the paths are straight lines instead 
of the actual Fermat paths. 

The last section treats the so-called general problem of photoelasticity in which the principal stress 
directions in the plane of the wave front rotate arbitrarily as the latter propagates through the medium. 
Again the Sommerfeld-Runge method gives one a solution which claims that if the rate of rotation is small 
in a wavelength one can ignore the contributions of the rotation to the integrated phase. An experiment 


is proposed to check this claim. 





SECTION I 


HE basic problem in three-dimensional photo- 
elasticity is to find suitable solutions of Maxwell’s 
equations which govern to sufficient approximation the 
propagation of electromagnetic waves in weakly ani- 
sotropic and inhomogeneous media. One studies amor- 
phous media, such as glass, which can be characterized 
by a scalar dielectric constant €9 in the normal stress- 
free state. The optical properties of such media in 
general states of stress, characterized by the cauchy 
tensor o;;(X, Y,Z) can be described in terms of the 
Fresnel tensor dielectric constant €;;(X, Y, Z). The co- 
ordinates (X, Y, Z) will designate “‘space-fixed” axes. 
In the spirit of similar situations in the theory of con- 
tinuous media, one assumes the following linear invari- 
ant relation 


€i(X, 3 Z) — €06;; 
=C'9;;(X, Y, Z)+-C™caa(X, Y, Z)6:;, (1.01) 


where ¢@aq is the “spur” of o;; and repeated Greek in- 
dices are summed. The symmetric cauchy and Fresnel 
tensors o;;(X, Y, Z), €:;(X, Y, Z) can be simultaneously 
diagonalized by a linear transformation to principal axes 
(x, y, z) at each point of the medium. One has then, at 
each such point 


e;(x, y, 2) — e9=Cy'o,(x, y; 2) 
+C2{ 0;(x, ¥; z)+o,(x, ¥; z)}, 


where i+7+ K=1, 2, 3. In these principal coordinates 
one can introduce the principal indices of refraction by 
means of the relation n?=e; One conventionally 
employs the “weakly” anisotropic approximation 
n?—n?=2no(ni— no), since n= n;— mp SO0(10-*). 


(1.02) 


* Extracted from disertation submitted in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy in the 
University of Michigan. 


If this is done, one has the relations 


n(x, y; 2)— m= Cya;(x, y; z) 


+C2{ o;(x, y; z)+o,(x, y; z)}, (1.03) 
where 


i+j+K= 1, 2, 3, Ci=C,!/2m, Co=C2/2m. 


The constants mo, Ci, C2 can be determined by inter- 
ferometric methods.! Thus, if one can determine 
n(x, y, 2) at each point of the medium, then one can 
calculate o;(x, y, 2). 

The maxwell equations assume the following appro- 
priate form: 


curlH = dD/cdt, 
curlE= —0dB/cdt, Dj=€ja(X, Y,Z)Ea, (1.04) 
divD=divB=0, B=1-H. 


From Eqs. (1.04) one derives the result 
curl curlE—K,D=0, Ko=w/c=2m/Xo, (1.05) 


in which the time dependence e~* is suppressed. 

The basic problem of photoelasticity is to find appro- 
priate solutions of Eqs. (1.05) in the case that the ele- 
ments of ¢;(X,Y,2Z) are slowly varying -functions. 
Introducing principal coordinates (x, y, z), one knows 
that the following relation is valid: 


[1/| e;(x, y; Z) | JI Ve,(x, ¥; z) | A<I1, I= 1, 2, 3. 


These are the conditions which allow one to apply the 
classical Sommerfeld-Runge method.” Physically, if the 
gradients of the indices of refraction are small compared 
with a wavelength, one can ignore reflection processes 
and treat the medium as though it were continuously 
“matched.” If one wants to investigate the effects of 
reflection processes on the wave amplitudes, one can 
use the Wentzel-Kramers-Brilluoin method, which has 

1 J. E. H. Braybon, Proc.. Phys. Soc. (London) B63, 446-5! 


(1950). 
2 A. Sommerfeld and J. Runge, Ann. Physik 35, 290 (1911). 
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proven very useful in the propagation of radio waves in 
inhomogeneous media.* Thus, one assumes the following 
form of solution: 


E= Ae***y (x, y, 2). (1.06) 


Substituting this into Eqs. (1.05) and keeping only 
terms in Ko’, in the spirit of the usual derivation of the 
eikonal of inhomogeneous media, one finds 


Aj=—WiLY, eAa/(6—¥, 0,0), j=1, 2,3, (1.07) 


where ¥,;=dy/dx; and x; are the principal axes of the 
tensor €;(X, Y,Z). For this section it will also be 
assumed that the principal axes (x, y,z) have a fixed 
orientation with respect to the space-fixed axes (X, Y, Z) 
at every point of the light path. For example, if the 
wave normal propagates along Y=y, then the angle 3 
between X and x is a constant for all Y= y. Then multi- 
plying both sides of Eq. (1.07) by ¥,; and summing, 
one obtains 


3 EW? 
—_——=0, (1.08) 
i=l e;—¥, a, a 


where ¥, eV, a= (Vy)?= (dy/ds)?. Now one introduces the 
direction cosines of the normal to the surfaces y with 
respect to the principal axes x;; namely, 


L=y,;/L(Vy)*}}. 
One then has 


€,l ? €2/ 2 és) 3" 
 & 


* + =0. 
a—(Vy)? e—(Vp)? e—(VP)? 





(1.09) 


This is the Hamilton-Jacobi partial differential equa- 
tion for inhomogeneous-anisotropic media. Calling 
(Vy)?= (dp/ds)’, one finds that Eq. (1.09) reduces to a 
quadtatic equation in (dy/ds)? of the form 


(el ?+ €] 2+ €31 3”) (dy/ds)4 
om { ex(€2+ €3)12+ "es cyclic} (dy /ds)? 
+ €;€2€;=0. (1.10) 


This is in general a very complicated partial differential 
equation. One might note that the classical Maxwell- 
Neumann law of photoelasticity is a trivial solution of 


Eq. (1.10) for the case 1,=];=0. One then finds the 
result 


(dy,/ds)?= €3(x, y; z) } (dy_/ds)*= €(x, y; 2), 
where d/ds=d/dy, so that 


t= fares, ys z) jt, y= fate, y 2) }t. 


The phases ¥, and y_ are called “absolute” phase re- 
tardations, whereas (¥,—y_) is referred to as the rela- 
tive phase retardation. In practice, the former can be 
measured by a Mach-Zehnder interferometer and the 


es 


*H. Bremmer, Terrestrial Radio Waves (Elsevier Publishing 
Company, Inc., New York, 1949). 


(1.11) 


latter by the locus of the black neutral band of a 
Babinet compensator. 

The basic assumption in the derivation of the 
Maxwell-Neumann law that the wave normal always 
travels along a principal direction y= Y is very difficult 
to justify for general media ¢;;(x, y, s). An experimental 
method to be developed below is to see how much in- 
formation one can obtain about ¢;;(x, y, z) from ‘‘inte- 
grated” phase retardations. In the theory of inhomo- 
geneous media one knows from Fermat’s principle that, 
in general, the wave normal travels a trajectory in ac- 
cordance with the laws of classical mechanics. These 
trajectories are definitely not straight lines. Similarly, 
for the inhomogeneous anisotropic media one expects 
the trajectories not to be straight lines. 

For the general case one can write Eq. (1.10) in the 
following form 


{ (e— €2)l?+ (€3— €3)1°+ €3} (Vy)4 
— { (€1— €2) €3h1°+ (€s— €2) ext s?-+ €2(€1 + €s) } (Vy)? 
+ €,€2€;=0. (1.12) 


Now if one, for the moment, uses the fact that in 
those cases of interest in this paper de= €;— €;<0(10-*) 
and /;<0(10-*), one immediately derives the following 
result 


(dy,/ds)?= €3(x, y; z); (dy_/ds)?= €:(x, y, z). (1.13) 


These are of the same form as one derives for the eikonal 
in inhomogeneous media by either the method of bi- 
characteristics or the Sommerfeld-Runge approach. The 
relations (1.13) are equivalent to saying that each wave 
is governed by Fermat’s principle within the approxi- 
mation which was made above. 

One can write, therefore, Eqs. (1.13) in variational 
form 


by4.= 6 f dssCeal, ¥, z) }}, 
(1.14) 
v=o f dsLale,y,2)). 


The variational nature of these expressions allows 
one, in principle, to estimate the error involved in the 
conventional assumption that the paths are straight 
lines along a principal direction. As an example,°con- 
sider that class of problems in which the Fresnel tensor 
is of the form ¢;(x, y) j=1, 2, 3 and /;=0. In practice 
the problems of thermoelastic and residual stresses in 
symmetrically quenched circular and elliptic cylinders 
satisfy these conditions. Equation (1.12) yields two 
roots: 


(dy,/ds)=[es(x, y) }*; 
(dy_/ds) = {€,(x, y)l/1+[(e:— €2)/e2 Jl} 3. 


One can try to solve the partial differential equation. 
For this paper, however, experimental data will again be 
invoked; namely, one knows that (3?—,")l;7>=0(107). 


(1.15) 
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Thus, one can write Eqs. (1.15) in the following form: 


mt f ds,Ces(x, y) =0; 
(1.16) 
iv =o f dsLae, y) }}=0. 


One can interpret this result as meaning that to good 
approximation one has two uncoupled waves polarized 
along the x and z axes, which are “space-fixed,” each 
of which moves according to Fermat’s principle for 
inhomogeneous media. It will be shown in Sec. III that 
if the angle 3 between x and X changes with y=Y, 
i.e., d= d(y), then y, and y_ are weakly coupled. 

It should be emphasized that one must in any given 
practical case calculate the principal elements of the 
dielectric tensor in the plane of the wave front in terms 
of the actual principal elements. The latter can be found 
by symmetry considerations in a limited class of prob- 
lems.. For example, from Fig. 1 one can derive the 
following results for the axially symmetric case of 
thermoelastic stresses in cylinders: 


n,(p) 0 0 
nij= 0 no(p) 0 
0 0 = nz(p) 


(1.17) 


The principal indices in the plane of the wave front 
become 


n,=cos*on,+sin’*on,, 
N3= Nz. 


(1.18) 


The absolute phase retardations, using the Maxwell- 


O’ROURKE 


Neumann law, become 


v=2f n.(p)pdp/(p°*—#)!, 
é 


(1.19) 
y_= 2f {cos*on,+sin’*on} pdp/(p?— #)!. 
é 


These are to be considered as integral equations in this 
paper, the functions ¥,, y_ being determined empiri- 
cally. The equilibrium equation gives always an addi- 
tional relation. For this problem of cylinders one knows 
that the stresses satisfy the following equations:‘ 


V?3(0,+05)+ (aE/1—»)V?T=0, 
o.= Ele,—a(T—To)}+(¢,+<¢,), 


f o,dS=0, 
cross section 


where a, E, v are the usual elastic constants, e, is the 
constant strain in the z direction. Taking the laplacian 
of the second relation, one finds the remarkable result 
that 


(1.20) 


O2=0,+ost+X, (1.21) 


where V?X=0. For this problem X =O (circular cylin- 
ders). This is a valid result for arbitrary thermal 
boundary conditions. This is fortunate, since one can 
use the relation without solving the elastic equations, 
Thus, one has the following problem: 


b 


(¥.—y_)*= ac f {o, cos*o+ o4 sin’*o—<a;,!} 
E 


X pdp/(p?— #4 
b . 
= -2c f o-(p) pdp/(p?— &)}, 
é 


(do,/dp)+(o,—o4)/p=0. 


Equation (1.22) is Abel’s integral equation, so that one 
has a complete solution for solid and hollow cylinders: 


(1.22) 


b 
o)= (1/xCo) f (Wi—p_)*édé/(#—p’*)!, 
o4=d(po,)/dp, (1.23) 


O2=O,+o4+X f o dS =0. 
cross section 


For the sake of completeness one might note here that 
since thermoelastic stresses in solid cylinders are well 
known, one can calculate theoretical expressions for the 





* B. Gatewood, Phil. Mag. 32, 282 (1941). 
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relative phase retardation. One finds 








ak (11-7) < emp(= 6s) £) 
ve -=4C ee ee eee 
He ae mt BIE) 
b P b bed J alyn) 
R(n; 2) =—Ji(y2)(1—¥*)§-—— DS v¥.*— (1.24) 
Yn Yn k=l 4k?—1 
« (4h°\?— 2k+1)(1—d2)*-3, 
\=£/b, y¥n=£nb; 


and £, are positive roots of Jo(é,b)=0. Similar results 
for hollow cylinders can readily be obtained with the 
aid of hankel transforms.® One finds 


y,-~-=2C DO a, exp(—xé,t) 


n=1 


| 2a°Z1(Enb) — 2abZ (Ena) 








x (1—)?)! 
| b—a? 
2 4h?—2k+1 
$5 ——— "1's (1-44, (1.25) 
k=l 4k?—1 
where 


ZilEip) = Nol Eid) I e(Eip) — Jo( Eid) N (Esp), 
t; are the roots of Zo(£:b)=0, and y,=£&,b. Also, 
n= (@E/1—v)(2/€,?)(T1— To)/bZ1(Enb) +42, (Ena), 


and C, a, E, v, x have usual meanings. 

For the relative retardation, as measured in the 
equatorial plane, in the case of thermoelastic stresses in 
symmetrically quenched spheres, one has 


(.—¥_)*=2C8 f (os—0,)dp/p(e?—#)!, (1.26) 


and the equilibrium equation 


(do,/dp)+(2/p)(o,—04)=0. 


ot? b+ —¥-)*dé 
oslo) = —2/ae J — ae 
p £(£?— p?)! 
d 
—CpTC>. 
dp 





(1.27) 
p 
79(p) =o4(p) =— 
2 


The technique of using these results is essentially the 
following. The case of the sphere will be taken as an 
example. The locus of the black neutral band of a 
Babinet compensator is so adjusted that only retarda- 
tions in the equatorial plane are measured. The pattern 
(¥,—y_)* turns out to be an even function of ¢ and is 
zero at £=0, as also follows from Eq. (1.31). One can 





‘I. Sneddon, Phil. Mag. 37, 17-25 (1946). 
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thus assume 


x k 
(¥4—Y-)¥=F DL ar(P—#)-, (1.28) 
k=1 2 
or letting u?= 1— #/8*; cxb*=C,, one has 
1 oe 
oe D Cew*. (1.29) 
k=1 


Now one applies the method of least squares to deter- 
mine as many C;, as is necessary. Usually one gets good 
results with a quintic approximation. One substitutes 
the results of Eq. (1.29) into Eq. (1.27) to obtain 


TG) = TQLR+2 b+ 
o,= wots } i og HET 2D ie aay 2, (1.30) 
mC kt T(G(R+3)) 

This technique will be applicable to all the problems 
reported on here. Similar results for the cylinders could 
be written down easily. Again, the theoretical expression 
for the relative retardation can most readily be calcu- 
lated using hankel transforms of half odd integral 
order. One has 


a 


E r\} 
(T;- r)x(=) ? 
1-y 2 


-b > (—)"n exp(—xé,"t) 


n=l 


¥+—¥-=4C 





x 2*k! 
° u (en oe ne -_— d?)* i (1.31) 


Now when both the theoretical and experimental 
patterns (¥y,—y_) are known, one can estimate the 
error involved in assuming straight paths. 


\ % 
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vV~< 
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Fic. 3. Relative retardation pattern for quenched glass sphere. 





In conclusion the basic equations for elliptic cylinders 
will be given for that class of problems in which /;=0 
and the stress trajectories are confocal elliptic coordi- 
nates.® From Fig. 2 one has 


fo to\CP—x7/P dé 
v=2f ml & ~) ’ 
1 ct (PP —x,7)) (Y—1)! 








fo 1 
y= 2f | ee —at)met2e(1-—) nul (1.32) 
1 ? 
dg 
— : , 
[(Ce#?—x0?)(P—1) }* 
and the equilibrium equations are 
(t/#—1°)(¢,—0;)+ do;/d§=0, 
(n P—1’)(o,+0:)+ 90, dn=0, ; 
(1.33) 


o,=or+0,+X; f 


cross section 


odS=0. 


The harmonic function X vanishes for circular cylinders 
but may not vanish in other cases. Methods for solving 
this difficult integral equation are now being investi- 
gated. If it is possible to find some practical method 
of solving Eqs. (1.32), (1.33), one can greatly extend 
the usefulness of the methods proposed in this paper. 


SECTION II. ROTATION OF SECONDARY PRINCIPAL 
DIRECTIONS IN THE PLANE OF THE 
WAVE FRONT 


Assume, for the time being, that one has a system 
e;(X,, X2, X3) and that the two wave normals of y, 
and y_ always travel along the same principal direction 


$ J. Stratton, Electromagnetic Theory (McGraw-Hill Book Com- 
pany, Inc., New York, 1941), p. 52. 
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X2= x2. Suppose also that the principal axes x; and x, 
rotate with respect to the space fixed axes X, and X,, 
The angle between them will be denoted by #(x,). The 
maxwell equations (1.05)! yield 


Ey,"+KeenE:+ Kee3E3;= 0, 


E;"’+ K Pé33E3+ K-e.3F£,=0. (2.01) 


As the axes rotate one must transform Eqs. (2.01) to 
the rotated system (x, x2, x3). Thus, one has 


ti=Aieke, E;=Aiaka, i=1, 2,3; 
cos? 0 —sin d 
Ayj={ 0 1 0 } (2.02) 
sind 0 cos 3 


and #(x2) must be known from the geometry of the 
problem. Substituting Eqs. (2.02) gives Eqs. (2.01) as 


E, "+ (Kee o”?)E,— 5 28’E;'=0, 
E;!'+ (Keea— do”) E;+- 0" £,+ 20’ E,’'=0, 


where 


(2.03) 


'=d/dx2. 


Thus, the effect of the rotation is simply to couple the 
two waves in a rather weak manner, since in any phys- 
ical application 3’<«kp and 3’’<Kk,*. Again, as in Sec. I, 
one can either apply the WKB method to Egg. (2.03) 
and treat the reflection processes, or one can use the 
Sommerfeld-Runge method and assume that all reflec- 





Fic. 4. Relative retardation pattern for quenched 
solid glass cylinder. 
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tions are negligibly small. For the present, till experi- 
ments can be performed, the latter method will be 
employed. One assumes again 


E= Ae‘*¥, (2.04) 
Substituting into Eqs. (2.03), one has the following 
determinantal equation: 
\— key? +keea— od? —d—2iked’p’ 
det Ul : fig? 9p /9 9 19 =0. (2.05) 
| 3’ + 2ikopd y — ky a kives—d a 


One is interested in real waves with constant amplitude, 
so that the #”’ terms in the off-diagonal elements must 
be considered small compared with Ko’. One finds 


(y.’)?= 3(a+ €3)+3(a— €3).1+8(e+ €;) R? }}, 


A=constant. 


R= ao / ko(ex— €3)K1. (2.06) 
Expanding the radical, one finally has 
Y= favs 1— (€’— 3") R’/e1}, 
(2.07) 


y= f dele)" 1+ (€:°— 3’) R?/e1}. 


For the relative phase retardation one has, in terms of 
principal indices of refraction, 


W-v-= fdexlm—n){1420" ‘KeP(m,—n3)"}. (2.08) 


a 


OUTSIDE WALL 
INSIDE WALL 





Fic. 5, Relative retardation pattern for a properly quenched hol- 
low cylinder. The theory indicates no exposed tension regions. 
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Fic. 6. Relative retardation pattern for quenched hollow glass 
cylinder. The theory indicates an exposed tension region along 
inner wall. This cylinder exploded when inner wall was scratched. 


This is the modified form of the Maxwell-Neumann 
law which should be sufficiently accurate for those 
problems in which 3”<K,?. If 8’<Ko one will not 
observe any effect of the rotation. This rather startling 
conclusion can be derived immediately from the so- 
called ‘canonical’ equations of Goodman-Mindlin.’ It 
can also be checked experimentally in the case of 
thermoelastic stresses in a symmetrically quenched 
sphere. 

It might be added that qualitatively the above con- 
clusion that the effects of #’+0 are negligible seems to 
be born out in the preliminary experiments performed 
by the author. If one examines the shape of the black 
neutral band of a Babinet compensator for residual 
stresses in a symmetrically quenched sphere, one finds 
a pattern similar to that shown in Fig. 3. This is what 
one sees if the neutral band is placed at the equator 
outside the surface and the pattern inside then tells 
the relative retardation associated with each point on 
the neutral band. Since all these points, except the 
center of the sphere, lie in regions in which #’+0, it is 
very interesting that the pattern remains continuous. 
Also this pattern is qualitatively very similar to the 
theoretical relative retardation patterns which can be 
calculated using a model for the formation of residual 


7L. Goodman and R. Mindlin, J. Appl. Phys. 20 (1949). Also 
J. Appl. Phys. 11, 724 (1940). 
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stresses* and based upon the Maxwell-Neumann law 
which ignores the rotation. It may be, however, that 
the effects of #’+0 will manifest themselves in slight 
curvature effects on the above patterns. This can be 
determined only by careful experiment. 

One knows the principal indices of refraction through- 
out the sphere from Sec. I, Eqs. (1.24) and (1.03). It is 
then a simple matter to calculate the retardation pattern 
(¥.—y_) in any plane above the equatorial plane where 
8’ +0. One performs this calculation assuming no effect 
of the rotation; ie., one uses the usual Maxwell- 
Neumann law. One then can measure in this plane the 
pattern (¥,—y_)* experimentally and compare. There 
is no need to worry about the effect of 3’+0 on the 
intensity, which if necessary can be handled by the 


( 8 oO) C. O’Rourke and A. W. Saenz, Quart. Appl. Math. 8, No. 3 
1950). 
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‘WKB method, until experiments such as the above 


have been carried out. 

In conclusion, one can proceed with such problems 
as thermoelastic stresses in symmetrically quenched 
circular cones if experiment confirms the above result 
that the effects of 8’+0 can be ignored to good approxi- 
mation in most physical cases. 

The mathematical techniques proposed here can be 
employed in the study of axially symmetric flows of a 
viscous liquid if the latter has newtonian viscosity. This 
will be reported on later. Also, there are many signifi- 
cant problems associated with static distributions of 
stress, such as Boussinesq’s problem, about which 
nothing explicit will be mentioned. 

I would like to express my sincere gratitude to Pro- 
fessors Otto Laporte, William Nierenberg, and R. C. 
F. Bartels. 
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The Production and Stability of Converging Shock Waves* 


ROBERT W. PERRYt AND ARTHUR KANTROWITZ 
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(Received November 28, 1950) 


Converging shock waves offer interesting possibilities of attain- 
ing very high temperatures and pressures. A theoretical treatment 
by G. Guderley which we have confirmed and extended by the 
method of characteristics indicated that the strength of a strong 
converging cylindrical or spherical shock varies inversely with a 
power (0.396 for y= 1.4) of the surface area of the wave, thus be- 
coming very great close to the center of convergence. The experi- 
mental production of high temperatures and pressures by means of 
these converging shocks depends on their “stability” of form. A 
converging wave is said to be stable if it approaches perfect 
cylindrical or spherical shape, thus damping out random dis- 
turbances as it propagates. The experimental work of L. G. Smith 
on Mach reflection is applied to show that these converging waves 
are stable for the shock range (M<2.4) covered by his experi- 


INTRODUCTION 


E were first attracted to the study of converging 
shock waves by the extremely high pressures 
and temperatures, which apparently could be achieved 
by their use. The problem of a converging strong 


cylindrical or spherical shock wave has been analyzed 
by Guderley.' He assumes that a converging shock will 


approach the center according to some power law, so 
that if r is the shock radius ¢ seconds before the shock 


* Largely supported by the ONR. This paper is based on a 
thesis submitted to the Graduate School of Cornell University in 


partial fulfillment of the requirements for the Ph.D. degree. A 
preliminary version of this work was reported at the Charlottes- 
ville, Virginia, meeting of the Fluid Dynamics Division, American 
(Se Society on December 28, 1950 [Phys. Rev. 77, 572 
(1950) }. 

t Now Research Engineer, DuPont Experimental Station, 
Wilmington, Delaware. 

1G, Gud-rley, Luftfahrt-forsch. 19, Nos. 9, 302 (1942). 


ments. Smith’s work and the theoretical work of Lighthill indicate 
that the stability decreases greatly at high Mach numbers. 

The simplest experimental method of achieving a cylindrical 
converging shock is by the use of a shock tube with a converging 
channel. This, however, results in the hottest region of the gas 
being in close thermal contact with the cold walls. An axially 
symmetric shock tube has been designed and constructed which 
produces a complete converging cylindrical shock rather than just 
a sector and in which the region of convergence is comparatively 
well isolated thermally from the walls. It has been found possible 
to converge a moderate strength shock wave (M =1.7) sufficiently 
to produce considerable luminosity at the center of convergence. 
Schlieren photographs are presented showing various phases of 
the formation and stability of these converging waves. 


reaches the center, then he assumes r= ai". He then re- 
duces the equations of motion to first order, utilizing the 
symmetry properties of the problem. The first-order 
equation is integrated numerically. From the numerical 
integration it is found that the external boundary con- 
ditions are satisfied only for spherical shocks if n=0.717 
and for cylindrical shocks if n=0.834. Knowing this 
value of m, the pressure and temperature behind the 
shock are readily computed. 

An alternative procedure is to solve the problem by 
the method of characteristics. A solution by the method 
of characteristics, the solution of Guderley, and a solu- 
tion according to acoustic theory, all for the case of 
spherical shock waves which start from r= 1 with Mach 
number M=1.1 (ratio of shock velocity to velocity of 
sound in the undisturbed fluid ahead of the shock), 
are presented in Fig. 1. It will be noted, as might he 
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THEORY OF CONVERGING SPHERICAL SHOCKS 


Fic. 1. Comparison between sonic theory, Guderley’s solution, 
and the method of characteristics for spherical converging shock 
waves (y=1.40). p/po and T/T» are the ratios of pressure and tem- 
perature immediately behind the shock to the initial values. The 
short upper curves correspond to the pressures after reflection 
from the center. 


expected, that as the shock approackes the center, 
infinite values of pressure and temperature are ob- 
tained. It should be pointed out that both of these 
analyses are made for a perfect gas with vy (ratio of 
specific heats)=1.4; and, of course, for all real gases 
at the extremely high pressures and temperatures which 
will be obtained in converging waves, large departures 
from constant heat capacities and increases in the 
number of particles due to dissociation and ionization 
would be expected. A limitation on the temperatures 
and pressures, which would be obtained even in the 
absence of these effects, is provided when the con- 
verging shock wave reaches radii of the order of several 
mean free paths. 

That shock waves which converge toward a center 
might be experimentally obtainable was suggested first 
by the high “stability” of plane shock waves. Thus, it 
has frequently been noticed that shock waves pro- 
pagating in a straight channel containing air at rest 
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Fic. 2. Sketch of the Mach reflection configuration. /—incident 
shock. R—reflected shock. M—Mach shock. T—triple point. 
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Fic. 3. Angle between the Mach and incident shocks at the 


triple point vs the angle of incidence (from Smith’s data). M— 
Mach number of the incident shock. 


(a shock tube) tend to become perpendicular to the 
axis of the channel and very flat. When a shock pro- 
pagates in any channel, at the intersection with the 
channel walls the shock must, of course, be normal to 
the walls. Hence, equal amounts of positive and nega- 
tive curvature must be distributed along the shock in 
a parallel-walled channel. For the shock (in spite of 
disturbances) to become flat, as observed, there must 
exist some “smoothing” mechanism which redistributes 
the curvature uniformly. 

An analogous phenomenon has been reported in a 
converging rectangular channel produced by bending 
one of the walls inward. It has been shown? that the 
shock tends to approach a cylindrical shape with its 
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MACH NUMBER OF INCIDENT SHOCK 


Fic. 4. Attenuation as a function of angle of incidence and Mach 
number of the incident shock (from Smith’s observations—which 
were very thinly spaced for the higher Mach numbers of the 
range shown). 


2A. Hertzberg and A. Kantrowitz, J. Appl. Phys. 21, 874 
(1950), Fig. 7c. 
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Fic. 5. Schlieren photographs of shock waves turning a corner (obtained from plane shocks with M=1.1). A, B, C, D 
indicate the time sequence. Each photograph is of a different shock wave. 


ends normal to the channel walls. Here again, the 
curvature which was initially concentrated near the 
wall corner has become uniformly distributed along the 
shock front. 

It will be instructive to examine the mechanism of 
the distribution of curvature found in these experi- 
ments. The wall angle used in the experiments of refer- 
ence 2 was small enough so that Mach reflection was 
produced. In Mach reflection (see Fig. 2) a portion of 
the curvature originally concentrated at the corner is 
spread along the Mach shock, while the remainder ap- 
pears at the triple point. 
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Fic. 6. Sketch of cylindrical shock tube. 





Since the local air velocity discontinuity across a 
shock is normal to the shock, the curved Mach shock 
leaves the air moving in a direction intermediate to the 
direction of the walls in Fig. 2. (We reserve for later 
consideration cases where the Mach shock may have an 





Fic. 7. Photograph of original cylindrical shock tube. 
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Fic. 8. Luminosity of converging cylindrical shock waves in argon (obtained from plane shocks with M =1.8). The glass window, 
rendered visible by double-exposure, was actually } inch in diameter. 


inflection point.) For example, from Smith’s results’ 
it would be expected that for the case where an incident 
shock with Mach number M=1.5 meets a 15° corner 
the flow immediately behind the triple intersection is 
moving at only 5° to the original flow. Thus, the re- 
flection produced when the Mach shock reaches the 
opposite wall is weaker than the original reflection. By 
repeated reflection the waves following the initial shock 
become progressively weaker and the original shock 
approaches a cylindrical form. 

Since all the elementary (one-dimensional) shock 
forms, cylindrical and spherical as well as plane, are 
characterized by such a uniformity of curvature, Mach 
reflection can give to each of these simple shapes a 


4 Lincoln G. Smith, “Photographic investigation of the reflec- Fic. 9. Equipment for schlieren investigation of converging 
tion of plane shocks in air,”” NDRC No. A-350, OSRD No. 6271. cylindrical shock wave. 
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Fic. 10. Schlieren photographs of converging cylindrical shock waves in air (obtained from plane shocks with 
M=1.1). A, B, C indicate the incident waves and D, E, F indicate the reflected waves. Each photograph is of a dif- 
ferent shock wave. The glass window was 1} inch in diameter. 


“stability of form.” Thus, in experimental attempts at 
production of converging cylindrical or spherical shocks, 
inevitable initial deviations from the desired form can 
be smoothed and random disturbances encountered in 
the course of propagation can be damped out, if this 


tendency towards uniform distribution of curvature 
(stability) exists. 

Some quantitative information on the rate of at- 
tenuation of corners can be obtained from analysis of 
Smith’s results. In Fig. 3 we show a plot of the angle 
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* Fic. 11. Schlieren photographs of converging cylindrical shock waves in air (obtained from plane shocks 
with M=1.8). A, B, C indicate the incident waves and D, E, F indicate the reflected waves. Each photo- 
graph is of a different shock wave. The glass window was 1} inch in diameter. 





between the incident and Mach shocks, @¢, vs the in- 
cident angle, 6.[ When the triple point reaches the 


t In Smith’s notation, using a and yw, we find 





opposite wall the reflected Mach reflection will be 
weaker if ¢<6. It will be seen from Fig. 3 that for 
shocks of the strength used in that plot considerable 
attenuation is obtained for small incident angles. Con- 
tours of constant attenuation, 1—¢/06, for the shock 











Fic. 12. Schlieren photographs of deliberately di 
from plane shocks with M = 1.4). A, B, C indicate the i 
Each photograph is of a different shock wave. The d 
about $ inch before shock appears at bottom of glass window (1} 


strengths and incident angles used in Smith’s experi- 
ments are plotted in Fig. 4. It is clear from Fig. 4 that 
the effects of corners will be rapidly smoothed out for 
low Mach number shocks with low incident angles, 
such as the case of reference 2, Fig. 7c. On the other 
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sturbed converging cylindrical shock waves in air (obtained 
ncident waves and D, E, F indicate the reflected waves. 
isturbance was a rod }” in diameter placed in path of shock 


inch in diameter). 


hand, it is also clear from Fig. 4 that the effects of 
corners in strong shocks will be attenuated much more 
slowly, if at all. 

In view of the lack of experimental Mach reflection 
data for very strong shocks, an attempt was made to 
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extract some stability information from Lighthill’s 
linearized analysis‘ of Mach reflection at small incident 
angles. Lighthill’s solution shows the Mach shock 
always tangent to the incident shock at the triple point 
(i.e., =0 or 100 percent attenuation—compare Fig. 4). 
However, he shows that for M>2.531 the Mach shock 
will have an inflection point and a region near the wall 
where the curvature is opposite to that shown in Fig. 2. 

Thus, for M> 2.531, in the region between the triple 
point and the inflection point, the Mach shock bends 
through an angle greater than the incident angle. The 
maximum deflection for M= is 1.35 times the in- 
cident angle. Consider now the secondary reflected 
compression waves, which will come from an upper 
wall parallel to the flow in the region JR. The total 
deflection in all these waves is greater than the de- 
flection at the original corner. If all these waves co- 
alesced into a single shock (without any weakening by 
expansion waves which are present in adjacent regions), 
its strength would therefore be greater (by a factor of 
1.35 for M=) than the strength of the original re- 
flection. This indicates the possibility of the occurrence 
of a slowly divergent series of Mach reflections, i.e., 
instability. Whether or not this instability really exists 
cannot be deduced from Lighthill’s solution. A solution 
for the large disturbance problem or experimental 
studies of the Mach reflection of strong shocks will be 
necessary to decide this question. 


EXPERIMENTAL PRODUCTION OF CONVERGING 
SHOCK WAVES 


If we consider now experimental methods of produc- 
ing these converging shocks, it is clear that a conical 
converging passage may produce a portion of a spherical 
wave and a plane converging passage could produce a 
sector of a cylindrical wave. However, it seems likely 
that wall cooling would prevent the attainment of very 
high temperatures in this way, for in this case relatively 
large areas of cold wall would be immediately adjacent 
to the highest temperature region. 

To overcome this objection, we search for methods of 
producing the complete wave rather than just a sector 
of it. First, we might consider an explosion or detona- 
tion near the center of a spherical or cylindrical cavity 
and observe the converging shock which is reflected 
from the walls of the cavity. This method has the dis- 
advantage that the center of convergence is in a fluid 
of variable and unknown characteristics; and also, 
because of the decrease of stability of the shock with 
increasing strength, it seems desirable to avoid dis- 
turbances in the vicinity of the center. Alternatively, 
we could attempt to initiate an inward-traveling shock 
at a cylindrical or spherical surface by bursting a dia- 
phragm or some explosive process, but the experimental 
difficulty of producing either pure cylindrical or 
spherical convergence in this manner seems very great. 





*M. J. Lighthill, Proc. Roy. Soc. (London) A198, 454 (1949). 





Fic. 13. Example of the onset of regular reflection caused by 
an excessively large random disturbance. 


We have already mentioned how a plane shock can be 
distorted into a sector of a spherical or cylindrical shock 
by bending of the channel walls at a sharp corner. 
Approximately a quadrant of a cylinder or an octant 
of a sphere could be obtained in this way before the 
onset of regular reflection would be encountered (see 
Fig. 4). However, by decreasing the curvature of the 
corner, we can delay the advent of regular reflection. 
Thus, if the walls turn inward slowly and smoothly 
enough, a plane shock may be converted to a more 
nearly complete cylindrical or spherical shock. 

To create a cylindrical converging shock there re- 
mains still another alternative, for in the above method 
we have warped a plane surface into a cylindrical sur- 
face with its axis parallel to the plane, and we must 
also examine the case of a plane converted into a cylin- 
der with its axis perpendicular to the plane. If this latter 
geometrical distortion could be simply achieved ex- 
perimentally, it offered the possibility of producing a 
complete converging cylindrical shock (rather than just 
a sector). 

Indeed, we did find this possible, so our further 
studies of converging shocks have been restricted to 
the cylindrical form because of the simplicity of its 
production under controllable conditions and the ease 
of observation of the results—though the spherical 
form could yield higher temperatures. 

Essential to our design was the assumption that a 
shock may be guided nearly at will by a relatively 
narrow passage. This was tested in a conventional 
shock tube and the resulting schlieren pictures are 
shown in Fig. 5. The shock tube, schlieren system, and 
spark source used for this predesign experiment are 
those described in reference 4. Thus, we have shown 
that the shock negotiates the corner successfully, end- 
ing up flat and normal to the walls directing it. If such 
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a cross section is rotated about an axis, we obtain some- 
thing similar to a child’s toy top mounted within a 
capped pipe, as indicated in the sketch of Fig. 6. It is 
clear that such a cylindrical shock tube must generate 
something approaching a cylindrical converging shock. 
The apparatus shown in Fig. 7 was therefore con- 
structed. The high pressure chamber was filled with 
helium and the low pressure chamber with air. The 
helium generated a shock of Mach number roughly 1.8. 
If perfect cylindrical convergence were obtained to a 
shock diameter of say five mean free paths (i.e., mean 
free paths in the undisturbed air), we would expect a 
temperature sufficient to dissociate and possibly even 
to ionize at least some of the components of the air. 
We looked through the glass window in a darkened 
room, expecting to see light given out by the converging 
shock wave as it approached the center. The expected 
light appeared. It proved rather difficult to photograph, 
however, probably because most of the light given off 
by air when highly compressed is not in a spectral re- 
gion easily transmitted by glass. On the other hand, 
shock waves of the same strength in argon produced 
easily photographable luminosity. In Fig. 8 are pre- 


sented several such photographs. Also the conductivity ° 


of the argon in the region of convergence was roughly 
checked and found to indicate the occurrence of 
ionization. 

To study the stability of the converging shocks we 
undertook a schlieren investigation with the equipment 
shown in Fig. 9. Because a spark source could not be 
mounted internally owing to the construction of the 
cylindrical shock tube and its rather small size, it 
seemed necessary to use a folded optical path with the 
light reflected by the first surface mirror on the end of 
the teardrop and twice traversing the region to be 
examined. The knife-edge is placed as close as feasible 
alongside the virtual line source at the focus of the 
schlieren lens to insure that the incident and reflected 
beams of parallel light traverse nearly the same path 
through the gas. 

The spark source used was similar to one previously 
described,® being merely the discharge through a suit- 
able gap of three Glass mike condensers each rated at 
0.05 uf for 7500 v and each placed at the corner of a 
triangle enclosing the spark gap. The main spark was 
triggered at the desired time by a teaser electrode be- 
tween the main electrodes. 

Actuating a solenoid concealed within the “‘tear- 
drop” caused a needle to pierce the cellulose acetate 








*t.. 3 G. Kovésznay, Rev. Sci. Instr. 20, 696 (1949). 
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diaphragm separating the two chambers of the shock 
tube, releasing the pressurized gas and initiating a 
plane shock wave. As this shock proceeded along the 
tube, it broke an electrical contact mounted above a 
tiny orifice in the side of the tube. Breaking the con. 
tact activated an RC delay circuit, causing a thyratron 
(after the pre-set delay) to fire through the primary of 
a transformer, the secondary of which was connected 
in the teaser electrode. 

Schlieren photographs of the converging cylindrical 
shock were obtained for two different pressure ratios 
across the diaphragm and a few of the results are dis. 
played in Figs. 10 and 11. In these photographs it is also 
seen that, as our previous stability considerations would 
lead us to expect, the approach to cylindrical form even 
in the visible region becomes poorer as initial shock 
strength increases. This is due partly to the slower 
dying away of the effect of the corner and partly to 
slower attenuation of disturbances resulting from burst- 
ing of the diaphragm (though the magnitude and jr- 
regularity of these diaphragm bursting disturbances did 
also increase for the stronger shocks due to poorer 
diaphragm material). 

If perfect cylindrical convergence were to continue 
even through the microscopic region, then irregular 
vortices, such as are to be noted in both series of photo- 
graphs, would not occur. We take the intensity of these 
irregularities as a measure of the departure from per- 
fect convergence. Previously, on the basis of Fig. 4 we 
concluded that the cylindrical shock should be com- 
pletely formed and the large disturbances necessary to 
produce and shape it should be nearly fully attenuated 
while the shock is still weak, before any appreciable 
convergence occurs. The experimental results seem to 
support this viewpoint. 

To verify visually our ideas of Mach reflection and 
shock stability which have already been outlined, we 
placed a small obstacle in the path of the shock just 
before it reached the region of observation. As nearly 
as possible we duplicated all other conditions under 
which the pictures of Figs. 10 and 11 were obtained and, 
for an intermediate pressure ratio across the diaphragm, 
secured the results presented in Fig. 12 The net result 
of the artificial disturbance is seen to be merely a dis- 
placement of the center of convergence towards the 
disturbed side. 

In Fig. 13 we present a case in which the disturbance 
produced by incomplete bursting of the diaphragm was 
so great that regular reflection occurred, destroying the 
cylindrical convergence. 
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A rigorous formula for the radiation field of a helical antenna is derived on the assumption of an empirical 
current distribution obtained experimentally by Kraus. For a helix of several turns this formula yields 
results very nearly the same as those obtained from an approximate method by Kraus, and it has the 
additional advantages of greater simplicity of computation and applicability to helices of nonintegral num- 
bers of turns. It appears that this empirical current distribution is of a most fortuitous form, but no theo- 


retical basis for it has yet been found. 





I. INTRODUCTION 


HE helical antenna has recently been the subject 

of some interest for two principal reasons. First, 

it appears to have a rather broad frequency range over 

which it maintains a rather sharply directive beam rela- 

tive to its size and simplicity. Second, the radiation in 

this beam is very nearly circularly polarized, which is 

perhaps advantageous in the reduction of interference 
caused by echoes." 

Several papers have been published by Kraus and his 
co-workers*-* in which extensive experimental results 
are presented and the results of radiation field measure- 
ments are correlated with an approximate theory. Kraus 
has determined experimentally that the current dis- 
tribution along the helical wire may be reasonably 
approximated by a traveling sinusoidal wave whose 
phase velocity varies with frequency over the useful 
range in just such a manner as to maintain a sharply 
directive beam.’ Kraus’s approximate calculation of the 
radiation field was obtained by considering such a wave 
of current on a helix of square turns, the field of a single 
square turn being calculated first and then multiplied 
by an array factor appropriate to the number of turns 
in the helix, their spacing, and their phase difference.* 

It is the purpose of this paper to obtain a rigorous 
expression for the radiation field of an actual cylindrical 
helix subject to the assumption of a current distribution 
of the type observed by Kraus. Such an expression has 
the advantages, in addition to its rigor, of greater 
simplicity and applicability to helices of integral or 
nonintegral numbers of turns with equal facility. 


Il. CALCULATION OF THE RADIATION FIELD 


Let us assume a helix of radius a and helix angle a 
whose axis is oriented along the z axis. The equation of 
the helix is then given in terms of the azimuthal 


*The research reported in this document was made possible 
through support extended Cruft Laboratory, Harvard University, 
jointly by the Navy Department (ONR), the Signal Corps of the 
U. S. Army, and the U. S. Air Force, under ONR Contract 
NSori-76, T. O. 1. 

'T. B. Friedman, Tele-Tech 6, No. 8, 26 (1947). 

* J. D. Kraus, Electronics 20, No. 4, 109 (1947). 

* J. D. Kraus and J. C. Williamson, J. Appl. Phys. 19, 87 (1948). 

*O. J. Glasser and J. D. Kraus, J. Appl. Phys. 19, 193 (1948). 

*J. D. Kraus, Proc. Inst. Radio Engrs. 36, 1236 (1948). 

‘J. D. Kraus, Proc. Inst. Radio Engrs. 37, 263 (1949). 


angle ¢ by 
z=a tanad. (1) 


We then wish to compute the field at a distant point P 
due to a current of the form, 


I= Iye-i8@ (2) 


along the wire, where the values of 8 shall be chosen to 
correspond to the results of Kraus’ experiments. Let us 
assume that the helix is placed symmetrically about the 
origin and so extends from ¢=—d¢» to ¢=+¢. The 
unit vector s along the wire must then be resolved into 
components in the directions of the spherical coordi- 
nates at point P, as indicated in Fig. 1. The resulting 
components of s are 


(s),=sina cosé—cosa siné sing, 
(s)g= —sina siné— cosa cos sing, (3) 
(s)4= Cosa cos¢. 
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Fic. 1. Orientation of helical wire. 
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Fic. 2. Distance to point on helix. 


Next we must compute the approximate distance r be- 
tween the point P and an arbitrary point on the helix 
identified by the angle ¢. Since we are considering only 
the field at large distance, we may neglect the difference 
in angle between this line and the radius from the origin 
to P. The distance is then given as shown on Fig. 2 by 


r= R—z cos#—a sin@ cos¢ 
= R—(a tana cos@)¢—a sin# cos¢, 


(4) 


where R is the distance from the origin to P. 
The radiation or far-zone electric field of a thin wire 
is given by the integral,’ 


+= (icopo/44R) f [rx(eXxs) Wie rds, (8) 


where J, is the current in the wire at the point s and r 
is the unit radius vector at the point P. The vector 
product indicated is easily performed, yielding 


rX (rXs)= — ¢(s)o+0(s)e. (6) 


The distance ds along the wire is easily expressed by 
the helix geometry as 


ds=a secadd. (7) 


Using the quantities thus far evaluated, we may write 
the integrals for the two components of the far-zone 
electric field as 


iwd pol o e wR 


4nr R 





o™= 


0 
x f Cosde'l(oa/c)sind]cos¢ ¢é[(wa/¢) tanacosé—B] +d, 
—o 


7R. W. P. King, Electromagnetic Engineering (McGraw-Hill 
Book Company, Inc., New York, 1945), Vol. I, p. 271. 
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All of these integrals may be written either in the form, 


oo 
T= f €'2008b iro, (9) 
—0 


or as the sum of two different integrals of this form. This 
integral may be carried out in closed form to yield 
bessel functions only for integral values of v; and since 
v here is a function of 8, this is of little use. However, 
we may easily obtain a series expansion, since ¢2™# 
may be expanded in the well-known fourier series with 
the bessel function coefficients. 


oo 


Eizcosd — a i"J ,(z)ei"?, (10) 


n=—2 


Thus, Eq. (9) becomes 


e oo 
I= > #*J,(s) e(rtnedg 
n=—2 —¢o 
o sin(yv-+n)¢ 
AT he. 


n=—x v+n 
The negative terms may be eliminated by noting that 


J_»(z)=(—1)"J,(z), 








so that 
sinvd 
Su Rite 
Vv 
a sin(v+n)do sin(v—n)do 
+2> Fuld] > | (12) 
n=1 v+n y—n 


The integral, 
0 
r= f cospe'* e*" dh (13) 
—¢0 


may be written in terms of the preceding integral by 
noting that 


1 ¢* - 
r=J f ceonegios edged f cae ie-ned6 (14) 
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2L St 








whel 


'= 


In ¢ 
oth 


[''= 


ful 


Ey 





at 





RADIATION FIELD 


whereupon I’ may be immediately written as 





sin(v+1)¢o sin(v—1)¢o] & | 
r=J48] + } D> i*J (2) 
v+1 yv—1 n=1 
eee 1) do 
v+n+1 = v+n—1 


sin(yv—n+1)do sin(v—n—1)do 
+ + | (15) 








v—n+1 


In exactly the same manner it is possible to write the 
other integral 


yv—n—1 
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sin(v+1)¢o sin(v—1)do 
= iss] _— 
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sin(v-+n-+1)do sin(v+n—1)do 
v+n+1 v+n—1 
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sin(v—n+1)d) sin(v—n—1)¢do 
rs _ | (16) 
v—n+1 


yv—n—1 


The electric-field components may now be written in 
full as 


sin(yv+1)do sin(v—1)do 
By= Fol J(o] + 
v+1 v—1 
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—_—- 1)¢o | sin(v—n— || 
—et+1 


v—n—1 


sinvdo 





Ey= Esl 2 tana sind J o(z) 


v 
. < J) aoe) 
n=1 v+n vy—-n 


sin(v-+1)do sin(v—1)do 
cosa —iJo(z) ( _ ) 














v+1 v—1 
‘ < (ao 1) do 
n=l v+n+1 v+n—1 
sin(v—n+1 in(yv—n—1 
‘ in(v—n )oo_sin(y n “*)}, 17) 
v—n+1 y—n—1 
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in which 
Eo= —iwapol oe~*”®!*/4rR, 
= (wa/c) sind, (18) 
v=(wa/c) tana cosé— 8B. 


Ill. BEHAVIOR OF THE SOLUTION 


The expressions in Eqs. (17) appear quite formidable 
for computational purposes in the general case. How- 
ever, if the value of 8 is taken as that determined 
experimentally by Kraus, it will be seen that actually 
only the first one or two terms of the expansions are of 
any significance. 

From the manner in which @ occurs in Eq. (2), it is 
clear that 


B=wa(seca)/2, (19) 


where v is the phase velocity along the wire of the 
traveling current wave. Kraus has denoted by the 
ratio of v/c, so that 8 may also be written as 


B=wa(seca)/cp. (20) 


Measured values of » as a function of frequency are 
given for a seven-turn, 12-degree helix (see Fig. 13, 
reference 6). These figures show that over a very broad 
range of frequency, p varies with frequency in almost 
precisely the manner necessary to provide the phase 
difference between turns required for an end-fire array 
of maximum directivity. It has been shown that maxi- 
mum directivity in an end-fire array is obtained with a 
phase difference between successive elements slightly 
different from that required to cause the fields of each 
element to add in phase along the line of array.® It 
seems extremely fortuitous that this condition should 
be so closely approximated over such a broad frequency 
band—more closely approximated, in fact, than the 
normal end-fire condition of successive elements adding 
in phase along the line of array. However, for lack of 
any precise analysis to predict theoretically the current 
distribution on a finite helix, this extraordinary behavior 
must be accepted as fact. The center of the frequency 
band over which this situation prevails is approxi- 
mately located at wa/c=1, or where the circumference 
of the helix is approximately one wavelength. 

The values of p so chosen give for all frequencies in 
this ‘“‘beam-mode” range a value of —v at 6=0 slightly 
greater than unity, this value increasing slowly as 0 
becomes positive or negative. The condition of in-phase 
fields along the axis gives v=—1 at 6=0. Thus, it 
becomes clear that the term [sin(v-+1)¢o ]/(v+1) will 
be quite large and is in fact almost identical with the 
array factor for N separate units when — v is near unity. 
The total number of turns, V=¢0/7, need not be an 
integer here, however; and the denominator contains 
the term v+1 rather than sin(y+1), which appears in 
the array factor. The value of z will be zero at 6=0, 


8 W. W. Hansen and J. R. Woodyard, Proc. Inst. Radio Engrs. 
26, 333 (1938). 
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(a) RIGOROUS FORMULA (b) KRAUS SPPROXIMATION 


Fic. 3. Major lobes of field patterns of 7-turn, 12° helix 
with wa/c=1.06 and p=0.83. 


increasing in absolute value to about one at @=+90°. 
Thus, all the bessel-function coefficients of order one or 
greater will be very small near the helix axis. This fact 
together with the fact that [sin(v+1)¢o]/(v+1) is 
much larger than the other ratio terms when ¢p is fairly 
large means that for a helix of several turns, only the 
terms in Jo(z) are of any importance. Moreover, when 
we have several turns, sin(v+-1)@p will go to zero for a 
relatively small value of 0, so that Jo(z) will still be 
approximately unity and sin(v+1)~(»+1). Thus, the 


field patterns will be almost identical with the array 
factor alone, as were Kraus’s patterns. 

This agreement is indicated on Fig. 3, where a polar 
plot of the two electric-field components for the major 
lobe of a seven-turn, 12-degree helix is shown along with 
the curves given by Kraus® for this same helix under the 
same conditions. The value of wa/c is 1.06, indicating a 
frequency near the center of the useful range; and the 
value of p used is 0.83, taken from Kraus’s experimental 
results. The two sets of curves may be seen to be nearly 


' the same; in fact, both are nearly the same as the array 


factor for seven distinct elements with the correspond- 
ing spacing and phase difference between them. Also, 
Kraus® has indicated that these field patterns agree 
quite well with experimental results. 

However, in the case of a single turn the rigorous 
result differs considerably from the square-turn approxi- 
mation of Kraus. This comparison is shown in Fig. 4, 
where polar plots are again shown for both E, and E,. 
The fact that both sets of curves have fairly broad 
maxima along the line 6=0 results in the curves being 
very similar when many turns are combined as in an 
end-fire array. The frequency and phase velocity used 
are the same as those in the preceding figure. 

That the rigorous formula would have to be used for 
helices of only one or two turns is perhaps not very 
significant, since the approximate current distribution 
used is not likely to be very accurate in this case. How- 
ever, the rigorous formula has the advantage of equal 
applicability to integral and nonintegral numbers of 
turns. Also, there is greater simplicity in computation 
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(a) RIGOROUS FORMULA 


(b) KRAUS’ SQUARE-TURN APPROXIMATION 


Fic. 4. Patterns for a single turn of helix with a=12°, wa/c=1.06, and p=0.83. 
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from the rigorous result than there is in the process of 
computing the field of a square turn, since usually only 
the first term of the series need be retained. In the 
computation of the EZ, curves of Fig. 3, the maximum 
magnitude of the terms in J;(z) and J2(z) was only 
about 1.5 percent of the maximum of the term in Jo(z). 

The rigorous result differs from that of Kraus also, 
in that for the phase velocity condition chosen the 
radiation is not quite circularly polarized along the axis, 
the component Ey being some 7 percent smaller than Ey. 
It should be noted that there is some slight variation 
with @ also. Shifting the origin of @ serves to multiply 
the nth term of the series by e'"®, where ® is the angle 
of shift. But since the term in Jo(z) is so much greater 
than the others, this cannot produce much change in 
the magnitude. 


IV. CONCLUSIONS 


A rigorous result has been derived for the radiation 
field of a helical antenna presuming an approximate 
form of current distribution. This approximate distri- 
bution is, to be sure, somewhat unrealistic in that a 
single traveling wave of current cannot possibly satisfy 
the boundary conditions at the end of the wire. How- 
ever, it is believed by Kraus that this results in an 
inaccuracy only near the end of the wire. Also, Kraus 
neglects the effect of a ground plane which he con- 
sistently uses in experiments. This may not be too 
serious, since if one were justified in using an image 
helix behind the ground plane (which is not actually 
the case because of the small size of ground screen used), 
the image helix would be wound in the opposite direc- 
tion and have its major lobe along the line 6= x. Hence, 
only a minor lobe would be added to the major lobe of 
the actual helix along the line at 6=0. 

As yet, no theoretical basis has been found for the 
approximate current distribution—a distribution which 
is quite surprising in that it fortuitiously provides the 
helix with a sharply directive beam of radiation even 
though the frequency is varied over a considerable 
range, and, too, that it gives phase velocities along the 
wire less than the velocity of light, whereas previous 
work with infinite helices® has indicated phase velocities 
greater than the velocity of light. That the beam width 
is quite sensitive to changes in phase velocity is indi- 
cated in Fig. 5, where the major lobes are shown for a 
12-turn, 14-degree helix with two different values of 
phase velocity differing by less than 3 percent. The 
narrow lobe represents the condition of maximum 


*E. T. Kornhauser, The Helix as a Waveguide for Slow Waves 
(Cruft Laboratory Technical Report No. 88, August 15, 1949). 
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Fic. 5. Major lobes of field patterns for 12-turn, 14° helix 
for two values of phase velocity. 




















directivity, which is, according to Kraus, closely ap- 
proximated in practice over a considerable frequency 
range, while the broad lobe represents the normal end- 
fire condition of all elements adding their fields in phase 
along the line of array. 

One might expect that the directivity would be com- 
pletely destroyed by the use of helices wound of very 
thin wire, since in general the propagation velocity 
along a very thin wire is equal to the velocity of light 
regardless of frequency. However, using helices whose 
wire diameters differed by as much as 13 to 1, Tice and 
Kraus” noted experimentally only minor differences in 
the radiation properties, although no statement of the 
effect on the usable frequency range was given. 

It appears that the solution for the actual current 
distribution by the integral equation method is much 
too difficult to carry out, so that one must be satisfied 
with the empirical form of the current used here. How- 
ever, it should be pointed out that the agreement be- 
tween calculated field patterns and experimental results 
do not necessarily provide a measure of the accuracy 
of the assumed current distribution, as has been found 
to be the case for the long straight antenna. 


10 T. E. Tice and J. D. Kraus, Proc. Inst. Radio Engrs. 37, 
1296 (1949). 
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Theory of Air-Coupled Flexural Waves* 
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The theory of air-coupled flexural waves in a floating ice sheet is derived for the case of an impulsive point 
source situated either in the air or in the water. It is found that new branches are introduced to the disper- 
sion curve of flexural waves as a result of coupling to compressjonal waves in the atmosphere. Experimental 


data are briefly reviewed. 





INTRODUCTION 


N the course of a study of the phenomena associated 
with the famous explosion of the volcano Krakatoa!” 
in the Straits of Sunda, the authors noted a simultane- 
ous arrival of an air wave and tidal disturbance at 
several widely separated locations. While this curious 
phenomenon was noticed previously,’ it had been passed 
off as a coincidence, with the tidal waves attributed to 
non-related earthquakes. It is now our belief that the 
simultaneous arrival of an air wave and tidal dis- 
turbance resulted from coupling between the atmos- 
pheric pressure wave and the ocean. 

It is surprising at first to think of coupling between 
the atmosphere and the ocean, especially since the 
density contrast between the two media is so great. It 
can generally be shown, however, that coupling between 
air waves and surface waves of all types is appreciable 
when the phase velocity of the surface wave is very close 
to the speed of sound in air. To a first approximation the 
reaction of the surface wave on the air can be neglected 
and the air wave can be treated simply as a pressure 
pulse travelling over the surface of a dispersive system. 
Following Lamb’s method,‘ the effect of a travelling 
disturbance can be obtained by the application of a 
succession of infinitesimal impulses at equal intervals of 
time, each impulse producing a dispersive system of 
waves. Superposition of the wave systems of the succes- 
sive impulses results in reinforcement only for those 
waves (having one or more discrete frequencies) whose 
phase velocity equals the velocity component of the 
travelling disturbance in the direction of wave propaga- 
tion. Since waves associated with a given frequency are 
propagated with the group velocity, the wave system 
generated by a travelling disturbance either precedes 
or follows the disturbance according to whether the 


* This work was made possible through the participation of the 
Geophysical Research Directorate of the Air Force Cambridge 
Research Laboratories with the Lamont Geological Observatory 
of Columbia University under USAF Contract ac396. 

t Lamont Geological Observatory (Columbia University), 
Contribution No. 22. 

1G. J. Symond, The Eruption of Krakatoa and Subsequent 
Phenomena (Trubner and Company, London, 1888). 

2C. L. Pekeris, Proc. Roy. Soc. (London) A171, 434 (1939). 

7R. D. M. Verbeek, Krakatau, Batavia (1886). 

4H. Lamb, Phil. Mag. 31, 387 (1916). 

5H. Lamb, Phil. Mag. 31, 539 (1916). 

*H. Lamb, Hydrodynamics (Cambridge University Press, 
Teddington, England, 1932), sixth edition, pp. 413-415. 
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group velocity is greater than or less than the phase 
velocity. Air coupled flexural waves illustrate the first 
case in which the coupled waves precede the air pulse, 
Hydrodynamic gravity waves in very deep water would 
follow the arrival of the air pulse. Possible existence of 
air coupled Rayleigh waves was discussed briefly by 
Bateman.’ 

Since the coupling to air is loose, the frequency of an 
air-coupled surface wave may be obtained in a simple 
fashion by equating the velocity of sound in air to the 
phase velocity for the particular type of surface wave 
being considered, using the characteristic equation for 
the surface wave in the form which ignores the influence 
of the air. 

The existence of air-coupled surface waves was firmly 
established in a series of experiments performed on 
floating ice sheets in Lake Superior and Lake Cayuga.’ 
Although these experiments were organized for another 
purpose, coupling between air waves and flexural waves 
of the ice sheet was recognized and studied under con- 
trolled conditions. 

In this paper a more complete theory for air-coupled 
flexural waves in a floating ice sheet is derived for the 
case of an impulsive point source situated either in the 
air or in the water beneath the ice. Sufficient experi- 
mental results are given for a comparison with theory 
to be made. 

A complete discussion of the theory of air-coupled 
gravity waves, with application to the explosion of 
Krakatoa, is reserved for another paper. An analogous 
theory for air-coupled Rayleigh waves will be submitted 
for publication shortly. 


THE THEORY 


Consider the propagation of flexural waves in a plate 
of infinite extent floating on deep water, the thickness 
of the plate H being small compared to wavelengths 
considered. Overlying the plate is an infinite atmosphere 
having density p:, and sound velocity 7. The plate has 
volume density p2, longitudinal wave velocity v,; the 
water has density p3, sound velocity 23, A cartesian co- 
ordinate system is chosen with the x, y axes in the equi- 
librium plane of the plate and the z axis vertically up- 
ward. We will use the coordinates z and r=(x*+y')! 

7H. Bateman, Proc. Natl. Acad. Sci. U. S. 24, 315-320 (1938). 


8 Press, Crary, Oliver, and Katz, Trans. Am. Geophys. Union 
(to be published). 
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and denote the corresponding displacements by w and gq. 
The subscripts 1, 2, 3 hereafter refer to the air, plate, 
and water, respectively. 


Simple Harmonic Point Source in Air 


We wish to determine the vertical displacement w of 
the plate due to the passage of a system of flexural 
waves which originate in a point source of sound waves 
at r=0 and z=d. Particular interest is in the solutions 
which predominate at large distances from the source. 
Assuming simple harmonic motion exp(— iw), we intro- 
duce the velocity potentials ¢; and ¢3 from which the 
component velocities ¢ and w and the pressure p can 
be obtained as follows, 


pi= pid¢,/ dt, 
Gi=0¢,/Or, i=1,3 (1) 
= 0¢:/ dz. 


It is convenient to divide the air into two regions by 
the plane z=d and to denote values of velocity potential 
etc., for the region 0<z<d by primed symbols. 

It is required that the functions ¢ be solutions of the 
wave equation, 


v7V°¢o;= 0°¢;/dF, i= 1, a (2) 


where 
V?= 0?/dr?+ (1/r)d/dr+ 07/02". 


Solutions of Eq. (2) must satisfy the boundary 
conditions (for a thin plate), 


0¢,'/02= Ow2/dt=dg3/dz at z=0, (3) 


and ws: satisfies the equation for flexural vibrations of 
the plate® 


Hp.0*w2/d? = —_ (H? pw ,7/12)V4we 
— psgw2— p303/dl+ p,0¢,'/dt, (A) 


where v, is the velocity of longitudinal waves in the 
plate, g is the gravitational acceleration, and 


~~ saaae 


Equation (4) is derived under the assumption that 
Poisson’s constant for the plate has the value 0.25. 

We use a method of representing a simple harmonic 
point source originally given by Lamb." The procedure 
is first to obtain the solutions to the problem where a 
periodic pressure is applied to the entire plane z=d 
symmetrically about the z axis and then to pass to the 
case of a point source utilizing the fourier-bessel inte- 
gral. A point source located at r=0, z=d is represented 
by ultimately requiring continuity of pressure in the 
plane z=d and continuity of vertical velocity every- 
where in the same plane, except at the source where the 


on Ewing and A. P. Crary, Physics 5, Pt. II, No. 6, 1-10 
oH. Lamb, Phil. Trans. Roy. Soc. (London) A203, 1-42 (1904). 
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ait above and below the source moves in opposite direc- 
tions. Here the discontinuity in vertical velocity is pro- 
portional to a function F(r) which vanishes everywhere 
except at r=0 where it becomes infinite in such a 
manner that its integral over the plane z=d is finite. 
Typical solutions of Eq. (2) are of the form, 


¢:=A exp(—72z)Jo(kr) exp(—iwl), 2>d (5) 
$1’ =(B exp(nz)+C exp(— 12) Jo(kr) exp(—iw#), 
O0<z<d (6) 
$o3= E exp({z)Jo(kr) exp(—iwt). 2<0 (7) 
Flexural motion of the plate is given by 
w2= DJ (kr) exp(—iwf). (8) 


The separation constants n, ¢ obtained by substituting 
Eqs. (5)-(7) in Eq. (2) are given by 


P=R—o/m, C= P—at/ve, (9) 


and are defined as positive real or positive imaginary. 
These solutions must satisfy two additional condi- 
tions at the plane z=d where the pressure is continuous, 


pi01/dt= p,dgy'/ dt, (10) 
and the vertical velocity is discontinuous, 
d¢1/02—0¢,'/02=2VJo(kr) exp(—iwl), (11) 


the air above and below the plane moving in opposite 
directions. 

The expression for ¢,’ has two arbitrary constants, 
but ¢: and ¢3 have been chosen to decrease exponen- 
tially with distance from the plate, since we are particu- 
larly interested in solutions for which there is no radia- 
tion from the plate into the surrounding media. 

Five simultaneous linear equations result when Eqs. 
(5) through (8), the solutions of Eq. (2), are substituted 
in Eqs. (3), (4), (10), and (11), the boundary conditions. 
Solving for A, B, C, D, E from these equations gives: 


A=[—Y/nG(k) ]Lg(k) exp(—nd)+-G(k) exp(nd)], (12) 


B=(—Y/n)Lexp(—nd)], (13) 
C=[—¥/nG(&)ILe(&) exp(—nd)], (14) 
D=[—2Y/nG(k) IL (01/p2)nviw exp(—nd)], (15) 
and 

E=[—2Y/nG(k) ](p1/p2)w*n exp(—nd)], (16) 
where 


G(k) = (p3/p2)wn+ nf (Hw — H*v,7k*/12—gps/ p2) 
+(pi/p2)w*f, (17) 

g(k) = (p3/p2)w*nt nf (Hw — H*v,?k4/12—gps/ po) 
—(pi/p2)w*f. (18) 


We now generalize the discontinuity of vertical ve- 
locity in the plane z=d by means of the fourier-bessel 
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894 F. 
integral, 
F(r)= f Tolkrykdk f F(A)Jo(X)AdX. (19) 
0 0 


F(A) is chosen to vanish for all but infinitesimal values 
of \ in such a manner that 


f F(A)2mddd 
0 


has a finite constant value. Thus, taking Y = kdk in the 
Eqs. (5) through (8) and (12) through (16) and inte- 
grating with respect to k from 0 to ~, we obtain solu- 
tions which satisfy the appropriate conditions at z=0 
and meet the additional requirements for a point source, 
namely continuity of pressure in the plane z=d and 
continuity of vertical particle velocity everywhere in 
this plane except at the source r=0 where a discon- 
tinuity in 0¢/0z exists proportional to 


F(r)= f J o(kr)kdk, 


which becomes infinite in such a way that its integral 
over the plane z=d is finite. 
The solution for a periodic point source is therefore 


We= —exp(—iat) f J (kr) kdk 
0 


X {2(p1/p2)iws exp(—nd)/G(k)}. (20) 
Following the procedure of Lamb,” Sezawa," and 
Pekeris,'’* Eq. (20) will be evaluated by integration 


exp(— 7d) 


PRESS AND M. 


f Ho'(kr)E(k)/G(k) Jkdk+ f HM2Z"'r)Z"dm(p,/ p2)w 
0 0 


EWING 

along suitable contours in the complex plane Z=k+in 
Let 

E(Z) = —(01/p2)(Z?— w*/03?) iw exp — d(Z*— w?/n,2)4), 


and consider the two integrals whose sum can be used 
to evaluate the integral in Eq. (20), 


f Ho'(Zn)LE(Z)/G(Z)]zaZ, (21) 
and ; 
J H(Zr) E(Z)/G(Z) \ZdZ. (22) 


Integrals (21) and (22) are taken around paths C and (’ 
in the first and fourth quadrants, respectively (Fig, 1), 
G(Z) is obtained from Eq. (17). Integral (21) has branch 
points at Z=w/v, and Z=w/v3 and a pole at Z=k,, 
which is the root of G(Z)=0. G(k,,)=0 is the character. 
istic or frequency equation for air-coupled flexural 
waves on a floating ice sheet. Integral (22) has neither 
branch points nor poles. That the singular points lie in 
the first quadrant only can be demonstrated" by tem- 
porarily including small frictional forces in the original 
equations of motion. We denote by n’, +¢’ the values 
assumed by 7, ¢ on both sides of the line k= w/13, and, 
by +7”, ¢”, the values on the two sides of k=w/r, 
(Fig. 1). For small values of m we can write: 


a= (2mw 2)! exp(iz, ‘4), 


n' =i(w? ve —w v37)}, 
¢ 0" = (w/o? — w?/23*)!. 


= (2mw/v3)' exp(ix/4), 
Taking integral (21) around the indicated contours and 


letting the radius of the circular arc approach infinity, 
we find 


c 








exp(n’’d) 





™ ‘p2)wn”’ + no" (Hw? — H*2,72""4 12—gp3/ p2)+(p1 p2) wre” 





‘ 








; 


c 


— (ps p2)wrn”’ — 90" (Ho? — H*v,7?2"" 12—gp3/ p2)+(p1 power” 


(p3/p2)w?n’ — 9’ f' (Hw? — H*v,7Z"4/12—gp3/ p2) — (p1, al 


I+ f H.'(Z'r)Z'dm(p;/p2)w exp(—1'd) 
0 


x| . — | 
(p3/p2)w?n’ +70’ (Hw? — H*v,7Z"4/12—gp3/p2)+(p1 pow’ 


0 H,'(imr)mdm(p1/ p2)w(m?+ w*/2;*)) exp[ — id(m?+ w?/0,")*] 











" K. Sezawa, Bull. Earth. Res. Inst. Tokyo 13, 1, 1-17 (1935). 
2C. L. Pekeris, Geol. Soc. Am., Mem. 27 (1948). 





x» 1(p3/p2)w?(m?+ w?/0,7)! — (m+ w*/2;7)3(m?+ w*/03") (Hw? — H*v,?m*/12— gps, ‘p2) +i(p1/p2)w?(m?+ w?/037)! 
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0, (23) 
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where k, is the root of G(k)=0, Z’=w/v3+im, and Z”’=w/v,+im, respectively, in the second and third integrals 
of Eq. (23). Integrating (22) around the contour in the fourth quadrant gives : 

a E(k) 
| Het) 
f H?(imr)mdm(p,/ p2)w(m?+ w*/v;)! exp[ — id(m?+ w/v)! ] 


an i(ps/p2)w?(m?+ w/0;")! — (m?+ w?/01?)'(m?+ w/0;") (Hw — H*v,?m*/12— gp3/p2)+i(p1/p2)w*(m?+-w?/v;")! ( 


24) 


The integrals along the infinite arcs in the first and fourth quadrants vanish because of the well-known proper- 
ties of the hankel functions. From the relation Ho'(im)=—H,?(—im), it can be seen that the last integrals of 
Eqs. (23) and (24) are equal and opposite in sign. Since 2Jo(kr)= Ho'(kr)+A,*(kr), the sum of the first inte- 
grals in Eqs. (23) and (24) is equivalent to Eq. (20). Using the expansions Ho!(x)—exp[i(x— 2/4) ]/(ax/2)! and 
Ay(x)—expl —i(x— 2/4) ]/(4x/2)', we add Eqs. (23) and (24) and obtain for large values of r, 


We=wotw'+w”, (25) 


kdk 











(0). 


where w» represents the residue, 
RnE(kn) expli(Rar—wt— 3/4) ] 

















Wo= £71 (26) 
(rknr/2)'0G(kn)/ Ok 
and w’ and w” are the two branch line integrals, 
—2 exp[i(rw/v3— wt— 1/4) ] f” exp(—mr) 
w'= . —————Z'dm(p/p2)w exp(— n’d) 
(3/2)? 0 (Z'r)} 
(p3/ p2)w*n’ ¢’ 
—————— “= -——________}, (21) 
[(p3/ p2)w"n 7 = (n’¢' (Hw? — H*0,2Z"4/ 12—gp3/p2)+ (p1/p2)w°t’ P 
2 exp[i(rw/v1— wt— 2/4) ] * exp(—mr) 
w= - f Z''dm(p1/p2)wt"" 
(3/2)? 0 (Z”r)} 
— [(oa/ps)uatn!”-+-91"¢"” (Hu? H0,22'"*/12—gpa/ ps) }+sinh("d) (p1/p2)u*s” (28) 
— [ (p3/p2)w*n’’+ nt" (He — H*v,7k'"4/12 aaa £p3/p2) P+L(p1/p2)wt” P 


where Z’=w/v3+im in Eq. (27) and Z”=w/v:+im in Eq. (28). These definite integrals can be expanded in 
asymptotic forms by means of the following formula, which is readily derived from the integral representation of 
the gamma-function. 


P I'(3/2) 1(5/2) y’(0) 
J m'y(m) exp(— wet’ tes ———+- >>>, (29) 


For large r we have 





, 2i(p1/ps) exp[i(rw/v3— wt) | exp[ — id(w?/0)?— w?/v;7)* ] 








‘i (30) 
rw(v3"/v7— 1)! 
2 exp[i(rw/v1— wt) | p3/p1 
w'— | - (p2/p1) LH — H*0,?w?/120;'— g(p3/p2)/w* |+d . (31) 
ry, (w?/v?— w?/v37)! 
The solutions given by Eqs. (25) through (28) and frequency equation is given by _ _ i. ~ 
(30) through (31) have been expressed as a residue and G(k,)=0 (32) 


two integrals along branch lines. The branch line inte- 
grals represent waves which travel with velocities v3; Since these waves diminish in amplitude as r~}, they 
and », and diminish rapidly for large ranges as r~*. The __ represent the predominant disturbance at large ranges. 
residue represents a train of dispersive waves, whose Using the expression for phase velocity c=w/k, we 
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Fic. 1. Integration 
paths in the complex 
k-plane. 


























can réwrite Eq. (31) in a form more convenient for 











computation. 
mit dkn(1—c?/0;2)! 
ma 77 exp[ —dk,(1—c?/0;")*] 
Xexp[i(kar—wt— 2/4) ], (33) 
where 
_2(2m)p1/p2)(kH)(c/0»)(1—2/032)! 
W(k)= : (34) 
| a | (p3/p2)c*/ "| (1—c?/v,?)! (1—c?/v;*)! 
lL a-ef2) lLi-e/z)) (1-2/0)! 
X [kHe?/v,? — (RH)®/12—(p3/p2)(g/k)/,"] 
— (1—c?/v;?)'(1— 02/03") *(RH)3/3 
(p1/p2)c?/v,? 
Phere (35) 
(1—c*/v;")! 
Equation (32) likewise may be rewritten as 
(p3/p2)(c?/v,)(1—c?/0)?)*+ (1-2/0) (1 — 7/23?) 
X [kHe?/0,?— (kH)*/12—(ps/p2)(g/k)/0,? 
+ (p1/p2)(c?/0,7)(1—c?/03?)'=0. (36) 


Equation (36) is a cubic in kH with the elastic con- 
stants of the system as parameters. It defines an im- 
plicit relationship between the frequency f=ck/2m and 
the phase velocity c of waves given by Eq. (32). For 
c<,<3, real values of RH exist. Phase velocity in 
dimensionless units is plotted in Fig. 2 as a function of 
the dimensionless parameter y=kH/2m for the case 
v,=1070 ft/sec, vp»=11,500 ft/sec, vs=4650 ft/sec, 
pi/p2=0.00141, p3/p2= 1.0904. The factor W(k) shows 
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EWING 


the dependence of amplitude upon frequency. The ex. 
ponential term in Eq. (33) shows the influence of the 
height of the source on amplitudes. It is seen that waye 
amplitudes decrease exponentially as —dk,(1—2/p2)1, 


Generalization for an Arbitrary Pulse 


In a dispersive system, such as the one under discys. 
sion, energy associated with each wavelength or fre. 
quency is known to propagate with the group velocity 
given by the familiar expression, 


U=c+hkdc/dk. (37) 


Carrying out the indicated differentiation, using the 
functional relationship between c and kH given by 
Eq. (36), enables one to compute values of U which are 
plotted in dimensionless form in Fig. 2. 

Having obtained the steady-state solution for a simple 
harmonic point source in the air, we proceed to the case 
of an arbitrary initial disturbance. If the time variation 
of the initial disturbance at the source is f(¢) represented 
by its fourier transform, 


se) = f exp(iwt) f(0)dt, (38 


then 


f= (1/2) fF exp(—iat)g(w)de, (3 
and the displacement wy becomes 
w= YEH)! fF g(u) V(b) 


Xexp[ —dk,(1—c?/v;?)*] 
Xexp[i(kar—wt— 2/4) |dw. (40) 
In Eq. (40), &n is a function of w, through Eq. (36). 
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Fic. 2. Dimensionless phase velocity (¢/v,) and group 
velocity (U/v:) curves. 
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We follow Pekeris in representing the initial disturbance ” 
created in an explosion as follows: wo=rH-*(2rv,)“ f (o—iw)"W (Rn) 
f)=exp(—¢!) 1>0 


Xexp[ —dk,(1—c?/9,*)*] 
=0. t<0 


Xexp[i(kar—wt— 2/4) |dw. 


(41) 


(43) 


With this definition we can write To evaluate this integral, we use Kelvin’s approximate 


method of stationary phase. For a discussion of this 
method, and the validity of the approximations used, 
the reader is referred to papers by Havelock," Pekeris,” 
and Eckart." Integrating Eq. (43) by the method of 
stationary phase gives 


f= (v/a) f (a—iw) exp(—iwt)dw, 


g(w)=(c—iw), (42) 





W (ke) exp[ —dko(1—c?/v;?)!] exp[i(kor — wot — 4/44 24/4) ] 
W = 
rH (vp/01)(o— two) (v1/c)(v1/U)*d(U/r)/dy }} 





(44) 


where the upper or lower sign in the exponential term is to be taken according to whether d(U/v)/dy is negative 
or positive; and ko, wo, U /v,, d(U/v;)/dy are evaluated from the phase and group curve for values of r and ¢ which 
satisfy r//= U. The approximation used to derive Eq. (44) is valid provided r is large and ¢ is sufficiently removed 
from stationary values of group velocity. To complete the solution we add to Eq. (44) its complex conjugate since 
there are two stationary points +wo, and a solution to Eq. (43), except for a reversal of sign of the phase of the 
exponential term, would have been obtained had we assumed initially a time factor exp(iwf) instead of exp(— iw). 
Thus we obtain 


2W (ko) exp —dko(1—c?/v;?)* ] cos(Ror— wt-+tan—w/o) 








n= 45 
rH (v,/0:)(o?+-w")*L(01/c)(v1/ U)*d(U/0)/dy }! se 
for d(U/v1)/dy <0; 
7 2W (ko) exp. —dko(1—c?/v;2)! 7] sin(Ror — wt+tan— w/o) (46) 
rH (v,/v1)(0?+")'[(01/c)(v1/U)*d(U/01)/dy }! 
for d(U/v1)dy>0. 


A glance at the phase and group velocity curve in Fig. 2 shows that the approximation used in evaluating Eq. 
(43) fails at the times tn=7/Umax and !=r/v;, corresponding, respectively, to the arrival of waves travelling with 
a maximum value of group velocity and waves for which y> a, where the phase and group velocity are constant. 


For the maximum value of group velocity, the method of stationary phase can still be used to evaluate Eq. (43) 
and gives (see Havelock"*), 


Wo= 


(4/3) sin(z/3)T'(1/3)W (Ro) expl —dko(1—c?/2,2)*)7] cos(kor — wot — 4/4-+tanw/o) 
75!6(1/6)*(v,/01) (0? +-w*) | 24 H?(01/c)*(v1/U)*d*(U/01)/dy"}! , 





(47) 





In the region yz2<y< © of constant phase and group sponding to branch points k=w/v, and k=w/v3. The 





velocity, the method of stationary phase fails to evalu- 
ate the’integral in Eq. (43). Waves propagated at a 
constant value of phase and group velocity are non- 
dispersive, and the signal arriving at a time (=r/1 
would have the analogous characteristics of a pulse 
transmitted through a high pass filter with a low fre- 
quency cutoff at fs=yavi/H. However, the excitation 
function W(k) is vanishingly small for all f>f. and has 
appreciable value only at f~~f,. Consequently, the re- 
sultant signal at =1r/v, would have the characteristics 
of a pulse transmitted through a sharply tuned band- 
pass filter with peak frequency at f=fo. 


Discussion of Theory 


In the previous section the steady-state solution, 
Eq. (20), was expressed as the sum of the residue of the 
integrand and two integrals along branch lines corre- 


branch line integrals represent waves travelling with 
velocities v3 and 2, respectively, and diminishing in 
amplitude with distance as r~*. The residue contributes 
dispersive waves which predominate at large distance 
since they diminish only as r~!. Equation (31) gives the 
functional relationship between phase velocity and fre- 
quency which characterizes the dispersion. Phase ve- 
locity is plotted as a function of the dimensionless 
parameter y= kH/2r= Hf/c in Fig. 2. Wave amplitudes 
for the steady state depend on frequency through the 
factor W(k) given in Eqs. (34) through (35). A graph of 
W(k) asa function of y is presented in Fig. 3, for a source 
in the air. Interchanging the subscripts 1 and 3 in 


3 T. H. Havelock, “The Propagation of Disturbances in Dis- 
persive Media,” Cambridge Tracts in Mathematical Physics, No. 17 
(Cambridge University Press, 1914). 

14 Carl Eckart, Revs. Modern Phvs. 20, 399-417 (1948). 
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Fic. 3. Steady-state amplitude function for an air source. 


Eqs. (34) through (35) enables one to compute the 
corresponding amplitudes for a source in the water 
(Fig. 4). 

Study of these curves for the steady state reveals 
that a peak amplitude exists for a point source in the 
air at a frequency f,, corresponding to the phase velocity 
c=. For a point source in the water, largest ampli- 
tudes are associated with low frequency waves. As the 
frequency (and phase velocity) increases, wave ampli- 
tudes decrease and abruptly drop to zero as the fre- 
quency f, is approached. 

Generalization of the steady-state solutions for an 
impulsive point source leads to the group velocity curve 
presented in Fig. 2. At a distant point, waves of a given 
frequency will arrive at a time corresponding to propa- 
gation at the group velocity associated with that fre- 
quency. In addition, wave amplitudes are proportional 
to the inverse square root of the slope of the group 
velocity curve. Referring to Eqs. (45) through (46), one 
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Fic. 4. Steady-state amplitude function for a water source. 
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can obtain an amplitude factor for an impulsive Point 
source, 


_ 2W (ko) exp[ —dko(1—c*/0,2)4] 
[(01/c)(v1/U)*d(U/v)/dy}} 


from which wave amplitudes at large range can be 
obtained. Graphs of P(ko) have been computed from 
Eq. (48) and are presented in Figs. 5 and 6 for an air 
shot and water shot, respectively, located at a distance 
d=5H from the ice sheet. With the aid of Figs. 2, 5 
and 6, one can describe, in a fairly complete manner, 
the sequence of waves arriving at a distant point. 

For an air shot, the first waves to arrive appear at 
the time ‘=r/2.2v,, corresponding to propagation at 
the maximum value of group velocity. These waves 
appear with large amplitudes and with a frequency close 
to fa. As time progresses two wave trains arrive simul- 
taneously, corresponding to the two branches of the 


P(ko) 





» (48) 
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Fic. 5. Amplitude function for an air shot at d=5H. 


group velocity curve on either side of the maximum. 
Waves propagated according to the left branch of the 
group velocity curve are dispersive and undergo a rapid 
reduction in amplitude as the frequency decreases from 
the value f,. Waves propagated according to the steep 
branch of the group velocity curve to the right of the 
maximum appear as a constant frequency train con- 
tinuing to the time ‘=r/v;. The constant frequency 
waves would appear with relatively large amplitudes 
since their frequency f, is close to the peak amplitude 
frequency. Thus, the predominant disturbance appear- 
ing in an air shot would consist of a train of constant 
frequency waves beginning at the time ‘=r/2.20 and 
ending abruptly at the time ‘=r/v,. At this time, an 
air wave would arrive corresponding to the flat portion 
of the group velocity curve. For reasons given earlier, 
it would have the characteristics of a pulse transmitted 
through a sharply tuned band-pass filter with peak 
frequency at fa. 
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Fic. 6. Amplitude function for a water shot at d=5H. 


For the case of a water shot the sequence of arrivals 
would be the same since the group velocity curve in 
Fig. 2 is still applicable. However, the amplitudes of 
the waves differ greatly (Fig. 6) in that the dispersive 
waves corresponding to the left branch of the group 
velocity curve are predominant. A water shot would 
therefore be characterized by a train of dispersive waves 
beginning at the time /=r/2.20; with a frequency 
slightly less than f,. As time increases, the frequency 
decreases and the amplitude increases. Although the 
steep portion of the group velocity curve still con- 
tributes constant frequency waves, these are now 
negligibly small. It is interesting to note that the portion 
of the group velocity curve to the left of the maximum 
is identical to that which would have been obtained had 
we neglected the air, and it is this portion of the group 
velocity curve which is responsible for the predominant 
waves appearing in a water shot. Thus, for frequencies 
less than fa, the dispersion and amplitudes of flexural 
waves from a water shot are unaffected by the air. It is 
only for an air shot that a constant frequency train of 
“air-coupled” flexural waves appears. 


Comparison with Experimental Results 


Data obtained in a series of experiments on floating 
lake ice are in excellent agreement with the theoretical 
results. The standard method of seismic refraction 
measurements was employed in the experimental pro- 
cedure. A spread consisting of 8 vertical geophones and 
two horizontal geophones was placed on the ice surface. 
Additional data were occasionally obtained from a 
hydrophone at various depths in the water, and a micro- 
phone in the air. Shots consisting of blasting caps or 
? lb TNT demolition blocks detonated at various depths 
in the water, in the ice, and in the air. The instant of 
the explosion was transmitted to the recording truck 
by wire. 

Dispersion jn a typical record of flexural waves for a 
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Fic. 7. Observed and theoretical dispersion of flexural 
waves from a water shot. 


shot consisting of a blasting cap exploded at the under 
surface of the ice at a spread distance of 4614-5014 ft 
is plotted in Fig. 7. The ice thickness averaged 12 inches 
and the water depth 126 ft. Good agreement with the 
theoretical group velocity curves for H=1.0-1.1 ft is 
found. Similar results were obtained for all shots located 
in the water. Dispersion was found to be independent 
of distance, provided shot distances were sufficiently 
large for the dispersion pattern to develop (> 500 ft). 

A pronounced change in record character was ob- 
served for shots fired on or above the ice surface. In 
marked contrast with the water shot, the air shot 
consists almost entirely of a train of constant frequency 
vibrations, the first wave of which travels with a 
velocity of about 2000 ft/sec. The constant frequency 
waves build up until the arrival of a pulse, after which 
the amplitudes diminish rapidly. The pulse consists of 
a single-cycle wave travelling with the speed of sound 
in air. Little activity can be seen in the air shot record 
after the arrival of the air wave, whereas in the water 
shot, flexural vibrations continue to arrive after the 
time corresponding to the air wave. 

For smooth ice on Lake Superior, v7, was measured 
as 11,200 ft/sec, and v;= 1070 ft/sec. The corresponding 
value of ya is 0.091, and we can write the following 
simple equation for frequency of the air coupled wave 
in terms of ice thickness H (measured in ft): 


fa=Yar1/H=97/H. (49) 


On the smooth ice of Lake Superior, the observed fre- 
quency f, averaged about 78 c/s. Ice thickness sampled 
at 5 locations along the profile averaged 1.1 ft and the 
theoretically expected frequency from (49) is 88 c/s, 
giving reasonably good agreement in view of the un- 
certainty of the measured value of H. 

A more detailed discussion of experimental results, in 
which photographs of records are presented, is in 
press.® 
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An investigation of the effects of rolling and ann 


ealing on the orientation of individual] grains in silicon 


ferrite strip yielded results which led to the formulation of a theory for the appearance of the “magnetic” 
orientation in the final processed strip. It is proposed that, in a fine-grained strip of silicon ferrite, those 


grains which are already in the “magnetic” orientati 
rolling but become more highly strained than other 
the cold-rolled strip with highest free energy. In t 


on before rolling will keep that mean orientation during 
grains, and therefore, they will become the portions of 
he annealing process these highest energy regions will 


recrystallize first, becoming lowest energy regions which will be able to consume the now higher energy 
regions surrounding them. Since these nuclei have the “magnetic” orientation, the fina] product also attains 


the “magnetic” orientation. 





INTRODUCTION 


URING the period 1943-1946, an investigation of 

the orientation changes occurring for individual 
grains in silicon ferrite strip during cold-rolling and 
annealing processes was completed, and the results led 
to the formulation of a theory for the origin of the 
“magnetic orientation” when this alloy is processed 
into transformer strip. It is believed that the theory can 
be applied to other systems, although direct experi- 
mental evidence exists only in the case of silicon ferrite, 
a body-centered-cubic alloy. This paper will present 
the experimental results obtained and describe the 
theory which these results suggested. 

For many years now, silicon ferrite has been processed 
into transformer strip with good magnetic properties 
by an empirically developed method in which the ingot 
is hot-rolled to a thickness of about 0.125 inch, then 
cold-rolled to 0.012-0.014 inch, a total reduction of 
some 90 percent. This is usually done in two or three 
stages, the stages being separated by a normalize (5 
min in H, at 925°C), and the last stage involving a 
reduction of 40 to 50 percent. The cold-rolled strip is 
then given an anneal; at the time this study was carried 
out a high temperature anneal near 1180°C was used, 
although lower temperature anneals have been studied 
and are now in use. 

The preferred orientation in cold-rolled silicon ferrite 
strip before annealing has an (001) plane in the plane 
of rolling and a [110] direction parallel to the direction 
of rolling. This is not the “magnetic” orientation— 
(110) plane in the plane of rolling and [001 ] direction 
(direction of highest magnetic permeability) in the 
direction of rolling—which appears after the anneal. 
What, then, causes this decided change in orientation 
during the annealing process? The authors would like 
to present a theory which fits their experimental data 
on silicon ferrite. 

It seems probable that some material in the cold- 
rolled strip is already in the “magnetic” orientation 
and that it provides nuclei for the grains formed in the 


* Now at Polytechnic Institute of Brooklyn, Brooklyn, New 
York. 


recrystallization during annealing. Since this material 
has no measurable effect on the cold-rolled preferre 
orientation, it must be a very small volume. Also, such 
material must comprise the most highly strained por. 
tions of the strip (material of highest energy) in order 
that small volume elements of this orientation may 
start to recrystallize first and form regions which cay 
“eat up” the strained material surrounding them. Why 
are elements of “magnetic” orientation present in the 
cold-rolled material, and why are they more highly 
strained than the remainder of the material? The ex. 
perimental observations to be reported here give par. 
tial answers to these questions. 


EXPERIMENTAL RESULTS 


It was decided to study the effect of the final # 
percent cold-rolling and subsequent anneal on the 
orientations of individual grains of silicon ferrite. For 
this purpose, some strips of regularly processed and 
annealed 0.014-inch silicon ferrite (about 33 percent 
silicon) which contained large grains were chosen 
(grain dimensions, 3 to 2 cm), and the crystal orienta 
tion of each grain was determined from a back reflection 
Laue photograph. The strips were then cold-rolled with 
a 40 percent reduction in thickness and Laue phote 
graphs taken again. Some of the grains were completely 
fragmented by the rolling; i.e., the photograph showel § 
no Laue spots. Others, however, showed surprisingly 
sharp spots on the Laue photographs taken afi 
rolling, indicating that the grains remained essentially 
single crystals with only a small amount of elastic 
strain, even though their orientations were considerably 
changed (note Fig. 2(b)). There were, of course, grails 
that fell between these two limits. The authors have 
called the first process, in which the grains are frag 
mented, complex deformation and the second proces 
lamellar deformation. The reason for the use of the 
word “lamellar” will be clear later. 

The amount of deformation produced by cold-rolling 
is usually described in terms of reduction in thicknes. 
If one makes the reasonable assumption that the de 
crease in sharpness of the spots on a Laue photograph 
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COLD ROLLED GRAIN 


Fic. 1(a) (110) pole figure taken after 40 percent reduction 
by cold-rolling. 








J 


of a grain after cold-rolling is a measure of the amount COLD ROLLED GRAIN 
of elastic strain produced, then it is evident from the Fic. 1(b) (110) pole figure taken after 30 percent reduction byj] 
results cited above that the amount of elastic strain cold-rolling. X-ray spectrogoniometer data. 

produced is quite different for a lamellarly deformed 
grain and a complexly deformed grain, and therefore, 
cannot be described by simply giving the reduction in 
thickness. 

In the course of this study, it was found that the 
crystal orientation of a grain determines whether that 
grain will undergo complex or lamellar deformation 
when cold-rolled. If the normal to a plane of the {110} 
family lies near the normal to the rolling plane, and a 
cube edge, (100), is nearly in the rolling direction, the 
grain will fragment. In this orientation the slip planes 
of the material ({112}, perhaps {110}) and the slip 
directions, (111), are symmetrically placed with re- 
spect to the cross-rolling direction; a tendency to slip 
causing rotation of the lattice in one direction is counter- 
balanced by an equal tendency to slip causing rotation 
in the opposite direction; the grain does not “know” 
which way to go, and therefore, its structure is greatly 
distorted, although the same mean orientation is kept. ; 
Complex deformation still occurs with a deviation from —‘"- i ee Sapes tahen after 40 percent. reduction by 
this orientation of about 5° in the rolling direction and ; ~ . pals 
10° in the transverse direction. Figure 1(a) shows a Fic. 1. re of tations G10 (ol 
(110) pole figure after rolling of a grain which initially ey ee 
had been in the ‘‘magnetic”’ orientation. (The center _— nthe” eetetins ehhh te © O. Wein ot ie 
df the pole figure was not obtained, but the remainder Pose Electric Company, Pittsfield, Massachusetts 
of the figure indicates the oe ofa eee nes the had cold-rolled with a 30 percent reduction in thickness. 
center.) The preferred nepuarnsage- shown by this pole Data for this pole figure were obtained with a General 
figure, hovers around wel mean orientation with (110) Electric XRD-3 spectrogoniometer; complete traces 
plane in the plane of rolling and [001] direction parallel were recorded for the circumference and concentric 
to the direction of rolling, i.e., the initial orientation of circles at 4° intervals up to 56° from the circumference, 
the grain. The rolling has fragmented the grain without and at 1° intervals through high intensity regions. Note 
appreciably changing its orientation. that this figure reproduces the result shown in Fig. 1(a), 

Figure 1(b) shows one quadrant of a more detailed 


but with more intensity detail appearing. 
(110) pole figure made for a grain originally in the For deviations from the “magnetic” orientation 
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greater than those cited above, unless another position 
of symmetrically placed slip planes occurs, the grains 
will be lamellarly deformed; i.e., one set of slip planes 
will be come active, causing parallel lammellas of the 
crystal to move, resulting in an effective rotation of the 
lattice with very little elastic strain. The axis of rota- 
tion will be approximately parallel to the cross-rolling 
direction in the strip, and rotation will occur in such a 
direction that the (011) pole will move farther away 
from the normal transverse plane. Figures 2(a) and 2(b) 
show Laue photographs of a “lamellar” grain before 
and after 40 percent reduction by cold-rolling. The 
rolling direction is horizontal in these photographs. 
Note that before rolling the (011) pole (the intense spot 
below the center of the picture) is a small amount to the 
right of the normal transverse plane (the plane normal 
to the rolling direction, which would be projected on 
the plane of the photograph as a vertical line through 
the center). After rolling all poles are moved farther to 
the right, i.e., away from the normal transverse plane. 

Figure 3 shows a graphical representation of the 
separation of “complex” and “lamellar” grains. Loca- 
tion of the (110) pole for a grain before rolling is charted 
for the angles designated in the accompanying diagram. 
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The circles denote “complex’’ grains, the crosses 
“lamellar” grains. There is a decided correlation be. 
tween type of grain and location of the (110) pole, al. 
though the exact boundary between the two regions jg 
not too definite. 

The effects of a heat treatment of a half-hour at 
800°C in a hydrogen atmosphere followed by a water 
quench were also studied. This treatment caused all 
“complex” grains to recrystallize to fine-grained ma- 
terial but did not produce recrystallization in the 
“lamellar” grains. The Laue spots became sharper (see 
Fig. 2(c)), however, indicating that some recovery took 
place, while the orientation remained approximately 
the same. The difference between the two kinds of 
grains is easily seen in Fig. 4, which shows tracings of 
a strip before and after rolling, and a photograph of 
the etched strip after the 800°C anneal. 

Figure 1(c), showing the effect of annealing on the 
orientation of a “complex” grain, i.e., a grain initially 
in the “magnetic” orientation, is a (110) pole figure of 
the grain after rolling and annealing. (Again the central 
portion of the pole figure was not obtained.) Note that 
the mean orientation of the pole figure is approximately 
that of the grain before rolling. This “complex”’ grain, 

















(a) Back reflection Laue photograph before rolling. 

















(b) Back reflection Laue photograph after 40 percent 
reduction by cold-rolling. 


Fic. 2. Orientations of a “lamellar” silicon ferrite grain (rolling 
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therefore, has kept its initial orientation during both 
the rolling and annealing processes, recrystallizing to a 
fine-grained material during the anneal, while, as stated 
above, a “lamellar” grain changes its orientation during 
rolling and then retains this new orientation during the 
anneal, with some recovery taking place but little or no 
recrystallization. 

It should be noted that the “magnetic” orientation 
is not the only orientation which should give rise to 
complex deformation. The cold-rolled orientation ((001) 
plane, [110] direction) also satisfies the conditions that 
slip planes be symmetrical with respect to the normal 
transverse plane, and that slip directions (111) lie in 
the plane defined by the rolling direction and the nor- 
mal to the rolling plane. No grains of this orientation 
were studied, but the authors believe these too would 
be complex. Also, a grain with (110) plane in the plane 
of rolling and [110] direction in the direction of rolling 
deforms complexly. This orientation, however, has all 
of the (111) slip directions in either the plane of rolling 
or the normal transverse plane, and they cannot become 
active for slip during rolling. Consequently, such a 
grain is extremely resistant to rolling, since new slip 
directions have to be brought into operation. 

















(c) Back reflection Laue photograph after 40 percent reduction 
by cold-rolling followed by a half-hour at 800°C. 


direction horizontal ). 
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Fic. 3. The relation of the type of deformation occurring during 


cold-rolling of a silicon ferrite grain to the position of the (110) 
pole before rolling. 


PROPOSED THEORY 


In the original material it is probable that all orienta- 
tions are present. During the rolling, complex deforma- 
tion will occur in those grains which are oriented so 
that the slip planes are symmetrical with respect to the 
normal transverse plane, and the slip directions, (111), 
nearest to the planes of greatest shear stress, lie in the 
plane containing the rolling direction and the normal to 
the rolling plane. All other orientations (except (110) 
[110]}) will be lamellarly deformed until they rotate 
into a symmetrical position, after which they will de- 
form complexly. The mean orientation into which most 
lamellarly deformed grains will rotate to become com- 
plex is (001) [110], which is the cold-rolled texture. 

Grains which have for an initial orientation either 
the ideal cold-rolled orientation or the ideal annealed 
orientation will undergo complex deformation in which 
the mean orientation after rolling will be the same as 
the orientation before rolling. However, a crystal in 
the “magnetic” orientation will acquire a higher free 
energy during rolling than one in the cold-rolled orienta- 
tion. This is due to the location of the slip planes with 
respect to the planes of greatest shear stress, the latter 
containing the cross-rolling direction and symmetrically 
placed 45° either side of the normal transverse plane. 

In the cold-rolled orientation the planes on which 
slip will occur contain the cross-rolling direction and are 
symmetrically placed 55° on either side of the normal 
transverse plane (see Fig. 5). Consequently, since roll- 
ing causes a rotation of the active slip plane away from 
the normal transverse plane, if a portion of a grain 
starts to slip on one of the two symmetrically placed 
sets of slip planes, the other set rotates toward the 
planes of greatest shear stress. This will be a more 
favorable position for slippage on these heretofore in- 
active slip planes, and so a neighboring region slipping 
on the latter set may have little difficulty in consuming 
the first region. Conversely, for the ‘“magnetic’”’ orienta- 
tion, where the slip planes contain the cross-rolling 
direction and are symmetrically placed 35° on either 






































After annealing. 


Fic. 4. Tracings of a silicon ferrite strip before and after 40 
percent reduction by cold-rolling, and a photograph of the etched 
strip after the 800°C anneal (reduction is >% of the actual size). 


side of the normal transverse plane, action on one set 
of slip planes causes the other set to rotate away from 
the planes of greatest shear stress. This portion of the 
grain is then in a less favorable position for slippage 
on the other set of planes. Consequently, it requires 
more work to roll the “magnetic” orientation than the 
cold-rolled orientation, and a higher free energy is 
acquired during the rolling process. "i 
One might suppose that grains in the (110) [110] 
orientation would acquire even more free energy in 
rolling, since they are the most resistant to rolling, 
and this would, of course, be true for large-grained 
material in which such grains would have no alternative 
but to decrease their thickness in going through the 
rolls. However, in a fine-grained material with grain 
size small compared with thickness of the strip, which is 
the case in silicon ferrite strip going through the regular 
processing treatment up to the final anneal, it is prob- 
able that grains of this orientation, because of their 
extreme resistance to rolling, become only slightly 
strained, causing surrounding grains to shift suffi- 


B. F. DECKER AND D. HARKER 














(ROLLING PLANE) 


PLANES OF GREATEST SHEER STRESS 





-------- SLIP PLANES: COLD-ROLLED ORIENTATION 


———SLIP PLANES:" MAGNETIC” ORIENTATION 


Fic. 5. Location of slip planes and planes of greatest shear 
stress in the rolling of grains having the cold-rolled and “mag- 
netic”’ orientations. 


ciently to attain the required reduction in thickness in 
passing through the rolls. 

In the annealing process, points of highest free en- 
ergy, i.e., points in the “magnetic” orientation, will 
recrystallize first, forming strain-free, low energy regions 
which, if numerous enough, in a sufficiently fine-grained 
matrix, will be able to consume completely the now 
higher energy regions surrounding them. Consequently, 
the final orientation achieved is the “magnetic” 
orientation. 

The authors feel that this theory can probably be 
applied to other metals and alloys, although no proof 
exists as yet. Inspection of the cold-rolled and annealed 
orientations existing in copper shows that the locations 
of slip planes and directions fit in with the requirements 
of this theory, and so it is expected that experimental 
results on copper will be consistent with those reported 
for silicon ferrite. 

The authors wish to express their thanks to Mr. 
Eric T. Asp, who took the photographs used in this 
study, and to Dr. C. G. Dunn, who supplied the silicon 
ferrite strip. 
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Previous researches on the helix have made simplifying approximations about the nature of the boundary 
conditions. In this paper the field equations and boundary conditions are formulated exactly. They are then 
solved by an expansion in powers of the ratio of the thickness of the wire to the distance between turns. 

The method used consists of introducing a new coordinate system, which is such that a helical wire of 
circular cross section is a surface in which one coordinate is constant. Maxwell’s equations and the electro- 
magnetic boundary conditions are expressed in terms of this system. Since nonorthogonal coordinates are 
involved, the equations cannot be solved exactly; but a perturbation procedure may be applied as indicated 


above. 


The result of the analysis is to show that there is a principal mode, which propagates with the free space 
velocity of light in the direction of the wire. The characteristics of this mode are studied, and they are com- 


pared successfully with experiment. 





1. INTRODUCTION 


HE problem of the electromagnetic modes of a 
helix has been treated by making idealizations 
of the physical situation. Thus, in papers by Kompfner 
(1),f Pierce (2), Chu and Jackson (3), Rydbeck, (4), 
Phillips and Malin (5), and others, the actual helix has 
been replaced by a cylindrical sheath conducting in a 
fixed direction. A review article on this research which 
treats many other properties of the traveling wave tube 
has been published by Pierce (6). 

A different method of approximation consists in re- 
placing the helix by a wire of zero thickness. This has 
been treated by Roubine (7), Parzen (8), and Phillips 
(9). A further development of this method, in which the 
current in the helix is concentrated along the line of 
centers of the wire but the boundary conditions are 
applied at the wire surface, has been given by Hsu (10), 
following the early work of Pocklington (11). 

Although these methods give good approximations 
to experimental results, the theories are beset with 
certain difficulties. The fields of the helical sheath 
theory depend on the angle @, in cylindrical coordinates, 
as e’, so that the surfaces of constant field strength 
remain stationary in space as we move in the axial 
direction. However, the fields should be expected to 
turn at the same rate as the helix. Further, the boundary 
conditions at the sheath are satisfied for all 6, while 
they should only be satisfied at the wire itself. Thus, 
the sheath theory corresponds not to a single helix, but 
to a set of adjacent helices, filling up the cylindrical 
surface. 

The theory of the infinitely thin wire avoids this 
difficulty but leads to another. To push a finite current 
through an infinitely thin wire requires an infinite emf. 
Hence, the tangential component of electric field, 
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calculated by means of the retarded potential, becomes 
infinite at the wire, while it is required to be zero by 
the boundary condition of infinite conductivity. The 
difficulty lies in first making the wire of zero thickness 
and then letting the conductivity become infinite, 
since the two limit processes do not commute, and 
hence the results depend on the order in which they 
are performed. Also, at frequencies such that the sur- 
face impedance of the wire is negligible, the current is 
concentrated near the surface of the wire, in accordance 
with the skin effect theory, rather than being along the 
line of centers. 

The method employed in this paper consists in treat- 
ing a wire of small but finite thickness, and then apply- 
ing the boundary condition of perfect conductivity at 
the wire surface. A coordinate system is introduced, 
such that the surface of a helical wire of circular cross 
section is a surface on which one coordinate is constant. 
The coordinates may be interpreted as a system of 
moving cylindrical coordinates, with the instantaneous 
z axis along the line of centers of the wire. Maxwell’s 
equations are then represented in this coordinate 
system. 

The actual coordinate system is not orthogonal, and 
the equations cannot be separated. However, they may 
be solved approximately by an expansion in powers of 
the ratio of wire size to the distance between turns. 
When only lowest order terms are kept, there results 
a mode which propagates with the velocity of light 
along the wire. This mode is found by considering the 
fields near the wire. The fields away from the wire 
are found by retarded potentials, and are represented 
in terms of circulating waves; that is, the fields turn 
at the same rate as the helix. In particular, we find the 
fields on the axis. 


2. FORMULATION OF THE SYSTEM 


We wish to determine a set of coordinates such that 
a helical wire of circular cross section will be a surface 
on which one coordinate is constant. For this purpose 








Helical wire 
(p +b) 


Tube surface 


(p -const) 


Fic. 1. Helical coordinate system. 


we shall use the following three coordinates as shown 
in Fig. 1. 

First, the arc length along the line of centers of the 
wire cross section is denoted by a and measured in such 
units that @ increases by 27 in traversing a single turn. 
Second, consider the set of tube surfaces concentric 
with the wire. Denote by p the radius of the circular 
cross section of a surface, measured from the line of 
centers. A tube surface is therefore determined by an 
equation p=constant; and for the surface of the helical 
wire itself, this constant is equal to b, the radius of the 
helical wire. The radius of the cylinder on which the 
line of centers lies will be called a. 

As the third coordinate we choose an angle # in the 
cross-sectional plane of the tube surfaces perpendicular 
to the line of centers of the wire measured from a refer- 
ence line determined as follows: The radius vector 
drawn from the central axis of the cylinder to a point 
on the line of centers is also perpendicular to the line 
of centers and hence lies in the cross-sectional plane. 
This radius vector will intersect the tube surface in 
two points A and B which may be referred to as the 
inner and outer points, respectively. Now we shall 
measure the angle 8 from the line connecting the 
center point of the circular cross section of the wire to 
the outer intersection point. 

The three coordinates so defined completely specify 
a point on any tube surface. These coordinates are 
single valued only if-the radius p is sufficiently small. 
If p is increased to too great a value, the tube surface 
around one turn of the line of centers will intersect 
that around the next turn, and the angles a, 8 are no 
longer unique. This restriction is implied in all subse- 
quent calculations. The pitch angle of the helix will be 
called y, measured so that Y=7/2 for a straight wire. 

The helical coordinate system corresponds to moving 
cylindrical coordinates with origin on the line of centers 
of the wire. Explicitly, a corresponds to z, 8 to 0, and 
p to r. However, the coordinates turn as a increases, 
because the outermost point of a tube surface will 
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turn and thereby 8 will also. We can accordingly ex. 
pect that a and will be correlated, and the coordinate, 
not orthogonal. This indeed proves to be the case. 

The equations connecting the helical coordinates 
with the ordinary rectangular or cylindrical coordinates 
may be found by simple geometry. Choosing the origin 
so that when a and p=0, z=0, y=0, «=a, we have the 
equations: 


x=a cosa-+p(cosa cos8—sina sinf siny), 

y=a sina+p(sina cos8+ cose sin siny), 

z= aa tany—p sin§ cosy, (1a) 
r= a?+ 2ap cos8+ p*(cos*B-+ sin’é sin*y), 


§=a+tan(p sing sinf/a+p cos8)—2r|a/2x|. (1b) 


The last term in the 6-equation, which is 27 times the 
greatest integer in a/2z, is inserted so that @ lies be. 
tween 0 and 27 while a ranges from — © to ©. It may 
be omitted when one forms trigonometric functions of §, 

To form Maxwell’s equations in helical coordinates, 
we use the notation and formalism of Stratton.' Thus, 
we begin by computing the unitary vectors. If we let 
1, 2, 3 stand for a, 8, p in that order, the unitary vec- 
tors, expressed in terms of the cylindrical unit vectors 
i,, ig, 12, are given by: 


ai=igr+i,a tany, 
a.= —i,(p/r)sinB(a+p cos6 cos4p) 
+ ie(p/r)siny (a cos8+ p) — i. cos cosy, 
a3;=1,(1/r)[a cos8+p(cos’B+sin’ sin*y) | 
+i9(a/r)sinB siny—i, sin8 cosy. (2) 


The line elements, given by g;;=a;-a;, and volume 
factor g=det(g;;), are 

gu=r+a’ tany, 

£12=g1=p" siny, 


£22=p’, 
gn 1, 
£13= £31= 223= g32=0, 
g=p"(a sec)+p cosf cosy)’. (3) 


Since gi2 does not vanish, the coordinate system is not 
orthogonal. Hence, one must use the complete for- 
malism for curvilinear coordinates, instead of making 
the simplifications available for orthogonal systems. 
To proceed, we introduce the unit vectors ii, is, is de- 
fined by i;= a;/g1;' and similarly. An arbitrary vector 
F may then be expanded in terms of these unit vectors. 
The curl of a vector F may also be expressed in terms 
of the unit vectors by simplifying the formula of 
Stratton.’ 
Maxwell’s equations, with the time dependence «™, 

are given by 

VX E=iwuH, 

VX H=— wwe. (4) 


When these are expressed in terms of helical coordi- 


1J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), pp. 38-47. 
? Reference 1, p. 47, Eq. (63). 
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nates and the unit components Ea, Eg, etc., there re- 
sults the system of equations: 


gif optsiny 9 a 
pH a= aa scalar el Ea —pEst+ —F, | 
Op gut Op 0B 





pfa — 
iwpH p=— —gitEat—p snp EE, | 
; da 














g’Ldp Op 
{(—- 0 '\e 
an iftat ete 
_— gil gut da op 
fe) fe) 
+o(——sinv— 29] 
Oa op 
gu 0 p° siny rs] 0 
~ivebe= | —— H.——plls+—H, | 
gil dp gut Op op 
pfa i fe) 
—iweEg=— —gu!H et —psing HH, | 
giLdp Op da 
lf /p?siny 0 @ : 
—iweE,=— ( ———aut 
gil gut Oa 0g 





re) 0 
+0(——sinp— | (5) 
0a 0p 


We are investigating the free modes of the system, 
since there is no impressed current. Now a does not 
appear explicitly in the equations, but only derivatives 
with respect to a appear. Hence, an exponential e‘* 
may be separated from all field components, and 0/da 
replaced by iI. The modes of the system will be char- 
acterized by particular values of I, which correspond 
to waves traveling along the wire. 

In addition to the differential equations, it is neces- 
sary to impose boundary conditions on the system. 
We assume the wire to be perfectly conducting, so the 
tangential electric and normal magnetic fields vanish 
at the wire surface. This gives 


E.=E;=H,=0, p=b. (6) 


To this point the system has been formulated exactly. 


We shall next develop approximate methods for solving 
the equations. 


3. SOLUTION OF THE NEAR FIELD EQUATIONS 


The differential equations (5), which give the exact 
formulation of the fields about the helix, are far too 
complicated to hope for an explicit solution. Accord- 
ingly, we shall seek an approximate solution, based on 
the consideration that the ratio of the wire radius to 
the distance between successive turns of the helix is 
small. This implies that the fields around any one turn 
are not significantly affected by the fields around ad- 
jacent turns. The field around a section of the wire 


may be considered as composed of a cylindrically sym- 
metric field produced by the currents in this section 
of the wire and a distortion due to the proximity of 
adjacent turns. It is the proximity effect which we 
neglect; and as a first approximation the fields may 
therefore be taken as independent of the angle 8, and 
derivatives with respect to 8 may be set equal to zero. 

To measure the ratio between the wire radius and 
the distance between turns we may conveniently em- 
ploy b/a secy, and then expand the fields in powers of 
this ratio, dropping powers higher than the first. For 
a consideration of the fields in the neighborhood of the 
wire, p is of the same order of magnitude as 6, and 
higher powers of p/a sec) may similarly be neglected. 

With this approximation, the quantities g,, and g, 
given in Eq. (3), become 


gu'=a secy, (7a) 

g'=ap secy. (7b) 

We shall separate the fields into transverse electric 

and transverse magnetic modes. Here “transverse” 

means having no component along the wire. We con- 

sider first the transverse magnetic case, and set H.=0. 
We also drop the factor e‘T*. 


Maxwell’s equations (5) become, with these simpli- 
fications . 


O= (1/p)—(0/dp)(p” sinvE./a secp) 
—(0/dp)pEs}, (8a) 
iwpH g= (1/a seap)[ (0/dp)a seppEn 
+ (0/dp)p sinyEs— iT E, ], 
iwpH,=(1/ap secy)[(il'p? siny/a secy) Eq 
+ilpEs |, (8c) 


(8b) 


—iweE.=— (1/p)(0/dp) pH, (8d) 
—iweEg=(1/a secy)[(8/dp)p sinyH g—iT'H, |, (8e) 
—iweE,= il pH s/ap secy. (8f) 


We may integrate Eq. (8a), obtaining 
O= (p’ siny/a secp) Eat pEz, 
Es=—p siny cosWE,/a. (9) 


This result, substituted into Eq. (8c), yields H,=0. 
We now have all components of electric field given in 
terms of Hg by 


—iweEa= —(1/p)(0/dp)pHs, (10a) 
— iweEg= (sin cosy/a)(0/dp)pH g, (10b) 
—iweE,=il cospH,/a. (10c) 


Multiplying Eq. (8b) by —iwe and substituting from 
Eq. (10) gives 


k?Hg=(1/a secp)[—a secy(8/dp)(1/p)(0/dp) pH 
+ (sin*y cosy/a)(0/dp)p(0/dp)pH g 
+I cospH,/a]. (11) 


Here k?=w*ue, 
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The second term in the bracket in Eq. (11) is of order 
(p/a secy)? compared with the first. Consequently, it 
is to be neglected, since it is of the order of magnitude 
of already neglected quantities. With this, we have 


Hg" +(1/p)Hs'—[(T? cos*/a*)—k+1/p*]Hs=0. (12) 


Equation (12) is the differential equation for the 
modified bessel functions of order one.’ 

The boundary conditions (6) must also be simplified. 
By using Eq. (10) we see that a sufficient boundary 
condition is 

(0/dp)pHs=0, p=b. (13) 


Let us write «?= (I? cos*y/a?)— k*. 
Equation (12) has the two linearly independent 
solutions: 
Hs=AlI;,(up), (14a) 


Hg=BK,(up). (14b) 


Let us consider the properties of these two functions. 
I,(up) is a monotone increasing function of p, behaving 
like p for p small. K,(up) is monotone decreasing, and 
behaves like 1/p for small p. Hence, since we consider 
only small values of p, we may omit the solution 
AI,(up), which, when compared with BK,(up), is of the 
order of magnitude of already neglected terms. Also, 
physically, the field must decrease as we move away 
from the wire, which again excludes the AJ,(up) 
solution. 

We now must apply the boundary condition (13), 
which yields 

0= BubK)(ub). (15) 


If the constant B is not to vanish, « must be a root 
of Eq. (15). Now the principal branch of Ko(ub) has 
no zeros in the finite portion of the complex u plane.‘ 
Hence, the only possible root of Eq. (15) is u=0. Near 
u=0, Ko(ub) is approximately equal to —log}ub, so 
u=0 actually is a root. 

From the definition of u, we accordingly have: 


(T? cosy/a?)—k=0, T'=+ka sec). (16) 


These roots are associated with waves traveling with 
equal velocities in opposite directions. The fields: con- 
tain a factor exp[—i(w!—Ta) ], which in terms of the 
roots (16) and the actual arc length along the wire 
$= aa secy becomes exp[ — iw(t+-s/c) ]. They thus repre- 
sent waves traveling with the velocity of light along 
the wire, which are observed in practice (12). These 
waves correspond to the principal modes of a straight 
wire,’ which is natural, as the coiling of the wire, which 
induces the proximity effect, has been neglected in de- 
riving Eq. (16). In agreement with the theory of the 
straight wire, other modes, which may be derived by 
assuming particular dependence of the field on 8, will 


7G. N. Watson, Theory of Bessel Functions, (The Macmillan 
Company, New York, 1948), p. 77. 

* Watson, reference 3, p. 511; Stratton, reference 1, p. 528. 

§ Stratton, reference 1, p. 527 ff. 


be damped out very rapidly. The phase velocity of 
the waves along the axis will be 


Vp=c siny. (17) 


This result has been derived many times before, but 
under different conditions of approximation. It is ysy. 
ally found by assuming ka to be large. The derivation 
given here assumes kb small and b/a small, which can 
be satisfied for fairly arbitrary values of ka. 

Under the present approximations, the surface cur. 
rent density and field components near the wire, are 
given by: 

J=(I/2mb) (ig cosy+i, siny), 
Hs=I/2np, 
E,= — (u/e)'I/2np, (18) 


where J is the total current carried by the wire. These 
expressions are valid close to the wire. We shall next 
investigate the field components away from the wire. 


4. THE FIELDS OFF THE WIRE 


The fields away from the wire may be found by 
means of the retarded Hertz vector, from which the 
fields may be found by differentiation. In the present 
degree of approximation the Hertz vector in cylindrical 
coordinates is given by: 


II= (i/4rwe)Ia sect f da’[i, sin(@—«a’)cosy 


+i, cos(@—a’ cosy +i, siny JeiTe’+*®) /R, 
R?=r?+ a?—2ar cos(@—a’)+(z—aa’ tany)*. (19) 


Let us write h=k csc), make the change of variables 
a’—z/atany=a, and write @—z/atany=¢. The in- 
tegral then becomes e*** times a function of ¢ above. 
Now the surfaces which r and ¢ are constant are helices 
of pitch y. Hence, we have a representation in terms of 
circulating waves, turning at the same rate as the helix. 
These fields are in conformity with what one would ex- 
pect from general considerations on the periodicity of 
the helical structure. 

The integral (19) may be evaluated by the following 
set of transformations. We first use Sommerfeld’s 
integral® 


exp{ik[u?+-2* ]}} 
(wey 














2 Adv 
-f Jo(du)exp— (A?— R)4] 0], (20) 
» Or) 


with #?=9r°+a’?—2ar cos(¢—a), v=aa tany (note the 
transformation a=a’—z/a tany). The bessel function 
is expanded by the addition theorem. The integration 


*Stratton, reference 1, p. 576, Eq. 17; Watson, reference 3, 
p. 416, Eq. 4. ° 
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over a then involves only exponential functions, and 
may be performed by elementary methods. We define 
the set of “radial nea constants” p, by the 
relation: 


pr=([(n/a tany)—k csoy P—R. (21) 


In particular, po=k coty is the p of other writers. The 
Hertz vector now becomes 











il cscy we 
l= es > dA n(Ar)J n(Aa) 
4rwe nod 9 
cosy elas ei(n—1)¢ 
i A\NW+P nt +P nA-1 
gilnti¢ , ei(n—Le 
+ig cosy ) 
N+ Par MPa 


eine 


+i,2 sin —| (22) 
N+ pr? 


The various integrals appearing here may all be 
evaluated as special cases of the general formula,’ 


f NAAT n(Ar)J n (Aa) 7 I,.(pr)K,(pa), 
0 ?+ p? I,(pa)K (pr), 


r<a 





(23) 
r> da. 
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When this is substituted into Eq. (22) and some trans- 
formations performed, there results for IT: 


aI cscy 
i= 





« 
eikzcsey > ein (@-z/atan¥)[ 7 (cosy/i) 
we — 


x (Tn—1(Par)K n—-1(pna) _ Tnui(Pnt)K nyi(pna)) 
+i cosy (J, (Pat) K n—1(Pnd) +I] ngi( pur) K nyi(pn)) 
+i,2 sin] ,(par)Kn(pna)], r<a. (24) 


For r>a, the arguments of the J and K functions are 
interchanged. Each term of this series represents a 
circulating wave, having » periods per turn. The con- 
vergence of such series has been discussed by Phillips 
(9). If ra, the terms decrease geometrically for n 
sufficiently large. For r=a, the series converges con- 
ditionally if 0~z/a tany. In the case r=a, 0=2/a tany, 
the series diverges; but this corresponds to the helical 
wire itself, where the approximations under which Eq. 
(24) is derived are not valid. 

From the Hertz vector, the various field components 
can be found by differentiation. By straightforward 
simplifications one can demonstrate that V-Il=ik 
cscyII., whence the electric field can be written down 
almost immediately. We shall firt sconsider the fields 
on the z axis. Expressed in rectangular coordinates, 
these are: 


sey /u\! . 
E,(0, 2)= --=(*) C{p1K1(pia) —k coswK (pia) } et 20e¥ \-1/kasecy) 
€ 


+ { p_1Ki(p_sa) +k cospK o(p_1a) } et 2080¥ I+1/kascoy) 7) 
E,(0, )--——(“ ‘) [{ pK. (pia) — k cosy K o( pia) } e*#2e8e¥ A—-1/ kasecy) 


al cscy 


From the form of the transverse fields, they can be 
separated into the sum of two circularly polarized 
waves, rotating in opposite directions, one leading and 
one lagging the longitudinal wave. When ka secy is 
large, the transverse waves are approximately in phase 
with the longitudinal wave and the amplitudes of the 
transverse and longitudinal waves are approximately 
equal. 

These formulas demonstrate the difference between 
the helical sheath theory and the developments of this 
paper. In the sheath theory, the modes proportional to 
e’ are independent, so their coefficients can be speci- 
fied arbitrarily. Here, the various coefficients are de- 
termined, and the transverse waves, arising from e“ 
and ¢~”, are of the same order of magnitude as the 
longitudinal wave, which arises from the term inde- 





"Watson, reference 3, p. 429, Eq. (5). 





— { p_1Ki(p_ia)+k cosyKo(p_ia) } et* 2804 (1+1/ kaseoy)) 
E,(0, 2) = — (iI csey/41) (u/e)!2k cosy cotwK o( poa)e**#e¥, 


(25) 





pendent of @. All other terms vanish for r=0, so the 
fields (25) are useful in considering the interaction with 
thin beams. The effect of these transverse waves, of 
course, can be suppressed by a strong magnetic field. 


5. CONCLUSIONS 


The field equations of a helix of finite thickness have 
been formulated exactly. A consistent approximation 
scheme has been employed to demonstrate that there 
is one propagating mode, and the characteristics of this 
mode have been determined. 

The principal mode propagates with the velocity of 
light along the wire. Along the axis of the system, the 
longitudinal field has the phase velocity c siny. While 
this result has often been obtained, the restrictions on 
the validity of the calculations are here kb and b/a 
small, while in the sheath theory it is necessary for ka 
to be large. We may expect that if the approximation 
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scheme developed here is carried further, the propaga- 
tion constant will be modified by terms of the order 
(b/a)?, since it is stationary with respect to small varia- 
tions from the true field.® 

The fields on the axis are given by Eq. (25) and may 
be used to calculate the interaction with an electron 
beam. The theory developed here predicts transverse 
electric fields on the axis of the same order of magnitude 
as the longitudinal fields. These transverse fields, which 
cannot be found by the sheath theory, determine the 
minimum magnetic field required to maintain a stable 
beam. Modification of the theory to make the helix of 
finite length would enable investigation of the helical 
antenna system developed by Kraus and others (13). 
The presence of the circularly polarized transverse 
electric waves in Eq. (25) is very suggestive to that end. 

The major mathematical interest is the use of a non- 
orthogonal coordinate system. Despite the nonsepara- 
bility of the equations, it is still possible to obtain all 
desired results. The method may be extended to treat 

8S. A. Schelkunoff, Electromagnetic Waves (D. Van Nostrand 


Company, Inc., New York, 1943), p. 384. J. Schwinger, unpub- 
lished notes. 


ANGELAKOS 


the higher approximations and obtain the attenuated 
modes. 
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Current and Charge Distributions on Antennas and Open-Wire Lines* 


D. J. ANGELAKOst 
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(Received December 12, 1950) 


An experimental investigation has been made of the distributions of current and charge amplitude and 
phase on cylindrical antennas and on the driving lines. The presence of a stub support modifies the dis- 
tributions on the antenna only near the junction of the antenna, line, and stub; however, for antenna loads 
near antiresonance, the distributions on the line as well as the impedances of the structure are altered 


considerably. 


A corrective network is defined for the terminal region of the junction. Impedances of theoretical models 
of antennas, the network, and conventional transmission line equations may then be used to predict the 


apparent impedances of the structure. 


INTRODUCTION 


HEN dipole antennas are used as loads on con- 

ventional two-wire lines, the calculated impe- 
dances terminating the line may differ considerably 
from the measured impedances. Moreover, if a high 
impedance stub section of transmission line is used as 
a support for the structure, the deviation is notably 
greater. This difference is due to the coupling effects 
between the antenna and the two-wire line which drives 
it, as well as to the end effects of the line itself.’ 

* The research reported in this document was made possible 
through support extended to Cruft Laboratory, Harvard Uni- 
versity, jointly by the ONR, the Signal Corps of the U. S. Army, 
and the U. S. Air Force, under ONR Contract N5-ori-76, T. 0.1. 
Presented, 1950 Inst. Radio Engrs. National Convention, New 
York, March 8, 1950. 

t Formerly, Cruft Laboratory, Harvard University, Cambridge, 
Massachusetts. 

1R. King, J. Appl. Phys. 20, 832-850 (1949). 


An experimental investigation has been made of the 
distributions of current and charge amplitude and phase 
on antenna, line, and stub in order to determine over 
what regions the distributions deviate from theory. The 
measurements extend over most of the structure and 
include the terminal zone near the junction of antenna 
and line. 


MEASURING EQUIPMENT AND TECHNIQUE 


The arrangement of the measuring equipment is 
shown in Fig. 1. The radiofrequency generator operates 
at 750 mc/sec (wavelength \o=40 cm) and is amplitude 
modulated at 1000 cps. The output signal is passed 
through various matching units, filters, and padding 
attenuators, and is fed to the measuring line. The 
measuring line is of the open-wire image-plane type. 
This is equivalent to a two-wire line of which one of 
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Fic. 1. Measuring set-up. 


the conductors is replaced by its image in a semi- 
infinite perfectly conducting plane. Only one-half of an 
antenna is connected to the conductor, since the other 
half is formed by its image. The line is inherently 
balanced and provides an effective shield for the oper- 





SLOT GUIDE 


| Pdf CHARGE PROB y 
ANTENNA | | SHIELDED —— 
V0.0 ae ‘ a8 L’ 
| / b 


















a UNE CONDUCTOR WITH SLOTS 


SLOTTED 
ANTENNAS 








o ANTENNA WITH SLOT 


Fic. 2. Antenna and line construction. 


ator. The ground screen forming the image plane is 7.25 
wavelengths in height and 9.15 wavelengths in length, 
This size has been shown to be sufficiently large for 
accurate measurements of impedances? and current and 
charge distributions. The movable probe, shown in the 
diagram, is used as an amplitude and frequency monitor 
probe and as a position reference probe. 

The line conductor consists of a }-inch-diameter brass 
tube having a ;-inch slot cut on each side of the 
antenna (load) junction (Fig. 2a). Provisions have been 
made for a current probe and a charge probe to be 
inserted through the slots to a coaxial line which acts 
as the pickup cable. The antenna is attached to the 
line in such a way as to permit a variation in the 
relative orientation of the antenna with respect to the 
line slots and image plane. 

A line having no slots but with the antenna junction 
permanently attached (Fig. 2b) is used for measure- 
ment of current and charge distributions on the an- 
tenna. The slotted antenna attached to this line may 
be rotated about its axis. A flexible coaxial cable passes 
through the junction into the antenna and accommo- 





(a) Search probe in antenna-line plane. 





(b) Search probe perpendicular to antenna-line plane. 


Fic. 3. Search probe orientation. 


P 2A.S. Meir and W. P. Summers, Proc. Inst. Radio Engrs. 37, 
609-616 (1949). 
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Fic. 4. Current and charge distributions on line and stub—antenna length is Boh= 2/2. 


dates the same probes as in the other line. The flexible 
cable used is an ordinary microphone cable having a 
combination polystyrene glass cloth insulation. 

In order to investigate the effect of the presence of 
the stub, rectangular sections of Styrofoam are used as 
line spacers and supports instead of the stub section of 
transmission line. 

For amplitude measurements, the signal which is 
picked up by the charge or current probe is rectified by 
a crystal, and the resultant 1-kc signal is amplified and 
read on a Ballantine VTVM. Relative phase measure- 
ments are made by balancing the signal from the search 
probe against a signal obtained from the slotted line 
(Fig. 1). 

The effect of probe orientation on probe detection 
has been investigated for the two cases illustrated in 


Fig. 3. The current probe shown in Fig. 3(a) is coupled 
not only to the current on the line but also to the 
antenna current, whereas the probe shown in Fig. 3(b) 
has minimum coupling to the antenna current. Hence, 
the measured distributions on the conductor determined 
by the second arrangement represent more nearly the 
actual distributions. Similarly, the data obtained by the 
charge probe are influenced considerably by the orienta- 
tion of the probe with respect to the antenna. 


EXPERIMENTAL RESULTS 


The distributions of charge and current amplitudes 
on the transmission line and on the stub for an antenna 
length of Boh=(22/Xo)h= 2/2 are illustrated in Fig. 4. 
The distributions are plotted on a relative amplitude 
scale although they may be normalized. For all measure- 
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ments, the driving voltage is kept fixed for each antenna 
load so that it is possible to compare the distributions 
on the stub section of the line directly with the distri- 
butions on the transmission line side. 

The curves J’ and Q’ illustrate the considerable effect 
which probe coupling to the antenna current may have 
upon the distribution curves. On both the stub and 
line side, erroneous locations of minima result and the 
true amplitude distributions near the antenna are 
masked. 

The phase angles of lag of the charge and current on 
the line and stub support are shown in Fig. 4. For 
these curves a reference phase of zero degrees is taken 
at a current maximum on the transmission line at least 
one wavelength away from the antenna line junction. 
The phase angle measurements are influenced by the 
probe orientation, just as were the amplitude measure- 
ments. In particular, the phase lag measurements on 
the stub side yield rather strange results if the probe 
couples antenna currents in addition to the currents on 
the stub. At a sharp minimum of current a quick shift 
of phase from ¢1 to ¢1+180° is to be expected.’ Actually, 
it is possible to observe a fairly gradual distribution of 
phase lead. On the other hand, if probe coupling with 
the antenna current is held to a minimum, a distri- 
bution results which is representative of that normally 
obtaining on the stub. 

The presence of a stub support affects the antenna 
and line measurements, primarily because of the capaci- 
tive coupling between the several elements of the 
structure and secondarily because of the inductive 
coupling between them. For this reason, the greatest 
effect of the stub occurs when the loads have high im- 
pedances, since the capacitive effect is then more pro- 
nounced. 

The distributions of current and charge on the stub- 
supported line are compared with the distributions on 
the Styrofoam-supported line in Figs. 5 and 6 for various 
lengths of antennas. It is seen that for a particular 
antenna, load, the difference between the distributions 
on the two types of lines may be regarded as (1) a net 
shift of the distributions along the entire measuring 
line, and (2) small deviations superimposed on the net 
shift of the two sets of curves in the terminal zone 
region of the junction.’ 

On inspection of the experimental distribution curves, 
a region may be defined outside of which the distribu- 
tions approximate very well the conventional trans- 
mission line distributions. Within this region, the 
experimental curves deviate considerably from the dis- 
tributions on a conventional line. The distributions 
outside the terminal zone may be considered in the 
following way : one can assume theoretically determined 
distributions on the antenna exist up to the terminal 
zone and then assume a lumped capacitance across the 


*King, Mimno, and Wing, Transmission Lines, Antennas and 
Wave Guides (McGraw-Hill Book Company, Inc., New York), 
first edition, pp. 31-37. 
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Fic. 5. Current and charge distributions on line and antenna— 
antenna length is Boh= 2/2. 


line terminals which accounts for the distributed capaci- 
tive coupling of the various elements. Conventional 
transmission line formulas are then used to determine 
the distributions of current and charge on the line 
outside the terminal region. 

The effect of the stub may also be vividly demon- 
strated by a consideration of the impedance of such a 
structure, measured at least a half-wavelength from the 
junction. Any differences in the antenna impedance 
measured with a quarter-wavelength stub support from 
that measured on a structure without a stub support 
are approximately compensated for by the use of 
terminal zone networks. 

The experimental values of antenna impedances are 
plotted on the Smith chart (Fig. 7) for a Styrofoam- 
supported antenna and line structure and for a stub- 
supported one. The presence of the stub has a minor 
effect on the impedance except when the antenna 
length is nearly antiresonant. The presence of the stub 
shifts the curves into the inductive reactance region and 
also increases the magnitude of the resistive component 
at antiresonance. This is the same effect produced by a 
lumped negative capacitance when connected across the 
terminals of the antenna load. The capacitive effect is 
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Fic. 7. Antenna impedance variation (Smith chart). 


more noticeable when a charge maximum appears at 
the junction of the antenna and the transmission line. 


EQUIVALENT NETWORK FOR THE TERMINAL ZONE 


An equivalent network for the terminal zone may be 
determined theoretically. The coupling between the 
theoretical antenna model of Fig. 8 and the transmission 


line driving it, as well as the end effects of the line, may 
be lumped into an equivalent network.' The theory has 
been formulated under the assumption that the average 
charge per unit length on the antenna is equal to that 
on each conductor of the transmission line. The assump- 
tion is shown to be good when the antenna is anti- 
resonant ; for other lengths an improved procedure is used. 
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Fic. 8. Formulas for Styrofoam- and stub-supported structure. 


Let the quantity g, denote the average charge per 
unit length on the cylindrical conductor of the trans- 
mission line near the junction, and let g7 denote the 
average charge per unit length on the antenna in the 
region near the junction. A charge-ratio factor is de- 
fined as kg=Qr/Qx. The largest contribution to the 
coupling effect arises from the charges near the junction ; 
hence, the distance ‘“‘d” measured on each side of the 
junction need not be large for the purpose of deter- 
mining the charge-ratio factor. It may be taken to be 
of the order of ‘‘b,,”’ the line spacing. Formulas for the 
elements of the corrective network are listed for k,=1 
in reference 1. By investigating the quantities ¢; and gr 
for various lengths of the antenna, the variation of k, 
may be determined; and so a different lumped capaci- 
tance for each length of antenna may be calculated. 
Approximate formulas for the elements of the correc- 
tive network for &, not restricted to unity are contained 
in Fig. 8. An approximate formula for k, as a function 
of the antenna length fh has been obtained by assuming 
_a cosinusoidal zeroth-order distribution of charge exists 
on the antenna and in the terminal zone of the trans- 
mission line. The charge-ratio factor thus obtained is 
applied to the formula thus yielding the element of 
the network. 

The capacitive elements, obtained from the charge- 
ratio factor and from the approximate equation 
Cr=cob-K sinh~'(20/k), are placed‘ in parallel with 


*R. King, Technical Report No. 20 (Cruft Laboratory, Cam- 
bridge, Massachusetts, 1947), Figs. 4, 7. 
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Fic. 9. Antenna impedance variation (comparison of 
results with theory). 


the theoretical antenna impedance Zp>= Ry+jXo. The 
resulting impedance is the calculated apparent im- 
pedance. Figure 9 illustrates the agreement between 
apparent impedances calculated using this network with 
those impedances measured on the line. 


CONCLUSION 


If account is taken of the coupling between an an- 
tenna load, the transmission line which drives it, any 
supporting stub, and the end effects of the line, a cor- 
rective network may be defined. For most practical 
cases, this network consists merely of a capacitance of 
negative value. This is inserted between the theoretical 
impedance of the antenna and the conventional trans- 
mission line. In such a way, conventional line formulas 
may be used to predict the apparent impedance any- 
where down the line. 

Since the radiation of the antenna is changed by the 
presence of the stub and the line, the purely reactive 
corrective networks are necessarily approximate. For 
the large line spacing used in this investigation, the 
equivalent networks are not as accurate as those for 
smaller spacing. In spite of the large line spacing, the 
predicted apparent impedances are to a good approxi- 
mation those that would be obtained by measurement. 

The author wishes to express his appreciation to 
Professor R. W. P. King for his guidance and to Dr. T. 
Morita for his advice and assistance. 
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Electrical Properties of Selenium: I. Single Crystals* 


H. W. HENKELs 
University of Pennsylvania, Moore School of Electrical Engineering, Philadephia, Pennsyleania 
(Received January 29, 1951) 


Crystals of hexagonal selenium have been grown in a melt. Their microstructures have been compared 


with those arising in vapor crystals. 


The dark resistivity has been studied as a function of axis orientation, temperature, field, and time of 
application of a field. The thermoelectric power has been measured and attempts made to measure Hall 
effect. The nature of the acceptor levels has been discussed, the approximate hole densities and mobilities 
have been determined, and values of the activation energies obtained. 

The field effects have been discussed and the phenomenon of an apparent semipermanent polarization 


occurring at quite low fields has been noted. 





INTRODUCTION 


HE University of Pennsylvania has been engaged 

in a study of the fundamental properties of 
selenium and dry plate rectifiers since 1946. These 
studies have included work on the properties of liquid 
selenium, single crystals, pure and doped microcrys- 
talline selenium, and applied studies of vacuum pre- 
pared contacts and evaporated and press prepared 
rectifiers. The present report is written to describe in 
some detail the electrical properties of selenium crystals 
prepared from a melt! and to correlate the results with 
the few reports that exist on the properties of condensed 
vapor crystals, and represents a condensation of 
reference.’ 


CRYSTAL SPECIMENS 


The samples used in the investigation described were 
grown from a melt of selenium. The preparation was 








Fic. 1. Crystals formed in the melt. 


* The principal part of this work was conducted under contract 
NObsr42487 with the Bureau of Ships, Department of the 
Navy. The remaining portion and continuing studies are under 
Contract DA-36-039 sc-5426 with the Signal Corps, U. S. Army. 

1H. W. Henkels, Phys. Rev. 76, 1737 (1949). 

2H. W. Henkels, “Electrical Properties of Selenium: I Single 
Crystals.” Tech. Report No. 24 for contract NObsr42487 BuShips. 


briefly discussed in a previous paper (see reference 1), 
but it is reviewed for continuity. Pure selenium, ob- 
tained from the Canadian Copper Refiners Limited, 
of analysis Cu 0.4, Fe 0.8, Te 0.9, and Pb 0.4 part 
per million (performed by the company), was heated 
molten in vacuum for a period of time and poured into 
the central portion of a triple-boiler crystallization 
apparatus. Boiling napthalene and methyl salicylate 
maintained the desired temperature gradients. The 
exact time required for the growth of the crystals was 
not determined since the interior of the vessel could not 
be examined without disturbing the temperature dis- 
tributions. After a few weeks, the inner chamber was 
removed and cooled to room temperature in about 20 
minutes. It was covered with a coarse-grained selenium 
in which larger crystals were embedded. A section of 
the mass is shown in Fig. 1. The crystals were removed 
from the matrix and cut to rectangular prisms for test. 
They were fragile and easily distorted. 

The fracture surfaces were examined in both polarized 
and unpolarized light at magnifications to 750X. Struc- 
tures were compared with those occurring in sublimed 














Fic. 2. Photomicrographic study of selenium crystals. 
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ELECTRICAL PROPERTIES OF SELENIUM: I. 


crystals.f The selenium crystals cleaved in the prism 
planes readily so that the mierostructures were easily 
examined without preparing the surfaces. We did not 
observe any crystals that cleaved in the basal plane. 
However, some exhibited very smooth but nonplanar 
end surfaces having the appearance of the cracked 
amorphous material. Photographs of these surfaces 
and of the prism planes were taken at 500X. 

In the latter planes, apart from the fracture lines 
(Fig. 2a), no essential irregularities in the surfaces 
could be found. Incidentally, this figure shows nicely 
the step nature of the fracture lines. The surfaces 
approximately in the basal plane did not show any of 
these lines. They were very smooth and with no irregu- 
larities. Over the entire surface, there was a fine net of 
triangles similar to that observed in the fractographs 
of metals (Fig. 2b). 

None of the melt crystals were twinned, but all of 
the sublimed crystals examined showed twinning to 
some extent in one or two planes (Fig. 2c). 














Fic. 2a. Prism plane of melt crystal (300X). 


The x-ray examination consisted of back reflection 
and Laue photographs in the prism planes. Crystals 
which had cleaved naturally in cracking the microcrys- 
talline matrix showed distinct spots with some asterism. 
The crystals were quite thick, and long exposures were 
required. Other crystals cut from the matrix and split 
to smaller thickness were visibly distorted in the 
process and showed more asterism. From the results of 
the x-ray and microscopic examinations, we have con- 
cluded that the melt specimens are untwinned single 
crystals with a degree of mosaic structure. 

The crystal forms and lattice structure of sublimed 
crystals have been studied by a number of investi- 
gators.*-* Briefly the method of preparation consists 


t This work was done by Mr. H. T. Lee of the Metallurgy 
Department and the author and will be reported in detail in the 
progress reports of the present contract. 

*M. K. Slattery, Phys. Rev. 24, 378 (1923); 25, 333 (1925). 

*A. J. Bradley, Phil. Mag. 48, 477 (1924). 

*K. Tanaka, Mem. Coll. Sci., Kyoto Imp. Univ. 17, 59 (1934). 

*M. Straumanis, Z. Krist. 102, 432-54 (1940). 
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Fic. 2b. Basal plane of melt crystal (300X). 


in heating selenium at temperatures above the melting 
point under reduced pressure and condensing the vapors 
on the cooler portions of a tube. The temperature of 
maximum growth is somewhat below the melting point 
(~210°C). The crystals consist of three principal types: 
(a) tapered needle like crystals, usually hollow, with 
hexagonal cross sections when fully developed; (b) thin 
flexible plates; (c) thicker solid masses. All these forms 
usually consist of aggregates of needles, but, in cases, 
crystals have been found which were apparently single 
crystals.4~7 


EXPERIMENTAL ARRANGEMENTS 


At first, dag carbon suspensions were coated on the 
ends of the crystals and dried in air at room tem- 
perature. These ends served as current contacts. The 
resistivity in these cases was first measured perpendicu- 
lar to the c axis. After the measurements, the carbon 
contacts could be split from the samples and new ones 
applied to the other sides for measurement of resistivity 
parallel to the c axis in the same crystal without ques- 





Fic. 2c. Prism plane showing twinning in vapor crystal (300X). 


047) deBoer, Philips Research Repts. 22, 349-351, 352-356 
1947). 


( 338) Miiller, Sitz. ber. physik.-med. Sozietat Erlangen 70, 7 
1938). 
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Fic. 3. Experimental arrangements. 


tion of shunting impure layers along the edges. Later, 
nickle pressure contacts alone were employed. In all 
cases the potential probes were Ni in pressure contact 
with the sample. The temperature of the crystal was 
measured by a chromel-alumel thermocouple located 
under the center of the crystal and electrically insulated 
from it by a thin sheet of mica. 

Current was supplied by batteries and indicated by 
the drop across a GR decade resistor. The voltage across 
the probes was measured by a potentiometer with 
appropriate bucking voltages from batteries. The indi- 
cator employed was a Rubicon supersensitive galva- 
nometer of sensitivity 6X10~° amp/mm. Switches 
were provided to reverse the applied fields. Figure 3 
shows the arrangement. 

The first few measurements were made in air. Later, 
the sample holder was mounted in a vacuum chamber 
which could be lowered into a cooling vessel located in 
a thermostated oven. All measurements were made at 
atmospheric pressure and in the absence of light. 

For Hall measurements, a holder with four point 
pressure contacts of nickel mounted in a flat brass 
cylinder was used. Both ac and de circuits with sensi- 
tivities estimated to indicate mobilities of 1 cm?/v sec 
were employed. 

Thermoelectric power was measured in a device 
having two heavy nickel block electrodes, one of which 
was electrically heated. Three fine wires, chromel, 
alumel, and nickel, were channeled in each block and 
electrically insulated from it except at their junction in 
contact with the sample. It was determined that 
pressure did not influence the readings after contact 
was made. (We were here concerned merely with ob- 
taining good thermal contacts and were not interested 
in the range of pressures in which the electrical proper- 
ties of selenium change.) 


ELECTRICAL PROPERTIES 


Because of the complex nature of the electrical pro- 
perties of selenium, a presentation of the experimental 
results must involve the complete specification of the 
history. Single measurements or short surveys are 
generally unreliable for that reason. Therefore, the 
melt crystals were tested over a period of a year and a 
half, with repeated tests of individual crystals covering 
two or three months. Reference 2 contains a detailed 


chronological review of most of the work. The most 
detailed report of resistivities of the vapor crystals has 
been presented by T. Miiller.* The earlier and more 
recent investigations on these crystals agree with that 
work. The following remarks will in all cases, apply 
to the single crystal hexagonal selenium. It is best that 
the conduction of microcrystalline selenium be cop. 
sidered separately at a later date. 


Order of Resistivities 


Although the resistivity of selenium is field de. 
pendent, we may, by way of introduction, discuss the 
order of the resistivities at low fields (~10 v/cm). For 
condensed vapor crystals, with current electrodes, 
values for resistivities, parallel to the c axis ranging 
about 1 or 2X10°Q2 cm, perpendicular to the c axis, 
about 3X 10° cm, have been previously reported. The 
former result represents an average of a large number 
of tests, the latter value the mean of tests of two crys- 
tals. It is very probable that end contact resistance 
was not important. 

In our measurements potential probes were used to 
eliminate the possibility of added contact resistance in 
view of the complex behavior of selenium and selenium 
contacts. The necessity, however, of using pressure 
potential probes of quite high resistance limited the 
lower temperature range. 

Lehovec® has grown crystals in halogen vapors to 
introduce acceptors, but the resistivities were not 
changed. The suggestion of Dr. Gudden that the resis- 
tivities of selenium crystallites formed from a melt 
might be considerably lower than those of sublimed 
crystals, by reason of an increased number of defects 
possibly arising in the crystallization from the long 
chain selenium molecules in the melt, as opposed to 
that from dimers and hexamers present in the vapor, 
seemed reasonable in view of the observed low values of 
resistivities of microcrystalline selenium crystallized 
from a melt at the same temperature. 

Crystals, were first examined between room tempera- 
ture and 220°C to determine the extent of hysteresis 
effects, then later tested at lower temperatures. 

All the melt crystals gave values which were about a 
factor of 2 or 3 low on the initial measurement (after 
having been exposed to light and before heating). 

After a first cycling to 210°C, the resistivities re- 
mained fairly constant on repeated test even though 
the periods of time at high temperature were consider- 
able (about 1 or 2 hours per cycle). In some cases the 
samples were held at 200°C for periods of 16 hours 
without change. These steady values, which we believe 
are characteristic of the selenium lattice structure, are 
given in Table I together with the initial values. 


*K. Lehovec, Private communication regarding work in report 
of a conference on dry plate rectifiers held at Prague, under the 
Chairmanship of B. Gudden, on November 24, 25, 1944. U.S. N. 
Technical Mission in Europe, serial 1127, PTE 1163-45, micro- 
film roll No. 898, frames 10-55. 
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ELECTRICAL PROPERTIES OF SELENIUM: I. 


The variations noted in column 4 are those that 
arose in the repeated cycling of the sample from room 
temperature to about 210°C with care to avoid long 
application of measuring field. Cycling from liquid air 
temperature to 210°C resulted in larger hysteresis loops, 
but the mean values were not significantly changed. 

The constancy of the high temperature values on 
long periods of heating not far below the melting point, 
and the good agreement of the resistivities of different 
lots of sublimed crystals and crystals prepared in a 
melt in spite of the variation in selenium sources and 
preparation procedures seems to contradict the idea of 
impurity atom acceptors in the ordinary sense. How- 
ever, an alternate explanation that large selenium crys- 
tals grow with a small definite number of impurity 
atoms, a number which is present under all conditions 
of growth, should be examined. The order of current 
carriers (holes) present, determined by measurement of 
the thermoelectric power, was very small (~10"/cm*). 
(These measurements will be discussed later.) 

The nonmetal impurities present in selenium would 
be S, O, X, P, and N. It has been determined’? that 
sulfur in amounts to 0.1 percent does not appreciably 
affect the resistivity of microcrystalline selenium in any 
way, regardless of the manner of crystallization and 
the frequency of measurement (furthermore, the ther- 
moelectric power is not affected). It would appear from 
the studies at Prague that the amount of active halide 
growing in a crystal cannot be varied. Moreover, it 
does not seem reasonable that the same small amounts 
of halogens were present in the various methods of 
preparation and in the different sources (reduced under 
different conditions and with different agents). It has 
been determined that the presence of phosphorus re- 
tards the crystallization of selenium, presumably by 
the formation of cross links in the amorphous selenium 
chains, preventing correct positioning of the chains to 
form a regular crystal lattice. If active in small amounts, 
it would seem reasonable that the resistance in the 
melt and sublimed crystals would be different. Oxygen 
does affect the resistivities of microcrystalline speci- 
mens prepared in certain ways!® and was probably 
present, in the small amounts considered, in all the 
experiments. Nitrogen was also present in the amounts 
required. On the other hand, the constancy of the 
resistivity of selenium on long periods of heating not 
far below the melting point might appear strange in 
view of the chemical stability of selenium-oxygen and 
nitrogen compounds. Furthermore, low vacuums pro- 
duced no change in the observed resistivities of hy- 
steresis in the range of temperatures where gross con- 
densation of water vapor could be neglected. In this 
connection the very high resistivity of this liquid 
selenium and the precision of the measured activation 
energies has been taken as some indication of the 
absence of nonmetal impurities." (The effect of non- 


” Unpublished data. 
"H. W. Henkels, J. Appl. Phys. 21, 725-31 (1950). 
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TABLE I. 
% variation 
as discussed 
Crystal Initial (ohmcm) Steady (ohmcm) below table 
1 1.1 105 aa 105 + 9 
2 0.65 105 1.8 105 + 6% 
4 1.1 105 2.8 105 +50% 
6 1 105 2.6 105 a 
14 1.5 105 1.7 105 +11% 








* Only two cycles were observed. 


metals on the liquid resistivity was demonstrated in 
the last reference.) 

The effect of the common metal contaminants of 
selenium on the resistivity of single crystals has not 
been determined. It can be stated that pure selenium 
with the order of parts per million nonvolatile con- 
taminants was used, but this still permits the presence 
of a sufficient number of acceptors to give the observed 
resistivities. The effect of small amounts of metals on 
microcrystalline selenium has been studied by other 
investigators. However, the action of metals, in small 
amounts, is to raise the resistivity. (Discussion of this 
action is better reserved for a report on microcrystalline 
selenium.) 

There are then two alternate explanations of the 
acceptor levels in selenium: (1) defects in the selenium 
lattice give rise to a number of acceptor levels, which 
number is a property of the selenium lattice structure; 
(2) selenium crystallizes, in large crystals, with a very 
small definite number of impurity atoms, possibly of 
Oz, No, or of the common metal impurities of selenium 
or of several of these, which number is independent of 
amount of impurity present in original melt or vapor 
or method of crystallization. 

It was desired to determine the ratio of the resistivity 
perpendicular to and parallel to the-c axis on the same 
crystal. The behavior of the crystals on first measure- 
ment complicated the procedure. Rough measurements 
with current electrodes indicated a ratio p,/p,, about 4. 
Sample two seemed particularly good and was chosen 
for careful measurement. The data in Fig. 4 gives a 
resistivity at T= 305°K of 4.9 10° ohm cm, with varia- 
tions over a period of a week and three temperature 
cycles of +13 percent resulting in a ratio of about 3, 
very low compared with the two measurements on vapor 
crystals. The sample dimensions of crystal 3 were not 
determined accurately, but an estimate of the resistivity 
gave the same value. It was observed in making tests 
on the field dependence of resistivity perpendicular to 
the c axis that it was possible to increase the room 
temperature resistivity (but not the value at high 
temperature) by a large amount with the application of 
small fields (~25 v/cm) for long periods of time. The 
increase, however, was not sufficient to explain the 
difference. A twinning of vapor crystals around prism 
planes could have caused an increase in resistivity 
perpendicular to the ¢ axis. No data on microstructure 
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Fic. 4. Temperature dependence of resistivity of selenium 
crystal perpendicular to ¢ axis. 


was given in the previous reports. However, until 
the resistivities in this direction in vapor crystals are 
checked with potential probes, the reality of the differ- 
ences in resistivities may be questioned. Otherwise, 
there may have existed structural differences or twin- 
ning in the vapor crystals. Consideration of the chain 
structure of selenium with homopolar bonds in the 
chain and weaker van der waal forces between chains 
would lead one to more readily expect differences in 
properties perpendicular to the ¢ axis. 


Temperature Dependence of Resistivity 


Again we limit the discussion to the values at low 
fields. The behavior of the samples was first studied 
in the range of temperatures from 20° to 220°C, since 
the field effects are usually small in this range. Table II 
lists the activation energies in that range for the steady 
values of resistance mentioned before. Values for con- 
duction parallel and perpendicular to the ¢ axis are 


TABLE II.* 








Constant ¢ in p =Aee/2kT 
eu (ev) 1 (ev)> 


0.25 

0.30 0.2 
0.2 

0.28 


0.30 
0.33 


Sample 
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(av) 


em Oe whe 


1 








* Somewhat lower values were reported by the author (see reference 1) 
based on values at higher fields. 
> The resistivity curves of crystal 2 flattened off somewhat at room 


temperature, while those of crystal 3 showed a definite flattening below 


about 72°C. 
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given. The solid curve of Fig. 5 shows the behavior of 
a representative crystal 2 parallel to the c axis, Fig. ¢ 
gives the results for crystal 14 over a larger temperature 
range, while resistivities perpendicular to the ¢ axis 
are shown in Fig. 4. 

Below room temperature, the field effects became 
more considerable. The slopes decreased at or somewhat 
below room temperature but increased at lower tem. 
peratures to values of about 0.4 or 0.46 ev as shown in 
the figure. It was further determined that the resistiyj. 
ties increased continuously to liquid air temperatures 
but the exact values were uncertain. 

At the other end of our range, the temperature was 
increased slowly to the melting point (~220°C), but 
there was no deviation from the general behavior in 
the region covered in Table IT. An average value of the 
slope of the data of Miiller (from his Fig. 6) is repre- 
sented as a dashed curve above the data in Fig. 6. The 
slope is smaller because values were recorded at 
100 v/cm. 

The general form of the resistivity curve is not 
similar to that of the other elemental semiconductors, 
The over-all activation energy for conduction parallel 
to the c axis remains about 0.30 ev from the melting 
point to liquid air temperatures, with the flatter portion 
in the middle temperature range always present. There 
is evidently no region of intrinsic semiconduction in the 
ordinary sense below the melting point as opposed to 
the case of tellurium where an intrinsic conduction, p 
type, occurs at high temperatures. The conduction in 
selenium is always p type. The activation energies for 
conduction parallel and perpendicular to the c axis are 
rather closely similar above room temperature. 

The resistivity data would seem to indicate, in a 
general manner, that selenium is an extrinsic semi- 
conductor with rather high activation energy (compared 
with the other elemental semiconductors) from liquid 
air temperature to the melting point. However, calcula- 
tion of the acceptor density from the observed thermo- 
electric power indicates a decrease with temperature in 
the number of acceptors to the melting point with a 
consequent rise in mobility with temperature (almost 
exponential). Numerous measurements have been made 
of the thermoelectric power in variously crystallized 
pure and doped microcrystallines samples and in vapor 
and melt crystals. Without exception, the thermo- 
electric power increases sharply from room temperature 
to the melting point. Of course, with the usual theory, 
this leads to an apparent decrease in acceptors with 
temperature. There would be some reason to question 
the meaning of measurements on microcrystalline 
samples, but the work in single crystals might be ex- 
pected to conform with the theory. We may mention 
here the agreement of the order of magnitude of the 
densities computed for microcrystalline samples from 
the thermoelectric power and capacity measurements 
(~10% to 10'*/cm*). As will be shown in detail in 4 
report on microcrystalline selenium, the thermoelectric 
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ELECTRICAL PROPERTIES OF SELENIUM: I. 


power variation with impurity usually is in the right 
direction and qualitatively correlates with the resis- 
tivity changes. 

The order of magnitude of mobilities at 50°C are 0.08 
cm?/v sec perpendicular to the c axis and 0.2 cm?/v sec 
parallel to the c axis. Here again the order of values 
seems reasonable in view of our upper limit of the 
values from determination of the Hall effect of the 
crystals. (Very recently, values of mobilities is selenium 
of low resistivity have been brought to our attention. 
These agree in magnitude with the values we determined 
for low resistivity microcrystalline selenium produced 
by appropriate crystallization. However, the whole 
subject of microcrystalline selenium is better discussed 
separately.) 

It would then appear that the order of magnitude 
of the thermoelectric power, acceptor densities, and 
mobilities are correct at room temperature. The precise 
variation of the thermoelectric power may not be given 
by the simple theory. Otherwise the data indicates a 
decrease in the number of acceptors and an almost 
exponential increase of mobility with temperature. 

The values of mobilities are low compared with those 
of other elemental semiconductors. Although a good 
number of the previously reported low mobilities con- 
cern microcystalline aggregates, there are a few such 
values, for crystals, notably those for p type SiC, and 
Ti0.. 

A peculiarity of the temperature dependence is the 
hysteresis effect. On cooling, the resistivity is higher 
than on heating if sufficient time is allowed at the lower 
temperature for the resistivity to drop to its steady 
value. Between room temperature and 210°C, the effect 
was small, but it increased with the limits of tempera- 
ture. There was no lag in the temperature measurement 
or differences in air and low vacuum. Evidently there is 
a shift in the number of acceptors or a change in scatter- 
ing occasioned by the quenching conditions. The work 
of Brill and Krebs” on changes of lattice perfection 
with temperature and heat treatment is interesting in 
this respect. 


FIELD DEPENDENCE OF RESISTIVITY 


In all these studies, the temperature and period of 
applied field are important parameters. The behavior 
parallel to the c axis is illustrated in Fig. 7 for crystal 1. 
For conduction in this direction, the following gen- 
eralizations can be made when the measuring fields 
are applied for only short periods. 

(1) At sufficiently high fields the resistivity decreases 
at all temperatures to the melting point. 

(2) Aside from an effect of a sharp increase of 
resistivity with field for low values of field (~30 v/cm) 
at rather high temperatures, the general behavior is 
qualitatively similar to the behavior of the resistivity 





*R. Brill and H. Krebs, “First interim report of results on the 
structure analysis of selenium rectifiers,” PB 21981. 
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RESISTIVITY (OHM CMS.) 


FIELD 18 W/CM WITH FIELD ~ S00 VM BETWEEN 
MEASUREMENTS - COOLED WITHOUT FIELD. 





Fic. 5. Temperature dependence of resistivity of selenium 
crystal parallel to ¢ axis. 


of a field influenced potential barrier with thermal 
ionization. 

(3) At intermediate temperatures, the resistivities 
increase slightly to about 200 or 300 v/cm before 
decreasing. 

For conduction perpendicular to the c axis, Fig. 8 
shows the behavior. In this case the resistivities in- 
creased slightly with fields to 700 v/cm at temperatures 
much above room temperature. Such increases could 
represent the counteracting influence of a decrease of 
mobility with field. In the lower range of temperature, 
the aforementioned decrease of resistivity becomes im- 
portant. At any temperature and without previous 
application of field (except for short periods) or varia- 
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Fic. 6. Temperature dependence of resistivity of selenium 
crystal parallel to ¢ axis. 
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RESISTIVITY (OHM CMS) 


LEGEND NOTE 
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Fic. 7. Field dependence of resistivity of selenium 
crystal parallel to ¢ axis. 


tion in quenching rate, the data is reproducible. On the 
other hand, the general behavior under varying condi- 
tions of previous treatment seems characterized prin- 
cipally by the temperature and not the resistivity. The 
resistance changes are independent of the direction of 
the measuring field indicating against the presence of 
simple barriers throughout the sample or at the poten- 
tial probes. (We can see no reason to expect a barrier 
at the potential probes that would influence our meas- 
urements. Apart from that, the electrodes were Ni, 
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Fic. 8. Field dependence of resistivity of selenium crystal per- 
pendicular to ¢ axis after cooling with applied field 16 hours. 


which, after heat treatment in contact with selenium, 
does not present a rectifying barrier). 

Miiller and others have obtained results for paralle| 
conduction on vapor crystals which are similar. Contr. 
butions of end contact resistance to the behavior of 
their data seemed doubtful. In view of the discussion 
of the crystal structure, there would appear to be no 
reason @ priori to believe the results do not represent 
the properties of the selenium lattice. However, to our 
knowledge, field effects of this type have not been 
noted in other elemental single crystal semiconductors, 
The case of impurity levels with high activation 
energies does not seem to occur. There is considerable 
evidence of field effects in other semiconductors. (A 
good deal of this work has admittedly been conducted 
with microcrystalline aggregates and may be question. 
able.) On the other hand, a reasonable theory of such 
effects has been developed by Frenkel.” Furthermore, 
the cleavage of selenium crystals along prism planes 
(as in tellurium) instead of along the usual basal planes 
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(MIN) 


Fic. 9. Temporal changes of resistivity of crystal 
parallel to ¢ axis. 


(as in metals) would seem to favor the idea of sub- 
microscopic layers in prism planes, if any. However, 
the decrease in resistivity with field is more apparent 
parallel to the c axis. 

To roughly check the proposed thermal ionization 
over a field reduced barrier, the dielectric constant has 
been evaluated from the resistivity data, assuming the 
mobilities practically constant from the relation 


p= po exp[ — (€E)!/(K)!kT’]. 


The log resistivities at and below room temperature 
follow a (E)! dependence quite well at higher fields and 
lower temperature, but values of the constant (K)}! are 
off by a factor which, in the average, varies with 
temperature about 50 percent from room temperature 
to —170°C. It is interesting to note, however, that the 
factors are about the same for Miiller’s data on sublimed 
crystals and our own melt crystals. There seems to be 
little meaning to carrying the consideration further 


13]. Frenkel, Tech. Phys. U.S. S. R. 5, 685-95 (1938). 
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ELECTRICAL PROPERTIES OF SELENIUM: I. 


view of the rough approximation in both theory and 
experimental check. 


TEMPORAL DEPENDENCE OF RESISTIVITY 


The temporal changes are of two types: (1) that 
arising from quenching cycles giving rise to hysteresis 
in the temperature dependence; (2) that depending 
on the period of application of field. 

The first type has been discussed under the topic of 
temperature dependence of resistance and constitutes 
4 more easily explained phenomenon. The structure of 
selenium and those effects noted in the experimental 
work of Brill and Krebs could lead to temporal changes 
of acceptor densities arising in the quenching. 

The second type is illustrated in Fig. 9, where the 
resistivities are those at the fields noted. (The dashed 
lines indicate the field dependence of resitivity.) Figure 
10 shows the same effect in crystal 2 perpendicular to 
the c axis. In this figure and notes, the independence of 
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Fic. 10. Temporal changes of resistivity of crystal 
perpendicular to ¢ axis. 


the resistivity changes of the direction of the applied 
field is shown. The dependence of the asymptotic resis- 
tivity value on field is shown in Fig. 11, where the rise 
of resistivity with field of 26 v/cm is indicated in 
legend ®, while legend A, at the same field, shows a 
drop with time because the resistivity has exceeded its 
asymptotic value corresponding to that voltage by 
reason of the application of the field (700 v/cm) for a 
period of time. In Fig. 5, legends © and [_] demonstrate 
the influence of the temporal changes of resistivity 
produced at one temperature reflected in the change 
of resistivities at other temperatures. Figure 12 shows 
the effect of the period of application of the field in 
increasing the resistivity at all fields and the degree of 
reversibility of the process parallel to the c axis. The 
range of resistivities perpendicular to the c axis, pro- 
duced when a field is applied while the sample is at 
higher temperatures, and during cooling, is given in 
Fig. 8. Before this treatment, the resistivities were 


SINGLE CRYSTALS 923 
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REPEAT RUN | a,b. 





Fic. 11. Temporal changes of resistivity of crystal 
perpendicular to ¢ axis. 


those in Fig. 13. The resistivities decreased very slowly 
to the initial values, at which time, the data of figure 
4 was collected. 

The behavior may be summarized as follows: (1) at 
any temperature there is an equilibrium resistivity, a 
function of the applied field which value is approached 
in the order of one or two hours for conduction parallel 
to the c axis; (2) the changes in resistivity produced 
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Fic. 12. Temporal changes of resistivity of crystal 
parallel to ¢ axis. 
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Fic. 13. Field dependence of resistivity of crystal perpendicular 
to ¢ axis before application of field for 16 hours while cooling. 


by applying a field for a period of time are reflected as 
an apparent shift by a factor in the temperature- and 
field-resistivity curves. 


SEMIPERMANENT POLARIZATION 


At small fields it was observed that the resistivity 
curves in some cases approached the zero voltage axis 
asymptotically. On examination it was found that these 
crystals were. apparently permanently polarized. With 
the experimental arrangement we were using, it was not 
possible to do more than observe that the polarization 
could be increased or reversed by quite low applied 
fields. (Figure 14 shows the effect as a function of time 
of application of an applied field.) A semipermanent 
polarization at high fields has been observed in selentum 
by Ljashenko and Fedorus." Such an effect has recently 
been observed in a special rectifier in our laboratories. 
It is, more likely, an electrode chemical polarization of 
some type than a dipole polarization. 


SUMMARY 


(1) Selenium crystals from the melt are single crystals 
with'a certain extent of mosaic structure but with no 
visible defects when observed in the prism and basal 
planes at 500 magnification. Twinning is absent. The 
vapor crystals examined in the prism planes at the same 
magnification were always twinned to some extent in 
one or two planes. 

(2) The order of the dark resistivities of melt crystals 
at room temperature are: parallel c axis, 1 or 210° 
ohm cm; perpendicular c axis, 5X 10° ohm cm. 


4 VY. I. Ljashenko and G. A. Fedorus, Bull. acad. sci. U. R. S.S 
5, 641-50 (1938). 
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Fic. 14. Semipermanent polarization of selenium. 


(3) The activation energy is about 0.3 ev above 
room temperature with no intrinsic region of conduc. 
tion. There is a flatter position in the logp vs 1/T curves 
at or somewhat below room temperature followed by 
another region of higher activation energy at lower 
temperatures. Above room temperature, the activation 
energy for conduction perpendicular to the c axis is 
almost the same. 

(4) The thermoelectric power is large and indicates 
hole conduction with a density of holes the order of 
10*/cm*. The hole density, calculated on the basis of the 
simple theory, decreases with increasing temperature 
above room temperature. 

(5) The mobilities are the order of 0.1 cm?/v sec 
perpendicular to the ¢ axis and about 3 times that 
parallel to the c axis, and they increase approximately 
exponentially with increasing temperature. 

(6) Agreement of the value of resistivities for parallel 
c axis conduction for vapor crystals and melt crystals 
prepared from different lots of selenium with varying 
impurities would indicate the acceptor levels arise 
from lattice defects. The stability of the resistivity 
values on very extensive heat treatment near the 
melting point supports this view. 

(7) The field effects may arise from two causes: (a) a 
slight decrease in mobility with field; (0) a large tem- 
perature dependent increase of holes with field, or a 
reduction in undisclosed barrier resistance. These latte: 
effects are represented by the thermal ionization over 
a potential barrier reduced by a field. The effect of 
barrier lowering is more important along the selenium 
chain. 

(8) Resistivities depend, to a certain extent, on the 
quenching cycles and on the duration and magnitude 
of applied fields. The last effect is not explained, and 
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work is continuing on the frequency dependence of 
electrical properties. 

(9) A semipermanent polarization of a selenium 
sample has been noted. The polarization could be 
reduced or reversed with application of appropriate 
low fields. The effect is probably a type of chemical 
polarization at the electrodes. 
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Torsion experiments on an aluminum-zinc alloy (21 atomic per- 
cent zinc) show that precipitation gives rise to large values of 
internal friction. After prolonged periods of aging, which are 
sufficient to produce growth of the precipitate particles, the in- 
ternal friction begins to decrease. The activation energy for the 
elementary process producing the anelastic behavior is 23 kcal 

r mole. It is demonstrated, with the help of static measure- 
ments, that the curves of internal friction versus temperature do 
not show a peak but continue to rise indefinitely with increasing 
temperature. This behavior cannot readily be interpreted in terms 
of the usual concept of a relaxation spectrum but requires a new 
concept of coupled relaxations. Metallographic examination of the 
specimens reveals that the observations of large internal friction 
are correlated with the occurrence of discontinuous precipitation. 


INTRODUCTION 


T is common occurrence for a binary alloy which 

forms a homogeneous solid solution at high tempera- 
tures to segregate into two phases when the temperature 
is lowered. If such an alloy is very rapidly cooied, or 
“quenched,” from a “solution” temperature to the 
region in which segregation occurs, it becomes, tem- 
porarily, a supersaturated solid solution. The process of 
“precipitation,” which then ensues, depends upon 
numerous factors, such as the rate of diffusion at the 
temperature at which the specimen is maintained (the 
“aging” temperature), the degree of supersaturation, 
and the presence of imperfections in the crystal lattice. 
The internal changes produced in an alloy during pre- 
cipitation are of considerable theoretical and practical 
interest; they manifest themselves by changes in most 
physical properties of the material. It is customary to 
study precipitation by measurements of changes in 
properties which are too complex to be related to the 
corresponding changes of internal structure; e.g., den- 
sity, resistivity, hardness, and thermoelectric effect. 
Recent studies of anelastic phenomena in solids! have 
shown that anelastic behavior is not only highly sensi- 





*This research was supported in part by the ONR under 
Contract No. N-6ori-IV, NR 019 302. 

*C. Zener, Elasticity and Anelasticity of Metals (The University 
of Chicago Press, Chicago, 1948). 


The observed anelasticity is interpreted in terms of the fragmenta- 
tion of the lattice; i.e., the formation of an irregular network of 
shear-relaxing interfaces during discontinuous precipitation. It is 
demonstrated that in such a network the coupling, produced by 
an overlapping of regions within which shear stress is relaxed, 
makes possible a very large total relaxation. Additional measure- 
ments of elastic aftereffect in the supersaturated solid solution 
permit the determination of the mean time of stay of atoms in 
this solid solution, between 52°C and 72°C, by the anelasticity 
resulting from pair reorientation. The results obtained are in 
excellent agreement with the conventional high temperature 
diffusion data and correspond to a heat of activation for diffusion 
of 25.4 kcal per mole. 


tive to internal structure, but also that it often yields 
detailed information about atom movements involved 
in structural rearrangements. We may, therefore, expect 
that the precipitation process is accompanied by 
anelastic effects, the study of which offers promise 
of great usefulness in extending our understanding 
of the kinetics and structural changes involved in 
precipitation. 

There have been few studies of the anelasticity of 
precipitating systems. Ké? observed changes in internal 
friction at high temperatures during precipitation of 
copper in an aluminum-copper alloy (4 percent Cu), 
but no systematic investigation was carried out. Other 
investigations have not been detailed and have dealt, 
primarily, with complex commercial alloys.’ In the 
special case of interstitial solutes in b.c.c. lattices, pre- 
cipitation has been studied‘ indirectly by measurement 
of the internal friction peak associated with stress- 
induced preferential distribution of solute atoms. In 
this manner the concentration of solute that remained 
in solution was obtained as a function of time. No 
attempt has been made, however, to see if precipitation 


2 T. S. Ké, J. Appl. Phys. 21, 414 (1950). 

3K. M. Entwistle, J. Inst. Metals 75, 97 (1948); L. Frommer 
and A. Murray, J. Inst. Metals 70, 1 (1944). 

‘L. ji Dijkstra, J. Metals 1, 252 (1949); C. A. Wert, J. Appl. 
Phys. 20, 943 (1949). 
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produced new anelastic effects not present for the 
original solid solution. 

In one case, a fairly detailed investigation was 
carried out’ on aluminum containing one-half percent 
copper. An “anomalous” internal friction was found for 
specimens slowly cooled from a certain range of tem- 
peratures to room temperature. This effect was attrib- 
uted both to the precipitation of copper and to the 
presence of cold work in the specimen. The results were 
complicated by nonlinearity of the curve of logarithm 
of amplitude versus number of vibrations, by the 
measurements themselves affecting the behavior of 
the specimen, and by the occurrence of the “anomalous” 
effects only in intermediate stages of precipitation. 
The writer, in an attempt to extend this work of 
Ké, has found that the conditions for occurrence of 
the “anomalous” internal friction were very difficult to 
reproduce. In one experiment, for example, the effect 
was observed after a 400°C anneal, under which condi- 
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Fic. 1. Equilibrium diagram of the aluminum-zinc system 
(solid lines). 


tion no effect was obtained by Ké. The discrepancy 
may be due to differences in cooling rates or in slight 
composition differences between the specimens of Ké 
and those of the writer, which would be significant in 
virtue of the steep solubility curve for copper in 
aluminum. 

The present paper reports an investigation of ane- 
lasticity associated with precipitation of zinc from an 
aluminum-zinc solid solution (39.3 percent Zn). The 
constitution diagram, Fig. 1, shows that the equilibrium 
precipitate is almost pure zinc, rather than a complex 
intermetallic structure. The effects observed are quite 
different from those in the Al-Cu system: the loga- 
rithmic decrement curve is always linear at the low 
strain amplitudes employed; the measurements them- 
selves produce no changes in the specimens; finally, 
there is no indication that the observed effects require, 
for their occurrence, a cold-worked lattice. The physical 


‘T. S. Ké, Phys. Rev. 78, 420 (1950). 


origin of the observed anelasticity is discussed ang 
related to the mechanism of precipitation. 


SPECIMENS AND PROCEDURE 


The specimens used in this investigation are preparej 
by melting in air 99.992 percent pure aluminum ay 
adding to it 99.99 percent pure zinc. Chemical analysi 
shows a composition of 39.3 percent zinc in the resultj 
alloy. The casting is swaged at 200°C from a 0.5 to) 
inch diameter. It is then swaged and cold drawn dow 
to 0.032 inch. The specimens used are of this diamete 
and 10 inches long. Inasmuch as the final drawing open- 
tion leaves the material in a highly cold-worked stat. 
each specimen is annealed at 450°C for several hour, 

The internal friction is measured with a torsig, 
pendulum in which the specimen forms the suspension, 
Internal friction is reported as Q~', which is the log. 
rithmic decrement divided by 7, or by tan 6, where $j 
the angle by which strain lags behind stress under 
cyclic conditions. The two quantities Q~ and tan é ar 
equal to each other® when their magnitude is less thay 
0.1. The maximum shearing strain on the surface of 
the specimen is of the order 10~. 

Creep measurements are made in the same apparatus 
so arranged that the specimen wire acts as the suspen. 
sion of a moving coil galvanometer. The apparatus 
used in both types of measurement is very similar to 
that described by Ké.’ 

Elastic aftereffect measurements are made by main. 
taining a twist of the specimen wire through about 10° 
for the desired length of time, in the course of which 
stress is partly relaxed. Therefore, when the wire is 
released it does not return to the original zero point 
instantaneously; there is a residual anelastic strain 
which approaches zero in an exponential manner and 
whose magnitude depends upon the time interval over 
which the original torque is maintained. 

Specimens are quenched to room temperature froma 
solution temperature of 450°C by pulling them out of 
the annealing furnace directly into a trough containing 
water at room temperature. Throughout this paper 
such specimens will be referred to simply as “freshly 
quenched specimens.” 


CONDITIONS FOR THE OCCURRENCE OF 
ANELASTIC EFFECTS 


A freshly quenched specimen exhibits a value d 
damping between 6 and 8X10~ at room temperature. 
This magnitude is attributed to losses external to the 
specimen as well as to sources of internal friction other 
than that under consideration; it will be regarded asa 
background effect. If such a specimen is annealed, ot 
aged, at a higher temperature so as to promote pit 
cipitation, the room-temperature internal friction i- 
creases. In most cases the specimen acts as if tent 
porarily stabilized below the aging temperature, % 


®C. Zener, J. Appl. Phys. 18, 1022 (1947). 
7T.S. Ké, Phys. Rev. 71, 533 (1947). 











S10n, 


» dis 
nder 
b are 
than 
e of 


‘atus 
pen- 
atus 
ir to 


lain- 


rhich 
re is 
point 
train 
and 
over 


om a 
ut of 
ining 
yaper 
ashly 





EFFECTS FROM PRECIPITATION 


that internal friction may be measured as a function of 
temperature between 25°C and the aging temperature. 
Such data are shown in Fig. 2. The most striking result 
is the large increase produced in the internal friction 
curve by aging at 150°C and the subsequent decrease 
that occurs after aging for long periods at higher 
temperatures. It is significant to note that results 
similar to those of Fig. 2 are obtained independently 
of the time of the original annealing treatment (at 
450°C). Thus, it seems unnecessary to start with a cold- 
worked lattice in order to produce the observed effects 
(in contrast to the Ké experiments).° 

Measurements of the frequency of vibration of the 
pendulum are made simultaneously with the internal 
friction measurements. The dynamic modulus of rigid- 
ity! is proportional to the square of the frequency, /, 
when the internal friction is small, so that information 
supplementary to the internal friction may be obtained 
from plots of f? against temperature, as given in Fig. 3. 
The results are most unusual. For any relaxation pro- 
cess it can be shown! that the measured elastic modulus 
decreases as internal friction increases, and this result 
has always been obtained experimentally. In the present 
case, however, Fig. 3 shows that the dynamic modulus 
increases with aging to a maximum value 20 percent 
higher than that of the freshly quenched specimen. 
This result suggests the possibility that the observed 
internal friction is not associated with anelastic relaxa- 
tion after all. In fact, it has been shown, in one case® 
at least, that internal friction need not originate in a 
relaxation phenomenon. However, the observation of 
recoverable creep in specimens that show large internal 
friction (as described in the following section) verifies 
the fact that the present internal friction is of anelastic 
origin. The only reasonable explanation for the increase 
of rigidity with aging is related to the fact that precipi- 
tation occurs in the process and, therefore, that the 
elastic properties of the residual solid solution are 
altered. It has been shown experimentally by Késter 
and Rauscher,® and theoretically by Zener,!° that the 
elastic moduli of a solid solution are lower than those 
of the pure solvent lattice. Thus, as zinc precipitates 
from the aluminum-zinc solid solution, the modulus. of 
the residual solid solution increases. The magnitude 
of the observed change (about 20 percent) is in fair 
agreement with the value to be expected for this alloy 
in terms of Zener’s theory. The effect of this change of 
rigidity with concentration should correspond only to 
an increase of the unrelaxed (low temperature) modulus. 
As the internal friction climbs to high values, the plot 
of dynamic modulus versus temperature curves down- 
ward sharply, as in all anelastic phenomena.! 

The measurements of rigidity modulus serve a very 
useful function, now that the source of its increase 
with aging is established, in giving an indication of the 





*A.S. Nowick, Phys. Rev. 80, 249 (1950). 
*W. Késter and W. Rauscher, Z. Metallkunde 39, 111 (1948). 
"C. Zener, Acta Cryst. 2, 163 (1949), 
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@ RUN NO. 3-150°C.. 50 HOURS 
v RUN NO.4-205°C., 70 HOURS 
18 | RUN NO. 5~240°C.,.40 HOURS -/-. 
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Fic. 2. Variation of internal friction with temperature during 
a series of successive heat treatments. The specimen was initially 
freshly quenched. 


extent of precipitation corresponding to the various 
internal friction curves. As one example, the data of 
Run No. 2 (Fig. 3) indicate that only a fraction of the 
total precipitation has taken place after 15 minutes at 
150°C. Further aging for 90 minutes brings both the 
internal friction and rigidity curves (not shown in 
Figs. 2 and 3) practically up to the maximum values, 
shown as Run No. 3. Prolonged aging at 150°C beyond 
the first 2 hours results in little deviation in either 
internal friction or rigidity from the data of Run No. 3, 
even after the aging time has totalled 7 days. The above 
interpretation of the rigidity modulus permits us to 
conclude that practically all of the precipitation at 
150°C occurs within the first 90 minutes. 
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Fic. 3. Variation of the square of the frequency of vibration with 
temperature, corresponding to the data of Fig. 2. 
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A second application of the correlation of unrelaxed 
modulus with the extent of precipitation is in the 
analysis of the effect of prolonged aging at a high tem- 
perature on the internal friction. Figure 2 shows that 
after aging at temperatures above 150°C the internal 
friction curves begin to fall, while the curves of Fig. 3 
show a decrease in the modulus. The latter result is not 
surprising in virtue of the rapidly increasing solubility of 
zinc in aluminum above 150°C, as shown in Fig. 1. It can 
be concluded, therefore, that the decrease in internal 
friction is, at least in part, explained by the re-solution 
of zinc. However, the evidence which follows shows 
that the internal friction curve is not a unique function 
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INTERNAL FRICTION (Qx103) 
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Fic. 4. Internal friction curves at two different frequencies for 
a specimen aged 5 days at 150°C. The data correspond to a heat 
of activation of 23,000 calories per mole. 


of the quantity of precipitated zinc, but that it also 
depends upon the state of precipitation. 

(1) In Figs. 2 and 3, curves 5 and 6 show that after 
aging a specimen at 240°C, subsequent aging at 150°C 
increases the amount of precipitate (since the modulus 
increases) but the corresponding internal friction is 
unchanged. Thus, the precipitation that occurs upon 
the return to 150°C has no effect on the anelastic 
behavior of the material. 

(2) The final prolonged aging at 250°C produces a 
sizable drop in internal friction. Since this annealing 
treatment was carried out after the specimen was dis- 
mounted from the torsion pendulum, the proportion- 


NOWICK 





ality constant between f? and the rigidity modulus my 
have changed slightly during remounting. (For th 
reason Run No. 7 does not appear in Fig. 3.) Howeve 
the data are sufficiently reliable to show that the 
modulus in Run No. 7 returns practically to the Same 
values as in Run No. 5. Thus, the prolonged aging hy 
produced a large decrease in the internal friction 
although the quantity of precipitate is practically 
unchanged. 

(3) A specimen prepared in such a manner so as tj 


grow large grains of precipitate by bringing it from th § 


solution temperature to an aging temperature of 250° 
over a period of one week shows a downward curvatup 
in the internal friction curve above 100°C. It ap 
therefore, that both the shape and magnitude of th 
internal friction curve is dependent upon the state ¢ 
precipitation. 

From measurements of internal friction, the condi. 
tions for the occurrence of anelastic effects have been 
deduced. It is concluded that the observed inter 
friction is closely related to the precipitation of zin 
from solid soultion and that the magnitude of the 
observed effects is dependent upon the state of pre. 
cipitation, not simply upon the amount of zinc remaip. 
ing in solid solution. These deductions are supported 
by metallographic examination, as discussed in a later 
section. 


NATURE OF THE ANELASTIC EFFECTS 


In order to understand the physical origin of the 
anelastic effects discussed in the last section, it is 
necessary to investigate them in greater detail. For 
example, in numerous other investigations of anelas 
ticity,’ it is found that the internal friction depends 
upon angular frequency,w, and absolute temperatur, 
T, through a relation of the form 


tan 6=f(we¥/*7), (!) 


where H may be interpreted as the heat of activation 
for the elementary process producing the anelastic 
behavior, and R is the gas constant. This behavior 
results from the dependence of the mean time of the 
elementary process on temperature, through a Bolt 
mann factor. If Eq. (1) is valid, the curves of internal 
friction versus 1/T, for two different frequencies, may 
be superimposed by a horizontal shift. Such curves arte 
shown in Fig. 4 for a specimen that had been aged 5 
days at 150°C. The data show that, at least over the 
range of measurement, Eq. (1) is valid and that the 
value of H is 23,000 calories per mole +10 percent. 
Measurements on other specimens that had been aged 
at various temperatures to produce different states d 
precipitation are very similar; the observed heat d 
activation ranges between 22 and 24 kcal per mole; 
ie., all values are the same within experimental error. 

If all the elementary processes responsible for the 
anelastic behavior have the same probability per uml 
time for their occurrence, the material is said to show 
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a “single time of relaxation.” For any anelastic phe- 


PRECIPITATION 


m nomenon in which the elementary process is sufficiently 
ve # complex that the material does not show a single time 
the of relaxation, the distribution of relaxation times or 
im | “relaxation spectrum”! is of considerable importance. 
ha | For example, grain-boundary anelasticity’ cannot be 
in, | represented by a single time of relaxation, but only by 
ally | a distribution of relaxation times with maximum dis- 
' tribution density at a particular value. As a result of 
sty} this peak in relaxation distribution; there is a corre- 
the | sponding peak in the curve of internal friction against 
0'c f frequency at constant temperature, and, by virtue of 
tur f Eq. (1), in the curve of internal friction against tem- 
as, } perature at constant ‘frequency. Such a peak has not 
the @ been observed in the data of Fig. 2. It is, therefore, 
eat desirable to extend these curves to higher temperatures 
to see whether or not a peak is eventually reached. If 
nd | such a measurement is attempted, the properties of the © 
een | alloy change rapidly because of the increasing solubility 
mal} of zinc with rising temperature. There is, however, an 
zine} indirect method for obtaining the values that the 
the internal friction would have at higher temperatures if 
pref the rise of temperature produced no change of internal 
ain § structure in the specimen. Such data are obtained from 
rted | creep measurements at constant stress' by the approxi- 
ater § mate relation 
tand(w) = (4/2)[d Ine(t)/d Inf ),.-1/1, (2) 
where ¢(/) is the instantaneous strain of the specimen. 
the | From Eq. (2) it is possible to convert the creep data 
it is } into the dependence of internal friction on frequency. 
For | Then, with the help of Eq. (1) and the value of H, 
elas. | determined as described above, these results may be 
ends | converted into the dependence of internal friction on 
tur, } temperature corresponding to any desired frequency of 
measurement. Such a procedure was applied to the 
specimen from which the data of Run No. 7 (Fig. 2) 
() was obtained. The creep data are shown in Fig. 5, and 
tim | the corresponding extended internal friction curve 
astic f appears in Fig. 6. It should be noted that the curve has 
wiot § been extended into the region in which the alloy would 
the } form a homogeneous solid solution (see Fig. 1) if direct 
olt — measurements of internal friction versus temperature 
mal § were made. It is significant that the large anelastic 
may } strains measured in the creep experiment, Fig. 5, are 
sare f recoverable when the stress is removed. 
ed § The results that appear in Fig. 6 correspond to a 
‘the f distribution density of relaxation times that does not 
, the f pass through a maximum but increases for large relaxa- 
cent. § tion times, apparently, indefinitely. This conclusion, 
aged § deduced from creep and internal friction measurements, 
esaf § can be demonstrated more directly in a novel manner 
it if by means of measurements of elastic aftereffect. The 
nole; § principle behind the measurements is as follows. If a 
rot. § specimen, which exhibits anelasticity corresponding to 
the § 4 single time of relaxation, is held under constant strain 





for some time, stress relaxation occurs. When the 
torque is released, a residual strain decays to zero 
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Fic. 5. Creep measurements at 200°C on a specimen aged at 
250°C for 15 days (same specimen as Run No. 7 of Fig. 2). Strain 
and time are both plotted on a logarithmic scale. 


proportionately to exp(—//r), where 7 is the time of 
relaxation. If residual strain is plotted against log #, a 
curve is obtained that has a point of inflection at ‘=r. 
The position of the inflection point is independent of 
the length of time of twisting prior to the release of the 
specimen, provided only that sufficient relaxation has 
taken place to be experimentally measurable. If now 
the same technique is applied to a specimen that does 
not exhibit a single time of relaxation, the decay of 
residual strain will not be precisely exponential. When 
residual strain is plotted against log ¢, however, the 
curve will still show a point of inflection. Let the cor- 
responding time be defined as the effective time of relaxa- 
tion. It is characteristic of materials exhibiting a wide 
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Fic. 6. Extension of internal friction data by creep measure- 
ments. Circles are the experimentally measured internal friction 
data; the solid line is derived from the creep data of Fig. 5 using 
a heat of activation of 23 kcal/mole. 
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range of relaxation times that the effective time of 
relaxation is not independent of the length of time for 
which the original stress is maintained. The longer the 
wire is held in a twisted condition, the more relaxation 
involving longer relaxation times can occur. The effec- 
tive time of relaxation is therefore an increasing function 
of the time of twisting. That these predictions are con- 
firmed in the case of the anelasticity under investiga- 
tion is shown in Fig. 7. The residual strain at ‘=0 (the 
instant that stress is released) is also shown to increase 
rapidly with the time of application of stress; this result 
is equivalent to the rapidly increasing strain in the 
creep measurements of Fig. 5. 

It is now of value to examine the observed anelastic 
behavior from a phenomenological point of view. The 
above experimental results are consistent with two 
possible interpretations. The usual interpretation of 
such relaxation effects is to assume that they are a 
superposition of independent relaxation phenomena, 

























010 
TIME OF APPLICATION OF TORQUE 
— © 0.5 MIN 
x 10MIN 
4 2.5 MIN 
— 0.08 F—- @® 50MIN 
2 G 120 MIN 
< 
x -_— 
= 
“” 
Vv 
-— 006 
“” 
< 
=) 
~ — 
— 
o 
“” 
— ~ 
= 004 “Te 
Ss 
= a 
~ 
a 
H 0.02 
Sx, 
a OL ~S 
~ ve, 
0 l l n 
' 10 100 1000 
TIME (SEC) 


Fic. 7. Elastic aftereffect measurements at 60°C on a specimen 
aged 2 hours at 150°C. Curves show residual strain as a function of 
log time for various stressing times just prior to the measurements. 


each involving its own time of relaxation. In these terms 
the present effects correspond to a relaxation spectrum 
in which the density of relaxation times increases in- 
definitely toward large times. Even if a peak were to be 
reached at very long times, the total relaxation will be 
much larger than that produced by any superposition 
of relaxation times studied to date. Thus, this inter- 
pretation, although not ruled out by the measurements, 
is difficult to accept. It is much more reasonable to 
suppose that such large relaxations are produced not 
by a superposition of independent relaxations, but by 
a system of interdependent or coupled relaxations. Thus, 
the occurrence of one relaxation process makes possible 
a second process which could not have occurred without 
the first. Such a mechanism is described by Ké and 
Zener" in order to explain a continuously climbing 


" T. S. Ké and C. Zener, ooo \.. fhe ee en of 
; published by the ONR. 


Crystalline Solids, Pittsburgh, 1 
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internal friction curve, similar to that of Fig. 6, in 
highly cold-worked aluminum. It is shown that ¢j 
bands may be interdispersed in such a manner as to 
produce indefinitely large amounts of relaxation. It jg 
very likely that both the case of highly cold-worked 
material and the present anelasticity resulting from 
precipitation are examples of coupled relaxation, 


ATOMIC MOBILITY IN THE SUPERSATURATED 
SOLID SOLUTION 


By means of anelastic relaxation resulting from pre. 
ferential pair orientation,” it is possible to measure, at 
various temperatures, the mean time of stay of atoms in 
a homogeneous solid solution and from this information 
to obtain the mobility" (or ideal diffusion) coefficient. 
The time required for a measurement is of the order of the 
mean time for a single atomic jump, in contrast to con- 
ventional methods which require a length of time corre- 
sponding to diffusion through macroscopic distances, It 
is therefore possible to measure the time of a diffusion 
jump in a supersaturated solid solution before sufficient 
atomic movement has occurred to produce precipitation, 
Such measurements are of value for two reasons. First, it 
is desirable to know the rate of atomic movements during 
any precipitation process in order to understand the 
rate of formation and growth of the precipitate. 
Attempts to derive such information by extrapolating 
conventional diffusion data obtained at high tempera- 
tures in the region of solid solubility are usually value- 
less, because most diffusion data are not determined 
with sufficient accuracy to permit large extrapolation. 
The second purpose of measurements of mobility in 
the supersaturated aluminum-zinc solid solution is to 
obtain the heat of activation of the diffusion process 
for comparison with the heat of activation discussed in 
the last section. 

The total relaxation resulting from preferential pair 
orientation depends upon the difference in atomic radii 


of solute and solvent and upon the concentration of . 


solute. From the investigation of other systems," it 
can be predicted that in the present case (21 atomic 
percent zinc) the total relaxation should be of the order 
of 3 percent. Elastic aftereffect measurements on the 
supersaturated solid solution in the range 51.5°C to 
72°C show a relaxation of about 2 or 3 percent, in 
agreement with the value expected from pair reorienta- 
tion. In contrast to the case of specimens in which 


2 C. Zener, Phys. Rev. 71, 34 (1947). 

13 The diffusion coefficient as measured by conventional methods 
is the product of two factors (see, for example, the article by A. D. 
Le Claire in B. Chalmers, Progress in Metal Physics I (Inter- 
science Publishers Inc., New York, 1949), chapter VII: the first, 
which we may call the mobility coefficient depends on the mean 
time of stay of an atom, and is always greater than zero; t 
second is a thermodynamical factor which depends on the devia- 
tion from ideality and is equal to unity for an ideal solution. In 
the present supersaturated solution, the measured diffusion coefi- 
cient is negative since segregation takes place. At high tempera- 
tures, where ideality is approached, the diffusion and mo ility 
coefficients become very nearly equal. 

“4 A. S. Nowick (to be published). 
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EFFECTS FROM PRECIPITATION 
recipitation has occurred (Fig. 7), the measured time 
of relaxation is independent of the prior time of twisting, 
except that after long twisting times a second relaxation 
occurs. The latter is attributed to grain-boundary re- 
jaxation following the pair-reorientation effect. When 
measurements above 72°C are attempted, it is no longer 
possible to reproduce the data at the lower tempera- 
tures; the time of relaxation rapidly decreases by 
about a factor of ten. Evidently, in the time required 
to stabilize the temperature and to carry out the 
measurements above 72°C, enough precipitation takes 
place to change the anelastic properties of the specimen. 
The data from the measurements on the supersaturated 
solid solution are presented in Fig. 8; each point is the 
average of the results of two or three measurements of 
elastic aftereffect. The straight line in this figure 
corresponds to a value exp(AS/R)~10, where AS is the 
entropy of activation. Such a value for the entropy 
factor is in agreement with theoretical expectations." 
When the data of Fig. 8 are converted into mobility 
coeficients, and the best straight line extended to 
high temperatures, through eight logarithmic decades 
in the mobility, excellent agreement is obtained with 
the published diffusion data’® corresponding to the 
same alloy composition. It is therefore possible to 
describe the mobility coefficient for the solid solution 
of the present alloy very precisely by 


Dm=0.14 exp(—25,400/RT). (3) 


From the results of the measurements described in 
this section, we may conclude that bulk diffusion cannot 
be the rate-determining process in the anelastic be- 
havior that occurs after precipitation. This conclusion 
follows, first, from the fact that the heat of activation 
for the diffustion process seems to be about 10 percent 
greater than that involved in the anelasticity resulting 
from precipitation, and more directly, from the ob- 
servation that the initial time of relaxation after pre- 
cipitation is substantially lower than the time of 
relaxation resulting from pair reorientation at the 
same temperature. (For example, compare the first 
run of Fig. 7 with value of 7 at 60°C in Fig. 8.) 


METALLOGRAPHIC INVESTIGATIONS 


Metallographic examination of portions of the wire 
specimens used in the earlier sections of this investiga- 
tion serves a valuable purpose in correlating the ane- 
lastic effects observed during precipitation with the 
actual mechanism of precipitation. It is important for 
what follows to distinguish between continuous and 
discontinuous precipitation. Continuous precipitation is 
characterized by a more or less uniform precipitation 
throughout the grains and is such that the matrix is 
depleted at much the same rate at every point. Dis- 
continuous precipitation, on the other hand, is char- 


*C. Zener, J. Appl. Phys. 22, 372 (1951). 


Mehl, Rhines, and von den Steinen, Metals and Alloys 13, 
41 (1941) 
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Fic. 8. Time of relaxation for pair reorientation as a function 
of temperature for the supersaturated aluminum-zinc solid solu- 
tion. The heat of activation for the straight line shown is 25,400 
cal/mole. 


acterized by a preferential precipitation at the grain 
boundary which spreads inward so that decomposition 
occurs at an advancing interface. 

Examination of freshly quenched specimens subjected 
to heat treatments similar to the specimens used in 
anelastic measurements shows the following. In the 
early stage, before large changes are produced in the 
internal friction, some continuous precipitation is 
visible. The onset of discontinuous precipitation is 
coincident with a large increase in the internal friction, 
as in the early runs of Fig. 2. A photomicrograph 











Fic. 9. Photomicrograph showing discontinuous precipitation 
in a specimen aged 10 minutes at 160°C. Electrolytically polished 
and etched in nitric acid-methy] alcohol solution. < 150. 
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Fic. 10. (a) Regular network of stress-relaxing interfaces. 
Regions (hatched) in which shear stress is partly relaxed do not 
overlap. Case of a superposition of independent relaxations. (b) 
Schematic diagram of a fragmented lattice (lines connecting inner 
and outer hexagons omitted for simplicity). Overlapping regions 
of relaxation. Case of coupled relaxations. 


showing an example of discontinuous precipitation 
after an aging treatment of 10 minutes at 160°C is 
presented in Fig. 9. Similar effects are observed at 
75°C after 2 or 3 hours. After the advancing interface 
has enveloped the entire grain, the effect of aging at 
temperatures above 150°C for considerable lengths of 
time is to produce coarsening of the precipitate par- 
ticles. These effects may be associated with the decline 
of internal friction after prolonged aging. 


DISCUSSION 


A discussion of the mechanism of precipitation from 
supersaturated aluminum-zinc alloys will be presented 
in this section, and it will be shown that the observed 
anelastic effects may be understood in terms of this 
mechanism. We must first note that the equilibrium 
precipitate is zinc in a hexagonal structure (the S-phase 
of Fig. 1). Such a precipitate cannot form immediately 
in the f.c.c. lattice of the supersaturated solid solution, 
but, undoubtedly, there is a tendency for zinc-rich 
and zinc-poor regions to be formed within the f.c.c. 
structure. In the case of the present alloy system, it is 
proposed here that a metastable equilibrium exists, 
represented by the segregation into two f.c.c. lattices 
shown by the dotted curves of Fig. 1. These curves are 
simply an extension of the solubility gap (the a+a’ 
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region) which represents the equilibrium phases aboye 
275°C. Thus, the first stage of continuous precipitation 
is a tendency toward segregation, a process that involyes 
bulk diffusion. Although the atomic mobility at the 
aging temperature may not be prohibitive to ’ 
tion into closely spaced regions of alternately high and 
low zinc concentrations, another factor must be taken 
into account. When such segregation takes place so as 
to keep the lattice coherent, a large strain energy ig 
developed due to the differences in atomic diameter of 
zinc and aluminum. As soon as this strain energy be. 
comes equal to the free energy difference between the 
segregated and homogeneous states, segregation can. 
not continue. 

There is a competing process to continuous segrega- 
tion. At the grain boundaries of the alloy, where there 
is a high degree of disorientation, nuclei of the equilib- 
rium (hexagonal) precipitate may form. Because the 
diffusion rates along the grain boundaries are more 
rapid than bulk diffusion, clustering of zinc about these 
nuclei occurs rapidly. This grain-boundary precipita- 
tion is the first stage in the process of discontinuous 
precipitation, in which decomposition occurs at an 
advancing interface leaving a two-phase region behind 
the interface of very nearly the equilibrium composition, 
Various investigators'’~*° of discontinuous precipita- 
tion in other systems have observed that the matrix in 
the region behind the interface consists of minute 
grains or “crystallites.” A possible mechanism for the 
occurrence of such “fragmentation” has been de- 
scribed.’**! It is assumed that, in the course of precipi- 
tation in the grain boundaries, strains are created in the 
surrounding matrix which may eventually become 
large enough to create plastic deformation, or slip 
bands, locally. This result may be regarded as a frag- 
mentation of the surrounding lattice to relieve the 
strains created by the precipitate. The slip bands 
formed in the region about the initial precipitation are 
similar in structure to the original grain boundary; ie,, 
they are regions of misfit between differently oriented 
regions. Further precipitation occurs in these newly 
formed bands, thereby creating new strains which 
lead to further plastic deformation. Thus, the boundary 
of the decomposed region is propagated into the lattice, 
starting at the original grain boundary, i.e., discon- 
tinuous precipitation occurs. 

An explanation can be given for the anelastic behavior 
of specimens in which discontinuous precipitation has 
occurred, which depends only upon the fact that the 
lattice is fragmented, i.e., that it consists of an irregu- 
lar network of surfaces across which the coherency of 


17C. S. Smith, Age Hardening of Metals, Symposium of the 
American Society for Metals, 1940, p. 425. 

18 Jones, Leech, and Sykes, Proc. Roy. Soc. (London) All, 
154 (1942). 

1M. L. V. Gayler, J. Inst. Metals 72, 543 (1946). 

2M. L. V. Gayler and W. E. Carrington, J. Inst. Metals 73, 
625 (1947). 

=H. K. Hardy, J. Inst. Metals 75, 707 (1949). 
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the lattice is broken. Such surfaces may be regarded, 
phenomenologically, as incapable of sustaining a shear 
stress except near their boundaries. Zener” has shown 
that a regular network of incoherent interfaces pro- 
duces a limited total relaxation, whose value is inde- 
pendent of the size of the grains. Such a network is 
illustrated schematically in Fig. 10 (a); the regions 
within which partial relaxation of shear stress occurs 
are approximately spherical* and nonoverlapping. 
Thus, it is possible to think of the total relaxation as a 
superposition of contributions from each of the stress- 
relaxing interfaces. The more complicated and irregular 
network of a fragmented lattice, as shown schematically 
in'Fig. 10 (b), involves an overlapping of the regions 
in which shear stress is relaxed. The behavior of such a 
material differs greatly from one in which the regions 
are nonoverlapping; relaxation of stress in one region 
increases the stress in its neighbor, and this increased 
stress must be subsequently relaxed. Therefore, the 
total relaxation that can be produced in a fragmented 
lattice may be considerable compared to that which 
corresponds to a superposition of independent effects. 
The case under discussion falls into the category of 
coupled relaxations, described earlier. Inasmuch as 
heavy cold working of a metal produces a fragmentation 
of the lattice, it is not surprising that the anelastic 
effects in such metals" are qualitatively similar to the 
effects resulting from discontinuous precipitation. 

The observations reported in this paper are com- 
pletely consistent with the above mechanism. As long 
as the discontinuous precipitation has not enveloped 
the entire lattice, both internal friction and elastic 
modulus change rapidly with aging time at 150°C as 
shown in Run No. 2 of Figs. 2 and 3. Once precipitation 


2C, Zener, Phys. Rev. 60, 906 (1941). 
% Reference 1, p. 128. 
*W. A. Wood, Proc. Roy. Soc. A172, 231 (1939). 
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is complete, both internal friction and modulus reach 
fairly constant values, represented by Run No. 3, and 
remain unchanged over long periods at 150°C. Further 
changes involve bulk diffusion, so that higher tempera- 
tures or much longer times are required than those 
needed for the original precipitation process which 
involved the more rapid diffusion along incoherent 
interfaces. Two processes occur concurrently upon pro- 
longed aging at higher temperatures: the growth of 
precipitate particles, and the recrystallization of the 
matrix by the formation of larger coherent regions. In 
the preliminary stages the smallest surfaces of in- 
coherency, i.e., those which have the shortest relaxation 
times, disappear. This results in a shifting of the internal 
friction curve toward higher temperatures, as actually 
observed (Fig. 2). It is to be expected that the heat of 
activation for the relaxation process will be no different 
after this shift, in agreement with experiment. Even 
when growth has occurred to the extent that the par- 
ticles are resolvable under the microscope and the 
matrix has completely recrystallized, very large stress 
relaxations are still possible provided the particles of 
precipitate are in the form of plates. The surfaces of 
such plates are incapable of sustaining a shear stress, 
and the distance over which relaxation occurs is of the 
order of the diameter of the plate. Thus, if the plates 
are sufficiently dense so that spherical regions surround- 
ing them overlap, coupled relaxation occurs and large 
relaxations are possible. Such a plate structure is ob- 
served in specimens aged at 250°C. 

In conclusion, the author wishes to express his 
appreciation to Drs. C. Zener, C. S. Smith, and L. 
J. Dijkstra for their interest in this investigation 
and for valuable discussions; to Mr. K. K. Ikeuye 
for the metallography, and to Mr. A. Vernon for 
assistance both in the construction and utilization of 
the equipment. 
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Recovery of Selenium Rectifiers after a Voltage Pulse in the Blocking Direction 
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The capacitance of selenium rectifiers which have been subjected to a voltage pulse in the blocking direc- 
tion is found to be temporarily decreased after the pulse has ceased. The recovery of the changed capacity to 
its original value is investigated as a function of pulse height, pulse duration, and temperature. The speed of 
the recovery can be greatly increased by illumination (through a transparent electrode) with light of the same 
spectral range which is effective in causing the photoeffect in selenium photovoltaic cells. This is an indication 
that the phenomenon is of electronic and not of ionic nature. 

As an explanation it is proposed that an electric pulse in blocking direction removes electrons from elevated 
energy states in the electrode-selenium boundary. Recovery occurs because electrons are returned to the 
elevated energy states by thermal agitation and also by photoelectric effect if the selenium is illuminated. 





I. INTRODUCTION 


HE impedance of dry disk rectifiers and barrier 
layer photocells is usually measured in a bridge 
circuit at audio frequency.'? The dependence of the 
impedance on frequency shows that at sufficiently small 
voltages the rectifier behaves (in first approximation) as 
a capacitance shunted by a comparatively large resist- 
ance and with a comparatively small resistance in series. 
The capacity and the parallel resistance are ascribed to 
the barrier layer of the dry disk rectifier. The series 
resistance is ascribed to all resistances arising outside 
the barrier layer, particularly to the bulc resistance of 
the semiconductor from which the rectifier is made. If 
the rectifier is balanced in a symmetric bridge circuit by 
a capacitance shunted by a resistor, the capacity can be 
identified approximately with the barrier layer capacity 
and the resistance with the barrier layer resistance, 
since one may as a first approximation neglect the small 
series resistance. The capacity and resistance of the 
barrier layer are functions of a dc bias voltage over 
which the small ac voltage of the bridge is superimposed. 
The capacity decreases with increased bias voltage in 
the blocking direction. 
After the removal of a bias applied in the blocking 
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Fic. 1. Circuit diagram for the .measurement of the aftereffects 
of a current pulse on the impedance of selenium rectifiers. 


1 W. Schottky and W. Deutschmann, Physik. Z. 30, 839 (1929). 
?L. A. Wood, Rev. Sci. Instr. 4, 434 (1939). 


direction at a selenium rectifier, the capacity does not 
return immediately to the equilibrium value at zero 
bias.* The recovery of the capacity from the value at 
bias to the equilibrium value at zero bias consists of two 
steps: Most of the change in capacity takes place 
practically immediately after the bias is removed. The 
rest recovers gradually. This gradual recovery after 
subjecting the rectifier to electric pulses in blocking 
direction has been studied as function of pulse duration, 
pulse height, temperature, and time of recovery. 


Il. EXPERIMENTAL ARRANGEMENT 


Figure 1 gives a schematic diagram of the circuit used 
for the generation of the current pulse and for the 
measurement of the rectifier impedance. The current- 
flow through the pentode is blocked by a highly negative 
grid bias, unless the phototube is illuminated. The 
duration of illumination can be varied from one second 
down to 1/500 sec by a camera shutter. Longer current 
pulses have been generated in the same way by using the 
time-position of the shutter. The height of the current 
pulse, which flows through the pentode while the 
phototube is illuminated, is regulated by means of a 
variable cathode follower resistance. The switch S con- 
nects the selenium rectifier either to the pulse generator 
or to an audio frequency impedance bridge, which is 
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Fic. 2. Recovery of the impedance of a selenium rectifier after 
a current pulse (0.3 ma, 0.1 sec) in the blocking direction. The 
curves differ in frequency used on the impedance bridge; area of 
rectifier 7.75 cm. 


3K. Lehovec, Phys. Rev. 78, 348 (1950). 
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balanced by the capacity “C” shunted by the resist- 
ance “R.” 

A typical experiment is performed as follows: First 
the bridge is balanced for zero bias voltage at the 
rectifier. Then the rectifier is connected to the pulse 
generator by means of switch S, and a square current 

ulse is sent through the rectifier by illuminating the 
phototube. Then the rectifier is connected back to the 
bridge circuit by switch S. It is found that the bridge is 
no longer balanced. However, the balance re-establishes 
itself after waiting for a sufficient time. During the 
gradual recovery the bridge can be rebalanced by hand. 
Thus, the relative deviations AR/R=(R.—R,.)/R. and 
AC/C=(Ci—Cw)/Cw (Rt, Ce momentary values; Rx, Cx 
equilibrium values) are measured as functions of time. 

The rebalancing of the bridge by hand is cumbersome. 
Hence, the recovery of the rectifier was characterized by 
the voltage developed across the zero branch (indicator 
branch) of the bridge when the capacity C and the 
resistance R were left at their original balance values. 
This voltage is caused by the combination of two factors: 
a change in the rectifier capacity and a change in the 
rectifier resistance. A calculation shows that the voltage 
developed in the zero branch of the bridge is propor- 
tional to [(AR/R)?+ (wRC)*(AC/C)? }}. It was found by 
actual rebalancing of the bridge during the recovery, 
that AR/R and AC/C were of the same order of magni- 
tude. In most of the experiments performed, the product 
wRC>1. In this case the square root becomes pro- 
portional to AC/C, and so does the voltage across the 
zero branch of the bridge. This voltage was registered on 
an automatic recorder. Hence, it was possible to obtain 
from the voltage developed across the zero branch of the 
bridge the value AC/C. 


Ill. EXPERIMENTAL RESULTS 


The decay of AC/C has been investigated as a func- 
tion of time and of the following factors: 


. ac frequency used at the bridge. 

. de bias at the rectifier. 

. height and duration of the current pulse. 
. temperature. 

. rectifier preparation. 


ed 


1. Influence of ac Frequency Used for the 
Bridge Measurement 


Preliminary measurements of AC/C as function of 
time have shown that the shape of the decay curve does 
not alter very much with the various ac frequencies used 
for the capacity measurement (see Fig. 2). Hence, we 
have diminished the number of variables by choosing 
5000 cps as a standard frequency of the bridge. The 


decay curves do not follow an exponential law, or an 
inverse time law. 


2. Bias at the Rectifier 


The aftereffect of a current pulse was studied on the 
rectifier under zero bias condition. Pulses in forward 
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Fic. 3. Recovery after pulses of various duration from yy to 
300 seconds. Pulse height: 0.4 ma; area of the rectifier: 7.75 cm*; 
room temperature. (For the definition of AC/C see text.) 


direction did not show any appreciable aftereffect unless 
pulse voltages higher than one volt were applied. At 
such voltages currents of the order of 100 ma/cm? flow, 
and the power dissipation in the rectifier becomes an 
important factor. The influence of such pulses in for- 
ward direction was not studied. The pulses in blocking 
direction had a distinct aftereffect, even if the voltage 
of the pulses was kept so small that the heat generation 
due to the dissipated power was negligible. 

Another restriction imposed on the size of the pulses 
consisted in the condition that the rectifier should re- 
cover fully after the pulses. Partially irreversible effects 
which are well known from the “current forming” of 
technical selenium rectifiers were thus avoided. 


3. Influence of Height and Duration of the 
Current Pulses 


Figure 3 shows recovery curves after pulses of various 
duration but constant height. Figure 4 shows recovery 
curves after pulses of various height but constant 
duration. The pulse height is given in terms of current. 
These values can be transformed readily into voltages, 
since the rectifier dc resistance was nearly constant 
(4000 ohms; area 7.25 cm?) in this range of current. 
Figure 5 shows AC/C, measured 5 seconds after the 
pulse has ceased, as function of pulse duration. It is seen 
that the change in the rectifier caused by passing a pulse 
and indicated by AC/C increases nearly linearly with 
pulse duration for a sufficiently small pulse duration, 
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Fic. 4. Recovery after pulses of various height from 0.05 to 0.4 
ma. Pulse duration: 1 minute; area of the rectifier: 7.75 cm*; room 
temperature. (For the definition of AC/C see text.) 
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DURATION OF PULSE IN SECONDS 


Fic. 5. The change of the capacity measured 5 seconds after the 
pulse has ceased as a function of pulse duration. 


but becomes nearly independent of pulse duration for a 
sufficiently long pulse duration. The curves of Fig. 5 
resemble the charging of a parallel combination of 
resistance and capacitance; they cannot be explained, 
however, by the external time constant (RXC) of the 
rectifier, which was only of the order of 1 millisecond. 

Consider the two curves of Figs. 3 and 4, which start 
with AC/C ~8 percent. These curves decay in a nearly 
identical manner, though the pulse consisted in one case 
of 0.4 ma during 20 seconds and in the other case of 0.3 
ma during 60 seconds. From this and other examples we 
conclude: Given the initial change of capacity after the 
pulse (e.g., the value of AC/C, 5 seconds after the pulse), 
the decay curve is independent of the manner in which 
this initial change was created. However, if a given 
AC/C value is reached during the recovery at various 
times /* after a pulse (/* depending on the size of the 
pulse), the speed of recovery at this particular AC/C 
does depend on the time /*. This is recognized readily 
from either Fig. 3 or Fig. 4 by comparing the slopes of 
the various curves at a given AC/C (e.g. —5 percent). 
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b) PULSE OISMA 


a) PULSE 0.075 MA DURATION | SECOND 


DURATION | SECOND 


| 
20°C 
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TIME IN SECONDS TIME IN SECONDS 
Fic. 6. Dependence of the recovery on temperature. (a) Pulse 


of 0.075 ma during 1 second. (b) Pulse of 0.15 ma during 1 second 
(area of the rectifier 7.75 cm?). 
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4. Dependence on Temperature 


Figures 6(a) and 6(b)show recovery curves at different 
temperatures after the same current pulse. After a given 
current pulse the rate of decay (slope of the curves) 
increases with increasing temperature. Measurements at 
lower temperatures have shown that the recovery takes 
many hours below — 20°C. 


5. Rectifiers of Different Preparation 


The values represented in Figs. 2-5 were measured 
using the same rectifier, which had a Cd-alloy electrode 
sprayed directly on the selenium without any lacquer 
layer (artificial barrier) in between. Rectifiers of differ. 
ent manufacturers (with chlorine, bromine, or iodine 
additions to the selenium) showed no large difference 
with respect to the recovery after pulses, as long as no 
artificial barriers were used. 


10 


-AC/C IN & 





° 30 60 90 120 
TIME IN SECONDS 


ELECTRODE R 


HMS mcrora SEC MICRO A PS 
it AM 
Cu 300 005 0.47 10 500 Von® 


Ag 266 0.088 0.73 10 300 0.39 
cd 2870 0.169 15 10 30 0.57 


Fic. 7. Recovery of selenium rectifiers with various counter 
electrodes after a pulse of 10 seconds duration (area of rectifier 
3.2 cm?). 


To investigate a possible influence of the electrode 
material, rectifiers with evaporized Cd, Cu, and Ag 
electrode have been investigated also. Qualitatively, the 
aftereffects of a pulse are the same for these different 
electrode materials. A quantitative comparison is difi- 
cult, since the values of resistance and capacitance were 
quite different, depending on the electrode material 
(see table in Fig. 7). Whereas in the case of the Cd 
electrode wRC>>1, in the cases of the Cu and Ag 
electrode wRC 1. Hence, in the case of the Cu and Ag 
electrodes the unbalance of the bridge after the pulse 
may have been caused to a considerable extent by a 
change of the resistance of the rectifier. Since the 
recorder reading is calibrated by changes in the capacity 
at fixed resistance, the actual change in capacity will be 
less then that read from the recorder. If AC/C were 
equal to AR/R, the reading from the recorder would 
have to be multiplied by a factor wRC/[1+(wRC)*}! 
in order to obtain the actual change in capacity. These 
values were plotted in Fig. 7. 
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In order to obtain relative changes AC/C of the same 
order of magnitude for the selenium rectifiers of different 
electrode materials, it was necessary to change the 
current pulses considerably. However, it will be noticed 
from the table in Fig. 7 that the voltage of the pulse 
remained of the same order of magnitude. This suggests 
that it is rather the voltage of the pulse which is 
responsible for the phenomenon under investigation. 
This reasoning is not conclusive, however, since many 
other parameters have also changed by varying the 
electrode material. 


IV. PRELIMINARY EXPERIMENTS ON THE 
INFLUENCE OF LIGHT ON THE RECOVERY‘ 


In order to investigate the influence of light on the 
recovery, a selenium rectifier with a transparent elec- 
trode was produced by evaporating a thin Cd layer on 
selenium. A pulse in blocking direction was sent through 
the rectifier, which was kept in the dark; and the initial 
part of the recovery of the capacity was recorded in the 
ysual manner. Before full recovery, the rectifier was 
illuminated. Upon illumination a complete return to the 
equilibrium value occurred (see Fig. 8) which persisted 
after the illumination. The acceleration of the recovery 
increases with increasing light intensity. The range of 
wavelength of the light that is most effective in ac- 
celerating the recovery is the same (0.4-0.8 micron) as 
that which produced the photovoltaic effect in the 
sample under investigation. 

It is well known that illumination with light of suit- 
able wavelengths causes an increase in capacity and a 
decrease in resistance in the selenium barrier layer cells. 
In what follows these effects will be referred to as 
“photovoltaic effects.”” Though the photovoltaic effects 
may compensate partially for the decrease of capacity 
caused as an aftereffect of a voltage pulse in the blocking 
direction, they are not sufficient for an explanation of 
the phenomenon shown in Fig. 8 for two reasons: 
(1) The recovery of the selenium rectifier, owing to 
illumination, described in this paper is a permanent one, 
persisting after the illumination has ceased. (2) A full 
recovery can be reached in a few seconds by light in- 
tensities which are so low, that hardly any change of 
capacity caused by the photovoltaic effects mentioned 
above is measurable. 


V. DISCUSSION 


Since we have found the after effects of electric pulses 
in the blocking direction in all selenium rectifiers so far 
investigated, including those with various electrode 
materials, it is concluded that the aftereffects are caused 
by changes taking place within the selenium or at the 
selenium surface. The acceleration of the recovery by 
illumination indicates electron transitions as the rate- 
determining step of the recovery and excludes any 
explanation based on ionic conduction in the barrier 





4 . . — . 
An extensive report on these experiments is in preparation. 
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Fic. 8. Acceleration by illumination with dim daylight of the 
recovery of a selenium rectifier from the effects of a voltage pulse 
(1 volt, 0.1 ma, 10 sec). 


layer.’ It seems reasonable to assume that electron 
transitions are also the cause of the recovery in the dark. 

In case of the recovery in the dark, the electron 
transitions are ascribed to thermal agitation, which 
view is supported by the increased rate of recovery with 
increased temperature. For a more detailed explanation 
of the phenomena dealt with in this paper we have to 
discuss the possible causes of a change in the capacity 
of the barrier layer. 

Let us briefly recapitulate some of the basic concepts 
about the barrier layer in selenium rectifiers. In selenium 
the current is carried by holes which are equivalent to 
positive elementary charges. The holes arise from the 
capture of electrons of selenium atoms by “impurities.” 
In the bulk selenium the negatively charged impurities 
neutralize the positively charged holes. At the contact 
of a suitable electrode some electrons from the electrode 
enter the adjacent part of the selenium and annihilate 
the holes. In this part the negative space charge of the 
impurities remains uncompensated. The space charge 
layer is called the barrier layer. The thickness of the 
barrier layer determines its capacity. 

Figure 9 shows the field intensity in the barrier layer 
as function of position. The slope of the curve is, ac- 
cording to Poisson’s law, proportional to the local space 
charge. The area under the curve is the potential across 
the space charge layer. It may be seen from the figure 
that a decrease in the negative space charge of the 
barrier layer causes a decrease of the capacity, provided 
that the potential across the barrier layer is kept 
constant. 

The electrical potential across the barrier layer at 
zero applied bias is the difference in the chemical po- 
tentials of the electrode material and the selenium. We 


5 Tonic migration has been proposed by F. Rose and R. Schmidt, 
Z. Naturforsch. 2A, 226 (1947), as an explanation of the electric 
forming of dry disk rectifiers. 
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FIELD INTENSITY——— 














Position in the barrier layer 
(x<0: electrode) 


Fic. 9. Schematic representation of the field intensity distribu- 
tion in the barrier Jayer. At a given voltage across the barrier layer 
(area under the curve) the thickness of the barrier layer increases 
if the space charge (slope of the curve) diminishes (compare the 
curves a and b). 


are therefore justified in assuming that the electrical 
potential across the barrier layer, at zero bias, is a 
constant of the materials at constant temperature. If a 
bias voltage in blocking direction is applied, the po- 
tential across the barrier layer equals the applied volt- 
age plus the difference in the chemical potentials. In 
order to accommodate to the larger potential the space 
charge layer has to expand (see Fig. 10(a), (b)). This is 
the reason for the decrease in capacity if a bias voltage 
is applied in the blocking direction. After the pulse the 
greater part of the accommodation of the space charge 
layer to the new equilibrium position occurs momen- 
tarily: a small part occurs gradually. Evidence for this 
may be seen in the measurements of AC/C as a function 
of time. The practically momentary part of the accom- 
modation is ascribed to the adjustment of the hole dis- 
tribution to the change in bias voltage. We propose 
the following explanation for the slow part of the ac- 
commodation (this explanation is not the only possible 
one, but it is that which seems most likely to the 
author): 

In the boundary layer of the selenium there are 
elevated energy levels for electrons, which may be im- 
purity levels or surface states.* In thermal equilibrium 
these states are (partially) filled with electrons. The 
applications of a field in the blocking direction removes 
some of these electrons from the elevated energy states 
and sends them into the electrode. In this way the 
voltage pulse creates positive ions. These positive ions 
neutralize a part of the negative space charge of the 
barrier layer caused by the negatively charged im- 
purities, as shown in Fig. 10(c). In order to maintain the 
potential across the barrier layer, holes from the bulk 
selenium move into the electrode and the barrier layer 
expands (the capacity decreases). The recovery is con- 
nected with the return of electrons into the elevated 
energy states, as indicated in the Fig. 10(d). The ac- 
celeration of the recovery by illumination may be ex- 
plained as follows: By the photoelectric effect pairs of 


* J. Bardeen, Phys. Rev. 71, 717 (1947). 


electrons and holes are released in the selenium lattice. 
The electric field in the barrier layer is of such polagj 
that it drives the electrons toward the electrode.’ They 
electrons are captured by the elevated energy state, 
which have been deprived of their electrons by the 
voltage pulse. Thus recovery is accomplished. We do ng 
need to go into a detailed discussion of the movement of 
the holes, since we have already stated that the speed of 
this movement is so fast that this process is immateriy| 
for an explanation of the slow recovery rate. 

A quantitative estimate on the number of electrons 
removed from the elevated energy states by a Voltage 
pulse as used in our experiments may be gained as 
follows: 

(a) From a comparison of the speed of recovery under 
illumination with the amount of current obtained by the 
photovoltaic effect. The photocurrent gives the number 
of electrons passing the barrier layer in unit time. Each 
of these electrons can be captured by no more than one 
of the energy levels which have been deprived of their 
electrons by the voltage pulse. We observed for q 
certain light intensity a photocurrent of 5X 10~ amp/ 
cm’. The same light intensity caused a full decay 
of the change of capacity after a voltage pulse in 
about 10 seconds. Hence, the number of energy levels 
which have been deprived of their electrons by the 
particular voltage pulse used must be less than (or equal 
to) 5X10-*X 10/1.6K 10—'* = 3X 10" per cm”. 

(b) From the change of capacity after the pulse has 
ceased. The potential V across the barrier layer is 
connected with the space charge .V in the barrier layer 
by the equation [this equation follows from integration 
of Poisson’s equation, assuming that 0V/dx~0 for 
x>d (bulc semiconductor) }: 


d 
V=(¢/ea): f N(x)-x- 0x 
0 


(€9>=8.86X 10- amp sec/volt cm; e=dielectric constant; 
e=1.6X10-" amp sec; V in volts; V in cm; xin cm). 
This equation shows that the contribution of the space 
charge to V is the more effective the larger its distance 
x from the electrode. Without any applied voltage, V 
may be considered as a constant. A temporary change 
in space charge — AN has therefore to be compensated 
by a temporary expansion Ad of the barrier layer. If, 
at x=d, AN is small in comparison to V, one has 


. d 
V(@)-d-Ad=ay- f AN (x)- dx 
0 
where 2 is a suitable average value for the location of 


the change in space charge AN (x). Considering that 
Ad/d='|AC/C}|, one obtains 


d 
f AN (x)-dx=N-d?/x-|AC/C |. 
0 


7N. F. Mott, Proc. Roy. Soc. (London) A171, 281 (1939); & 


Lehovec, Phys. Rev. 76, 463 (1948). 
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The order of magnitude of NV can be estimated from 
measurements of the capacity as function of the bias 
yoltage.* One finds N~10"% cm™. |AC/C| is of the 
order of 10-'. The thickness of the barrier layer at zero 
bias voltage is of the order d~10~* cm, as may be 
estimated from the measured capacity and from the 
dielectric constant of the selenium. Hence for x»~d 
(uniform distribution of AN !) one obtains 10° per cm’, 
whereas for x9 10-7 cm (surface states!) one obtains 
{0" per cm?. We prefer the later value, that is in agree- 
ment with the value derived under (a). 


VI. RELATED PHENOMENA 


In the literature observations are reported which 
sem to us to be related to the topic of the present paper. 
Some of these are discussed in what follows. 

L. A. Wood? measured the impedance of selenium 
photovoltaic cells and found that “upon illumination 
the new values are reached more quickly than the bridge 
could be set but the recovery in the dark (or at decreased 
illumination) took place only after more than ten 
minutes. The recovery shows a very rapid drop followed 
by a gradual decrease to its former value. In one case 80 
percent of the recovery occured in the first minute, the 
remainder in 15-20 minutes.” 

The effects observed by L. A. Wood and those ob- 
srved by us differ in the following respect: L. A. Wood 
uses light pulses as the perturbing influence, we use 
voltage pulses in the blocking direction. Illumination 
causes an increase in capacity; voltage pulses, in the 
blocking direction, cause a decrease in capacity. L. A. 
Wood’s experiments and our experiments are similar in 
the following respects: Most of the perturbance vanishes 
immediately with the perturbing influence. The rest 
decays gradually. On the basis of our discussion of 
the connection between space charge in the barrier layer 
and capacity, the temporarily increased capacity in 
L. A. Wood’s experiments found after’ a light pulse has 
to be ascribed to an increase of the negative space 
charge in the barrier layer. We ascribe the increase of 
the negative space charge to the fact that electrons 
released photoelectrically in the selenium are trapped in 
elevated energy states. It seems reasonable to assume 
that these elevated energy states are the same as those 
which are responsible for the after effects of a voltage 
pulse. However, the voltage pulse releases electrons 
from the elevated levels while the light fills them up 
with electrons. If that is so, these energy states are, of 
course, only partially occupied by electrons in thermal 
equilibrium. 

Time lag effects in selenium photovoltaic cells at low 
light intensities!® are attributed to the fact that some 
levated energy states have to be filled with electrons 
before a stationary state can be reached. 


*W. Schottky, Z. Physik 118, 539 (1942); Eq. (24). 
*We are not concerned here with the increased capacity during 
the light pulse. 

“H. C. Hannaker and T. F. Beezhold, Physica 1, 119 (1934); 
L, Bergmann and R. Pelz, Z. techn. Phys. 7, 177 (1937). 
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POSITION IN THE BARRIER LAYER 
(X<0; ELECTRODE) 


Fic. 10. Distribution of the (negative) space charge in the 
barrier layer. (a) At zero bias voltage and ausnel equilibrium. 
(b) During a voltage pulse in the blocking direction; the elevated 
energy states are not yet depleted of electrons. (c) During a 
voltage pulse in blocking direction; some elevated energy states 
are depleted of electrons. (d) After the voltage pulse in blocking 
direction has ceased; the thermal equilibrium is not yet reestab- 
lished. The arrows indicate the direction of change for the estab- 
lishment of stationary conditions. The return to thermal equi- 


librium (d) is a gradual one and accounts for the observed recovery 
times. 


Slow recovery of the work function of semiconductors 
(Cu,0;" silicon”) after a perturbing influence may be 
connected perhaps also with electron transitions in- 
volving elevated energy states. 

It seems likely that some of the differences in the dc 
and oscillographic current-voltage characteristics of 
semiconductor-rectifiers® are to be attributed to differ- 
ences in the occupation of elevated energy states with 
electrons: in dc measurements the distribution is the 
stationary one for the particular voltage applied; in 
oscillographic measurements there may not be sufficient 
time for the distribution to accommodate to the mo- 
mentary voltage. Fluctuations in the distribution of 
electrons in the elevated energy states may be re- 
sponsible for part of the noise in semiconductor rectifiers. 


Vil. ACKNOWLEDGMENT 


I like to thank Mr. R. Koch for assistance in setting 
up the equipment and in conducting the experiments 
and to Drs. O. Imalis and B. C. Bradshaw for discussion 
of the results. 


1 W. Leo, Ann. Physik 9, 347 (1931). 
( 2B. J. Rothlein and P. H. Miller, Jr., Phys. Rev. 76, 1882 
1949). 


' 18 Hoffmann, Rose, and Waldkétter, Z. Naturforsch. 5a, 465 
1950). 








JOURNAL OF APPLIED PHYSICS 


VOLUME 22, 


NUMBER 7 JULY, 195, 


Heat Conduction in Simple Metals* 


M. L. Stormt 
Research Division, New York University, New York, New York 
(Received January 12, 1951) 


The partial differential equation of heat conduction is a nonlinear equation when the temperature de- 
pendence of the thermal parameters (i.e., the thermal conductivity, K, and S, the product of the density and 
the specific heat at constant pressure) is taken into account. It is shown that a mathematical condition for 
the transformation to linear form of the one-dimensional, nonlinear, partial differential equation of heat 
conduction is the constancy of [1/(KS)#](d/dT)log(S/K)*. This discovery is the motivation for an investiga- 
tion of the relations between the thermal parameters of simple metals on the bases of the theory of solids 
and available experimental data. It is found that KS is essentially constant, its variation with temperature 
being much less than that of either K or S considered separately. It is also shown, as a result, that the 
condition for the above-mentioned transformation is valid for simple metals. Applications of the trans- 
formed equation to the solution of problems in heat conduction are considered. 





I. INTRODUCTION 


HE differential equation of heat conduction in an 
isotropic solid through which heat is flowing, but 
in which no heat is being generated, is 


Vv: (KVT)=S(aT/at). (1) 


In the above, T is the temperature of the solid at time 
t and position (x, y, z), K is the thermal conductivity, 
and S=pc,, where p is the density and c, the specific 
heat at constant pressure. The two quantities K and S 
are termed the “thermal parameters.” In the cgs sys- 
tem the units of K are cal/cm sec °C, and the units 
of S are cal/cm® °C. 

Equation (1) is nonlinear, since the thermal pa- 
rameters are functions of temperature. In the usual 
mathematical treatment of heat conduction, it is as- 
sumed that the thermal parameters are constant and 
solutions of the resulting linear equation have been 
thoroughly investigated. However, in the case of metals, 
this approximation holds for limited ranges of tempera- 
ture only, and discrepancies between the measured and 
calculated temperatures are usually attributed to the 
neglect of the variation of the thermal parameters. In 
particular, the usual assumption of constant thermal 
parameters is inadequate for heat conduction problems 
in such devices as jet engines and rockets where large 
temperature ranges and rapid rates of heating are 
encountered. 

Previous investigators who allowed the thermal 
parameters to vary had more success in handling the 
steady state heat conduction equation than in solving 
the problem of nonsteady state heat conduction.f{ 
In the former case, many problems can be handled by 


* This paper is part of a dissertation presented for the degree 
of Doctor of Philosophy at New York University. The work was 
done with the support of the ONR, Department of the Navy, 
and the Office of Air Research, Department of the Air Force, 
under Contract N6ori-11, Task Order 2, as part of Project Squid. 

t Now at the Naval Ordnance Laboratory, White Oak, Mary- 
land 


tA detailed survey of past literature on this subject will be 
found in a doctoral thesis by M. Storm, “Heat Conduction in 
Simple Metals,” New York University (1950). 


the methods of Van Dusen! and Ellion.? In the latter 
case, the least restrictive solutions were obtained in 
problems where the variation of the thermal parameters 
was small, thus allowing approximate solutions to be 
obtained.’ 

It is too much to hope for an analytic solution of 
Eq. (1), subject to arbitrary boundary conditions, when 
the thermal parameters are represented as “general 
functions of temperature. Whereas Van Dusen! suc- 
ceeded in transforming Eq. (1) to a form for which 
solutions could be obtained for noncrystalline, poorly 
conducting solids, in this investigation we shall limit 
ourselves to heat conduction in simple metals‘ and 
consider the one-dimensional form of the nonlinear 
equation 

(0/dx)_K (dT /dx) ]=S(dT/dt). (2) 


Future considerations will show that our treatment of 
Eq. (2) for simple metals is restricted to the tempera- 
ture range in which the thermal parameters can be 
represented approximately by the following linear func- 
tions of temperature: 


K=K,(1—alT—T>]), and S=So(1+a[lT—T>]). (3) 


However, a straightforward substitution of (3) into (2) 
does not lead to any simplification of the mathematical 
problem of solving the nonlinear equation; this indi- 
cates that a different mode of attack must be adopted. 


Il. TRANSFORMATION OF THE ONE-DIMENSIONAL, 
NONLINEAR HEAT CONDUCTION EQUATION 


The equation to be solved is 
(a/dx)K(dT/dx) ]=S(aT/at), (2) 


1M. S. Van Dusen, J. Research Natl. Bur. Standards 4, 7% 
(1930). : 

?E. Ellion, Bell Aircraft Corp., Report No. B.A.C.-21, No 
vember, 1948. 

?M. R. Hopkins, Proc. Phys. Soc. (London) 50, 703 (1938). 

‘F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), says that monoatomic metals can be 
subdivided into two groups, depending upon whether or not the 
d shells are filled. If the d shells are completely filled or com 
pletely empty, the properties of the metal are usually simp 
than if they are not, and these metals are called “simple metals." 
In the alternative case, the metals are called “transition metals. 
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HEAT CONDUCTION 


where K=K(T), S=S(T), and T=T(z, t). Introduce 
a new variable Q, where 


o= f CKasar}a, (4) 
To 


T, being an arbitrary reference temperature. Equation 
(2) then becomes 


(K/S)(8/dx)[(K/S)(0Q/dx) ]=9Q/at. (5) 


Now let 


Q(x, )=Q*LX(x, t), t], (6) 


where 


= f "(S/K) lade. (7) 


Using Eqs. (6) and (7), transform from the variables 
rand ¢ to the variables X and / in the following manner: 


(K/S)(8Q/8x) 
= (K/S)*(0Q*/dX)(0X/dx)=4dQ*/AX, (8) 
and 
90 


PaG) 2G) dG) as 


after using Eqs. (7) and (5). Also, 
a0 aQ* S\3 aQ* 
mit EG) aun 
but 
d/S(T 
aie) 
a0 fd /S\'\00* 
-[5(5) lee lax) = 


after using (4) and (9). Substituting (11) into (10) and 
using the fact that dv= (K/S)*dX, we get 





(10) 








(11) 


aQ* 


anil lige) bee (s) 
“Tl, laG) leh 


Upon equating (12) and (9), Eq. (5) is put in the fol- 
lowing form where the thermal parameters have been 


gathered into one term: 
\< 


#0" a0" a0" 
axe a zs {= 
(/dQ)log(S/K)'=[1/(KS)*](d/dT)log(S/K)=A, (14) 








(12) 


Now assume that 
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where A is a constant. The validity of this relation for 
simple metals will be investigated theoretically in the 
next section. Substitution of (14) into (13) yields 


#0*/aX?=90*/at+ A (aQ*/aX)? 
— A(0Q*/0X)[0Q*/AX ]xoo. (15) 


Let the flux of heat into the metal through the face 
at x=0 be denoted by f, where f can be a function of 
time. The boundary condition there is 


—f=K(0T/dx)| .0= (K/S)'(0Q/dx| 2-0 


= (90*/0X)|x-0. (16) 
Substitution of (16) into (15) yields 
°0*/AX?=00*/dt+ A (dQ0*/9X)?+ Af(dQ*/dX). (17) 


If the face of the metal was situated at x=), with the 
boundary condition there being K(dT/dx)|,.=—f, 
then Eq. (7) can be redefined as 


X= f "(S/K) lax, 


and after carrying out the mathematics Eq. (17) 
would be obtained as before. 


Equation (17) is still nonlinear. Consider the further 


transformation 
Q* = —(1/A)logt. (18) 
Equation (17) then becomes 
¢/dX?=df/dt+-Af(d¢/dX). (19) 


This is the final transformed form of the heat flow 
equation. It should be noted that the applicability of 
this equation is limited to those problems in which the 
flux of heat at one surface of the solid is known, since 
f appears in the final equation. 

Since the validity of Eq. (14) for simple metals is 
by no means obvious, it is necessary to investigate the 
relations between the thermal parameters on the basis 
of theory and available data. It is easily seen that the 
most general forms for K and S which satisfy Eq. 
(14) are 


T 
K= Keg(Texp| —A (Ko) f (rar | (20) 
To 


and 


, ; 
$= Sug Tero] A(KoSy) f (rar, (21) 
To 


where the subscript zero means that the function is to 
be evaluated at T=T7>, and the otherwise arbitrary 
function g(7) satisfies the relation g(T>)=1. 


III. INVESTIGATION OF THE RELATIONS BETWEEN 
THE THERMAL PARAMETERS OF SIMPLE METALS 


A. Introduction 


The starting point for the investigation will be the 
formula for thermal conductivity due to the heat cur- 
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rent carried by the electrons in a metal :° 
K=rPTn;L/3Jmv cal/cm sec °C, (22) 


where & is Boltzmann’s constant, m the mass of an elec- 
tron, v and L are, respectively, the velocity and mean 
free path of the conduction electrons evaluated at the 
Fermi level, ; is the effective number of free electrons 
per unit volume, and J equals 4.1810’ ergs/cal. For 
monovalent metals, my; is of the order of the number of 
atoms per unit volume but is much less than this for 
metals of higher valency. The investigation will be re- 
stricted to good conducting metals for which the con- 
tribution of the lattice to the thermal conductivity can 
be neglected. 

It turns out that, for conditions best satisfied by the 
monovalent metals, the mean free path is inversely 
proportional to the probability per unit time, P, that 
an electron makes a transition to a state lying in an 
area of the Fermi distribution.® The differences between 
the various methods of calculating the electron scatter- 
ing lie in the different assumptions that have been made 
concerning the interaction between the lattice and the 
electrons. In this paper we shall follow the treatment 
given by Mott and Jones,® as the results will then be in 
the form most suitable for a discussion of the relations 
between the thermal parameters. 

An Einstein model is used to describe the lattice 
vibrations. Each atom is treated as vibrating inde- 
pendently of all the others, and the scattering by each 
atom is calculated separately. The metal is considered 
to be free from imperfections such as impurities and 
lattice defects, and only scattering due to the thermal 
vibrations of the lattice is considered. It turns out that 
P is proportional to N(X*), where N is the number of 
atoms per unit volume, and (X”),, is the mean square 
amplitude of the atomic oscillations; hence, LZ is in- 
versely proportional to N(X*),,. 

In seeking a relation for K and S, we are dealing with 
two different mechanisms; one is the thermal con- 
ductivity, which is mainly of electronic origin, and the 
other is the product of the specific heat, at constant 
pressure, and the density, which is mainly of atomic 
origin. The connecting link between the two mecha- 
nisms is the mean free path, which appears in Eq. (22) 
for the thermal conductivity, since it is inversely pro- 
portional to the mean square amplitude of the atomic 
oscillations. Thus, it will be sufficient for the purposes 
of this investigation to represent the mean free path by 


L=1/BN(X?)m, (23) 


where B, which is dimensionless and differs for the 
different metals, is in the first approximation inde- 
pendent of temperature. 


5Frdéhlich, Elektronentheorie der Metalle 
Springer, Berlin, Germany, 1936), Chapter III. 

® Mott and Jones, Properties of Metals and Alloys (Oxford 
University Press, New York, 1936), Chapter VII; also see refer- 
ence 4, Chapter XV, 


(Verlag. Julius 
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The procedure followed will be to express the mean 
square amplitude of the atomic oscillations in terms of 
the thermal energy of the body and then approximately 
in terms of the atomic heat of the body. To be consistent 
with Eq. (23), which holds for temperatures greater 
than the Einstein temperature, this calculation will be 
carried out for a similar temperature range. However 
the atomic heat must of necessity be that at constant 
volume, for it is only for this atomic heat that theo. 
retical expressions are available. In order to convert 
from C, to C,, it is necessary to use the thermodynamic 
relation 


C,—C,=TVa,’/B, (24) 


where C, and C, are the molar heats at constant pres- 
sure and constant volume, T is the absolute tempera- 
ture, V the molar volume, a, the coefficient of volume 
expansion, and @ is the compressibility. This means that 
the model of the metal crystal must possess a coefficient 
of volume expansion, and, for this to be true, the model 
must be composed of anharmonic oscillators. Debye’ 
was the first to point out that a model of a solid in 
which the atoms obey Hooke’s law is too idealized in 
that it has a zero coefficient of volume expansion. In 
order to represent the actual behavior of a solid body, 
Debye replaced Hooke’s law of force by an expression 
involving terms of the second order in the displacement. 
The atoms then execute unsymmetrical oscillations 
and a displacement of their rest positions with increas- 
ing energy of vibration occurs, so that the body increases 
in volume. To obtain an equation of state for sucha 
solid, Debye first considered the case of a single an- 
harmonic oscillator which was originally at rest. The 
oscillator was then stretched, by means of an external 
force, to a new equilibrium position where it was 
allowed to carry out oscillations. Debye showed that 
the asymmetric oscillator in its new position behaved 
approximately like a harmonic oscillator whose fre- 
quency of oscillation was a function of the displacement 
of the rest position. Proceeding similarly for a solid 
body which is composed of many anharmonic oscilla- 
tors, Debye considered the solid in a first approxima- 
tion as one composed of harmonic oscillators vibrating 
about displaced equilibrium positions with frequencies 
dependent on the magnitude of the original imposed 
extensions. Thus, in calculating the free energy of the 
solid, he allowed the Debye characteristic temperature 
to be a function of volume. It should be noted that 
more accurate representations of experimental specific 
heat curves are obtained when temperature-dependent 
Debye characteristic temperatures are used. Moreover, 
when the Debye temperature, and hence the maximum 
frequency of vibration, is expressed in terms of the 
elastic constants of the body, a variation of these 
constants and hence of the frequency with volume o- 
curs for actual solids. 


7 P. Debye, Vortrdge tiber die Kinetische Theorie der Materie und 
Elektrizitat (B. G. Teubner, Leipzig, Germany, 1914), 
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HEAT CONDUCTION 


In addition, Griineisen* developed an equation of 
state for metals on the assumption of central-force 
interactions between the atoms, and he found that 


y=ayV/BC, (25) 


is a constant which depends on the exponents of the 
attractive and repulsive terms in the central-force law 
of interaction. He also found that for atoms oscillating 
with a monochromatic frequency », that y is also given 
by the relation 


y= — (d logv/d logV) = —(d log@z/d logV), (26) 


where the Einstein characteristic temperature Ox 
equals hv/k. This result of Griineisen is in essential 
agreement with that found by Debye. 

Finally, combination of Eqs. (24) and (25) yields 


C,/Co=1+ya,T. (27) 


Eucken® used Eq. (27) to compare the measured and 
calculated values of 100(C,/C,—1) for monatomic 
metals. He concluded that it is a useful formula for a 
majority of metals. Though based on the assumption 
of a central-force law of interaction between atoms, we 
shall find Eqs. (26) and (27) as well as Eqs. (22) and 
(23) to be of great use in the investigation of the rela- 
tions between the thermal parameters. 


B. Derivation of an Expression for the 
Product KS 


Consider a model that is composed of anharmonic 
oscillators which, for simplicity, all have the same fre- 
quency of vibration v. As an approximation we will 
follow Debye’s procedure and consider an anharmonic 
oscillator as behaving like a harmonic oscillator about 
a displaced equilibrium position with a frequency de- 
pending on this displacement. However, (X*),, will be 
calculated for an undisplaced harmonic oscillator. The 
dependence of frequency on ‘volume is taken to be that 
of Eq. (26), and the relation between the atomic heats 
is taken to be that of Eq. (27). Smirnov’® used the same 
general procedure of treating anharmonic oscillators 
when he calculated the influence of the anharmonic 
part of the thermal oscillations on the electrical re- 
sistance of a metal. 

Hence, the first step is to express (X*)« in terms of 
the thermal energy of the body and then approximately 
in terms of the atomic heat at constant volume, sub- 
ject to the above considerations. The oscillation of a 


simple harmonic oscillator of mass M and frequency v 
is described by 


X = Xo sin(2xvt+ 4) 
80 that 


(X?) y= Xo?/2, (28) 


‘Griineisen, Handbuch der Physik, Vol. X, contains a survey of 
this work. 
*Eucken, Handbuch der Experimental Physik, Vol. VIII. 
Smirnov, Physik. Z. Sowjetunion 5, 599 (1934). 
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and its total energy E is 
E=4rM v(X*)y. (29) 


According to the quantum theory, the internal en- 
ergy per mole is 


U=3RT(i+(Q2*/12T*)+---) for T>Ox, (30) 
and 
C,=3R(1—(O27/12T*)+---) for T>Ox. (31) 
Therefore, we have 
U/C,.T=(1+(Ox*/6T*)+---). (32) 


If W is the atomic weight, then for a one-dimensional 
oscillator of mass M, the energy is MU/3W. Equating 
this to the energy of the oscillator given in (29) and 
solving for the reciprocal of (X*) yields 


1/(X*) y= 12 YW /U 
= 12r°WRO;x?/WC,T(1+(Ox*/6T?)+---). (33) 
Substitution of (33), (23), and the relation C, 


=WJc,/(1+yavT), which is obtained from (27), into 
(22) yields 


KS= 





(——") Or*[1+ya,T] p 
RIMB /[1+(@x2/6T?)] v0 


C. Investigation of the Temperature 
Dependence of KS 


Because of the presence of the factor of propor- 
tionality B in (34), it is not possible to carry out an 
absolute determination of the magnitude KS. Hence, 
we will calculate the temperature variation of KS/H, 
where H is a constant which includes all temperature- 
independent factors. The effective number of free elec- 
trons per atom, ;/N, will be considered temperature 
independent. 

For moderate or high temperatures, the Einstein 
atomic heat function approximates fairly well to the 
Debye function and gives a fair representation of the 
atomic heats in this region. If the first two terms of the 
high temperature expansions of the Einstein and Debye 
atomic heat functions are equated, it turns out that 
©z=0.770p. On the other hand, if in this temperature 
region the Einstein temperature is taken to be propor- 
tional to the mean frequency of the Debye frequency 
spectrum, it turns out that @g={Qp, which essentially 
agrees with the above result. 

In this section, it is convenient for calculational pur- 
poses to evaluate Oz by means of the relation 


Or= 0p. (35) 


However, the theory presented is still a monochromatic 
theory, and the relation between Oz (or Op) and volume 
is still given by Eq. (26). The variation of Og with 
temperature is obtained in the following manner: 
(d log@z/dT) 

= (d logOz/d logV)(d logV/dT) = — yap. 


(34) 


(36) 
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TABLE I. The variation of KS/H with temperature. 


ay 
Me i 2 








3 4 5 6 
Cu 0.88 0.90 0.87 0.83 
Ag 0.89 0.91 0.88 0.84 0.78 
Cd 0.88 0.90 0.86 
Zn 0.86 0.87 
Al 0.85 0.84 
Pb 0.90 0.94 0.93 0.90 0.88 0.84 








Integrating (36) and expanding the solution to first- 
order terms (for most metals ya,~10~, since y~2 and 
ay~50X10~*), one obtains, after introducing Op via 
(35), 


Opn= Op oL1—ya.T ], (37) 


where @p,o is the value of the Debye characteristic 
temperature at the absolute zero of temperature. 
The variation of density with temperature is given by 


p= pol 1—a,(T—273)], (38) 


where po is the density at zero degrees centigrade. 

The only factor whose temperature dependence re- 
mains to be considered is v, the velocity of the electrons 
at the Fermi level. For free electrons » is obtained 
from the relation 


mv = (h?/2m)(3n/8r)!. 


The Fermi statistics is a constant volume statistics, 
but, since we are allowing thermal expansion in our 
model, we will make the further approximation that 
n, the number of electrons per unit volume which is 
proportional to the density, can vary with temperature 
due to the variation with temperature of the density. 
As will be seen, this assumption will not affect the re- 
sults of the calculation of the temperature dependence 
of KS to any appreciable extent. Thus »~p', since 
n~p or 


p/v~pl. (39) 


Upon substituting Eqs. (39), (38), (37), and (35) into 
(34) and collecting all the temperature-independent 
factors into the constant H whose magnitude is of no 
immediate importance, we get 


(1—ya,T P[1—4a,(T—273) [1+ya,T] 
(14+3(On,e/T?)(1—ya TT] 


The values of y, Op,o, and a,, vary from metal to 
metal. The right-hand side of (40) will be calculated 
numerically for several metals, which include among 
them a wide range of values for y, Op,o, and a». The 
results of the calculation for KS/H, carried out for 
each metal from Op, to a temperature roughly equal 
to the melting point temperature, are listed in Table I. 
The variation of the coefficient of volume expansion 
with temperature was neglected in performing the 


KS/H= 
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calculation. The values used for y and a, were taken 
from Mott and Jones;® the values of Op.c were taken 
from Seitz ;* and the values for the melting point tem. 
peratures were taken from the Handbook of Chemistry 
and Physics. 

Considering all the approximations and assumptions 
made in arriving at Eq. (40), it is stretching the results 
of the theory too far to believe that the above calcula. 
tion will predict the actual detailed variation of Ks. 
However, the calculation does show that the product 
KS is essentially a constant over most of the tempera. 
ture range considered. The average deviation from the 
mean divided by the mean, expressed in percent, has 
the value of 1 percent for Cd, 2 percent for Cu, 2 
percent for Pb, and 4 percent for Ag. Hence, we con. 
clude that a relationship between the thermal pa. 
rameters, in this temperature range, is 


KS=constant. (41) 


We shall later see that Eq. (41) is also borne out by 
experimental data where the variation of KS with 
temperature is much less than that of either K or § 
alone ; and use of experimental values for the magnitude 
of the constant KS will allow an estimate to be made of 
the constant of proportionality B. 

Hume-Rothery" combined the empirical Griineisen 
relation that R~C,T with the Wiedemann-Franz law 
that K/oT=constant, where c=1/R is the electrical 
conductivity, to obtain the relation between the ther- 
mal conductivity of electronic origin and the atomic 
heat at constant pressure; 


KC,=constant. (42) 


Since S=pc, and the variation of density is much less 
than that of K and ¢,, it is seen that (41) based on 
theoretical considerations is essentially the same as 
(42) which is obtained empirically. However, Eq. (41) 
differs in functional form from the relation obtained 
by Bidwell,” 


K/pc,=k;/T+hk2, where k; and kz are constants. 


D. Investigation of the Temperature Dependence 
of [1/(KS)*](d/dT) log(S/K)} 


The first step is to calculate (d/dT) log(S/K)}, where 
the factor S/K is obtained by dividing S*=p’c,? by KS 
which is given by (34). It is seen that the taking of a 
logarithmic derivative will cause all the constant terms, 
including the factor of proportionality B, to vanish 
from the final result, leaving an answer which can be 
compared with experimental data. Hence, after sub 
stituting (39), and using (27) and (31) to write ¢ 
=(3R/WJ)(1—(Og*/12T*)+---)(itva.T), we get 


1! Hume-Rothery, The Metallic State (Clarendon Press, Oxford, 
1931), p. 79. 

2 C. C. Bidwell, Phys. Rev. 58, 561 (1940). For a discussion and 
critique of Bidwell’s result see R. W. Powell, J. Appl. Phys. 19, 
995 (1948). 
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after differentiating out all the constant terms and 
neglecting powers of ©,/T higher than the second, 


d S\? 1d = p*®[1+ya,T] 
— 1oe(—) =— — log : 
dT K 2 dT Or 





(43) 


The dependence of density on temperature is given by 
(38), and (d/dT) log@z is given by (36). Equation (43) 
then becomes approximately 


(d/dT) log(S/K)*=yavta(3y—%), (44) 


a positive constant. This result will be compared with 
experimental data in the next section. 

If the relation KS=constant is substituted in Eqs. 
(20) and (21), it is seen that g(T)=1 and the varia- 
tions of K and S with temperature, given by 
K=Ko expl —A (KoSo)#(T— T») | and 

S=So explA (KoSo)*(T—To)], (45) 
satisfy Eq. (14). 
When (41) and (44) are written in the form KS 


~ 2K,Spand (d/dT) log(S/K)!= A (KoSv)}, where A (KoSo)! 


~10~ from (44), and solved simultaneously, it turns 
out that the variations of K and S with temperature 
are, naturally enough, given by Eqs. (45). Since the 
coefficient A(KoSo)? is small, the exponentials in (45) 
can be expanded to first-order terms yielding 


K= K,(1 —A (KoSo)*LT— To }), and 
S=So(1+A(KoSo)'(T—To]}), (46) 


which is in agreement with the usual linear form in 
which the thermal parameters of simple metals are 
represented empirically in the temperature range we 
are considering. 

In summary, the conditions for the constancy of 
1/(KS)*(d/dT) log(S/K)* are that the temperature 
variations of K and S be given by Eqs. (20) and (21). 
However, for the case of simple metals, sufficient con- 
ditions for the validity of Eq. (14) are the constancy 
of the product KS and the exponential behavior of 
K and S given by (45); the latter equations are equiva- 
lent to a linear variation of K and S with temperature 
in the range considered. 


IV. COMPARISON OF THEORY WITH AVAILABLE DATA 
A. Introduction 


The results of calculations made to investigate the 
variation with temperature of the quantities KS and 
logS/K are presented in graphical form. On one graph, 
K,S,and KS are plotted to the same scale as a function 
of temperature, and on the other, logS/K is plotted as 
a function of temperature; the linearity of the latter 
is a measure of the constancy of (d/dT) logS/K. The 
plot of logS/K versus T is considered since the slope 
of this line can be compared with the theoretical result 
given by (44); and the division of this slope by 2(KS)! 
yields the value of [1/(KS)#](d/dT) log(S/K)}. 
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It is desirable to have data extending from at least 
the Debye temperature to a temperature roughly equal 
to the melting point ; and while such data are available 
for the calculation of S, the situation is quite different 
when the thermal conductivity is considered. Although 
some data are available for each metal, the data for 
many are too sparse, and hence unusable for purposes 
of checking the variation of the relations between the 
thermal parameters with temperature. In many cases 
it was necessary to piece together the data taken by 
various investigators. An additional problem arising 
out of this procedure was that the various sets of data 
sometimes did not join together too smoothly. Aside 
from experimental errors, this was due to the fact 
that values of thermal conductivity are sensitive to the 
purity of the metal used, and different investigators 
usually used specimens of varying purity. It is to be 
noted that the thermal conductivity data are less 
accurate than the specific heat data. 


B. Examination of Data for Some Simple Metals 


Sufficient data were available in the literature to 
investigate the behavior of copper, silver, sodium, 
cadmium, zinc, aluminum, and lead. Plots of S, K, KS, 
and logS/K versus temperature are shown in Figs. 1 
through 7. The straight line drawing in the KS plot 
represents the mean value of the data in the tempera- 
ture range indicated. 

The thermal conductivity of copper at —50°C and 
— 100°C was measured by Lees," the data from 0-600°C 
were calculated from an interpolation formula in the 
International Critical Tables which is based on measure- 
ments made by Schofield, and the remainder of the 
data were taken from a graph in a paper by Hering." 

The thermal conductivity data for silver, cadmium, 
and zinc from — 170°C to 0°C were measured by Lees,” 
and the rest of the data were measured by Bailey.'® 
Both silver and copper are monovalent metals, and one 
would expect the thermal conductivity of silver to 
behave in the same manner as that of copper. This is 
true till a temperature of 400°C at which K is a mini- 
mum ; but above this temperature, K increases with in- 
creasing temperature. No other measurements of the 
thermal conductivity of silver were found in this 
temperature range. The data for zinc check fairly well 
with data taken by Konno” and by Van Dusen and 
Shelton.!® 

The thermal conductivity of sodium was measured 
by Bidwell.!® 


The thermal conductivity of aluminum from — 160°C 


8 Lees, Trans. Roy. Soc. (London) A208, 381 (1908). 

4 Schofield, Proc. Roy. Soc. (London) A107, 206 (1925). 

16 Hering, Trans. Am. Inst. Elec. Engrs. 29, 285 (1910). 

16 Bailey, Proc. Roy. Soc. (London) A134, 57 (1931). 

17S. Konno, Phil. Mag. 40, 542 (1920). 

8 Van Dusen and Shelton, J. Research Natl. Bur. Standards 
12, 429 (1934). 

19 C. C. Bidwell, Phys. Rev. 28, 584 (1926). 
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to 0°C was measured by Lees. The data used from 
0°C to 600°C were measured by Konno." Konno’s 
measurements are in agreement with those taken by 
Bidwell and Hogan”? for 99.2 percent aluminum. 

The thermal conductivity of lead from — 200°C to 
0°C was measured by Bidwell and Lewis ;”' and the rest 
of the data were measured by Van Dusen and Shelton, 
whose measurements agree with those of Konno.” 

Examination of the graphs reveals that the relation 
KS=~constant can be regarded as valid for simple 
metals. Empirically, the reason for this lies in the fact 
that for those metals where S increases monotonically 
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and K decreases monotonically with increasing tempera- 
ture, the individual temperature variations cancel in 
the final product and the temperature variation of KS 
is less than the variation in K or S. Although Opis 
not an absolute criterion for the lower limit of the 
temperature range in which the relation is valid, it is 
seen that, in accordance with the considerations of 
Sec. III, the thermal parameters are linear functions of 
temperature for temperatures roughly greater than 9p,0. 
Surprisingly enough, even for sodium and cadmium, 


20 C. C. Bidwell and C. L. Hogan, J. Appl. Phys. 18, 776 (1947). 
1 Bidwell and Lewis, Phys. Rev. 33, 249 (1929). 





HEAT CONDUCTION IN SIMPLE METALS 947 


where discontinuities occur in the thermal conductivity, 


ZINC 
the variation of KS is much less than that of K or S 
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Fics. 1-7. The variation of the thermal parameters and the 
combinations KS and logS/K for simple metals. 


Eq. (34). The calculation may be carried out simply 
for monovalent metals for which the electrons can be 
considered as behaving approximately like free elec- 
trons. It turns out that for silver B~6, and for copper 
B~7. Now, the form given by Eq. (23) is equivalent 
to writing the mean free path in terms of a scattering 
cross section B(X*),, and if for (X*), we substitute 
X°/2 (as given by (28)), then the scattering cross 
section is 1/2BX;,*. Since B/2 is approximately 7, the 
atoms act more nearly like spheres of radius Xo in 
these cases. 


C. Examination of Data for Fused Quartz 


The thermal conductivity of fused quartz was meas- 
ured by Seeman,” the specific heat was measured by 
Moser,” and the variation of density with temperature 


TABLE II. 








Theoretical Experimental 
value of value of 





Temperature (d/dT) (d/dT) Mean Average 

Metal range Xlog(S/K)# Xlog(S/K)* KS _ deviation 
Cu 100-1000°C 1.1x10- 1.4x 10 0.765 0.004 
Ag —50- 300°C.)—3—s«i1.7K10-* 3=3.0X10 0.553 0.014 
Zn —50- 350°C 9=92.1K10* 34x10* 0.175 0.002 
Al 0- 600°C 1.7X10- 4.5xX 10 0.276 0.008 
Pb —50- 300°C) 3—s(« 3.OK10* 5.0x10* 0.028 0.001 








* Seeman, Phys. Rev. 31, 119 (1928). 
*% Moser, Physik Z. 37, 737 (1936). 
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was calculated from values of the liner expansion ¢o. 
efficient measured by Souder and Hidnert.* 

In the range from 0-700°C, K increases linearly 
from a value of 0.0027 to 0.0054; and S increases from 
0.374 to 0.612. The product KS increases from 0,00} 
to 0.003, an increase of 200 percent. Hence, the relation 
KS constant, where the variation in KS is much less 
than that of K or S individually, certainly does not 
hold for fused quartz. 

A plot of logS/K versus temperature shows that 
logS/K increases from 4.93 to 4.97 in the range from 0 
to 200°C, but decreases steadily in the remainder of 
the range, reaching a value of 4.73 at 700°C. Although 
the plot is fairly linear in the latter part of the range, 
the slope is negative, in distinct contradiction to the 
result of the theory for the simple metals, as given by 
(44), and in contradiction with the data for the simple 
metals. 

Thus, investigation of the data for an insulator, 
where the electrons do not contribute to the thermal 
conductivity, shows that the relations derived previ- 
ously are not valid for all substances, conductors, and 
insulators. This justifies our looking to the theory of 
conduction by electrons in the investigation of the rela- 
tions between the thermal parameters of simple metals, 


D. Examination of the Data for Iron and 
0.80 Percent Carbon Steel 


The theory presented does not apply to transition 
metals or alloys. This is because the approximation of 
the mean free path used applies best to the monovalent 
metals, but does not apply to the transition metals or 
alloys where the scattering of the electrons is a more 
complicated process. However, examination of Figs. 8 
and 9 shows that the relations between the thermal 
parameters that are valid for the simple metals also 
hold empirically for iron and 0.80 percent carbon steel, 
till the temperature at which the magnetic phase 
change occurs. 

The thermal conductivity data used for iron were 
measured by Powell,?® and all data for 0.80 percent 
carbon steel were taken from a paper in the Iron and 
Steel Institute.** 

However, all transition metals and alloys do not 
behave in a similar manner. The thermal conductivity 
of platinum, as given in Landolt-Bornstein, 1936, in- 
creases linearly from 0.167 to 0.215 in the range from 
20°C to 1020°C; and the thermal conductivity of 
brass'® increases from 0.175 to 0.354 in the range of 
—170°C to 450°C. Thus, the relations between the 
thermal parameters do not hold for these metals. 


* Souder and Hidnert, Natl. Bur. Standards (U.S.), Sci. Technol. 
Papers 21, 1 (1926-1927). 

5 Powell, Proc. Phys. Soc. (London) 46, 659 (1934). 

*6 Tron and Steel Institute, Special Report No. 24, 1939; Second 
Report of Alloy Steel Research Comm., Sec. 9. 
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Fics. 8 and 9. The variation of the thermal parameters and the combinations KS and logS/K for iron and 0.80 percent carbon steel. 


Vv. CASE OF A SEMI-INFINITE METAL WITH A 
CONSTANT HEAT FLUX 


A. Formulation and Solution of Problem 


Consider a semi-infinite metal with a constant flux 
of heat into its surface. The boundary condition at 


x=0 is given by (16), 
be lim,..7 (x, #)=0. 


and the other condition used will 
The initial temperature will be 


chosen as zero; and 7», the arbitrary temperature which 
appears in (4), may be set equal to zero without any 
loss in generality. Then, after using Eqs. (4), (6), (7), 
and (18), the transformed boundary and initial condi- 


tions become 


0¢/aX 


lim ¢(X, #)=1, (== 
Xa 


c x=0 


Introduce the following dimensionless variables: 


n=AfX, T=Af(t)}, x=Af(So/Ko)'x. 


(48) 


It turns out that the solution of (19) for ¢, subject to 


conditions (47), is 


14414 mlerfe( 42 
=14+[r-+1+41]¢ (=+*) 
2 sess 2r 2 


n T T n T\? 
~tere(*—*) exe (7-3) } ” 


In addition, the expression for x in terms of y and r 
turns out to be 


e” n n T 
xr" ee( 2+") 
2 T 27 2 


vive) om 


Equation (50) is obtained from (7), which can be re- 


written as 
Ko\3 p* 
-(<) f cdX 
So 0 


after using the relation (K/S)'=(Ko/So)*¢; the latter 
being obtained from (45), (4), (6), (18), and the fact 
that KS is constant. The subscript zero refers to the 
value of the function at T=0. 

Equations (49) and (50) represent the solution of the 
problem. ¢ and x can be calculated as functions of n and 
7, and then ¢ can be expressed in terms of x and r. The 
result of doing this for a partial range of values of the 
dimensionless variables is depicted in Fig. 10. Q can 
then be calculated as a function of x and r by means 


L. 











dos  al2 4 
$ versus * for various values of T 


Fic. 10. Dimensionless representation of the solution for a semi- 
infinite solid with constant heat flux at one end. 


of (18); and once Q is known, T can be obtained from 
(4). Since KS is constant, the conversion from Q to 
T is simple. 


B. Calculation of a Numerical Example and 
Comparison with the Results of the Usual 
Linearized Theory 


The calculation will be performed for a specimen 
of 0.80 percent carbon steel. In order to do this it is 
necessary to know the magnitudes of (KS)!, A, f, and 
(So/Ko)*. From Fig. 9A the mean value of KS is 0.108, 
and from Fig. 9B we find that (d/dT) log(S/K)!=5.9 
X10~ for the temperature range of 0-600°C. Thus the 
magnitude of A is 18X10~. The value of (So/Ko)! is 
2.74. For the heat flux into the metal at x=0, choose 
a value of f=500 cal/cm? sec.§ 

Since Af and (So/Ko)! are known, ¢, which is given 
as a function of x and r in Fig. 10, can be obtained as a 
function of x and ¢. The results of the calculation for T 
are shown as the solid lines in Fig. 11. In carrying out 
the calculation, temperatures greater than 600°C were 
not considered as, for 0.80 percent carbon steel, the 
relations used hold best in the range from 0-600°C. 

In the usual mathematical treatment where the 
thermal parameters are considered constant, the dif- 


ferential equation to be solved is 
&T /dx*=(S/K)(dT/dt) (51) 


subject to K(d7T/dx)|,.=—/f, and lim,,.7(x, #)=0, 
the initial temperature, being zero. The solution of this 


§ This roughly corresponds to propellant gas in a rocket at a 
tem perature of about 3000°C and a heat transfer coefficient of 
abou t 0.18 cal/cm* sec. °C. 
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problem is 
T =f/(KS)}{2(t/x)! exp(—Sx?/4Kt) 
— x(S/K)terfc(S/K)*(x/2(#)4)}. (52) 


However, since K and S are really functions of tem. 
perature, there is no unique method of calculating the 
temperature distribution for there is no way of deciding 
which values of the thermal parameters are to be used. 
For example, in the case of 0.80 percent carbon steel, 
the following is the variation of S/K with temperature: 


T°C S/K 

0 7.52 
300 10.73 
600 15.29 


Thus, in calculating the temperature distribution from 
(52) in order to compare the results with the solution 
of the nonlinear equation, three calculations were 
made corresponding to the above listed values of $/K 
at 0, 300, and 600°C. The associated values of KS 
were taken from Fig. 9A. The results of the three calcu- 
lations are shown in Fig. 11 together with a plot of the 
solution of the nonlinear equation. 

It is interesting to note that for this particular 
problem, the distribution obtained from the nonlinear 
equation is almost entirely bracketed by solutions of the 


Temperature Distribution in a Semi-infinite 
Slab of O8 % Carbon Steel 













Solution of non-linear equation 
Solution of linear equation with K and S$ 
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Fic. 11. A comparison of the temperature distribution ob- 
tained by solution of the nonlinear equation and the linea 
equation. 
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linear equation calculated when the thermal parameters 
are taken to be those at 0 and 300°C. This shows that 
in this temperature range, the distribution obtained 
from the linear equation best fits the temperature dis- 
tribution obtained from the nonlinear equation when 
the constant values for K and S are taken to be those 
at a temperature which is about one-fourth of the 
maximum temperature considered. 


VI. A FURTHER APPLICATION FOR THE 
TRANSFORMATION 


If the relation (K/S)!=(Ko/So)e~4? is substituted 
into Eq. (5), the latter becomes 


(Ko/So)te~4°(9/0x) 
X[(Ko/So)'e-4°(8Q/dx) ]=08Q/at. (53) 


Upon making the substitution y= (Ko/So)*e-42, Eq. 
(53) becomes 


y°(0*y/dx*) = dy/dt, (54) 
and the boundary condition (16) becomes 
dy/dx| w0= Af. (55) 


Although at first glance (54) appears different from 
the nonlinear equation already considered, the two 
must be similar, and (54) should be put in a linear form 
by similar methods. Accordingly, make the change of 


variables 
2 dz 
X= f 
oy (x, t) 


y(x, t) = Y[X(x, t), t). 





(56) 


and 
(S7) 


Then we have 


dy/dx=1/y(0Y/dX), 
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and 


y°(0*y/dx*) = PY /8X*— (AY /X)(dy/dx); (58) 


also 


dy OY aYT 2 (—dy/dt) aY ay ray 
aie f gm Ty 
dt at aXlJd, ¥ at AXLJ, ax? 


or 


dy/at=aY /at— (dV /AX)(dy/dx)+A f(V/dX). (59) 
Substitution of (58) and (59) into (54) yields 
Y/dX*=dY/dt+A f(aY/dX), (60) 
and (55) becomes 
1/Y(OY/0X)!|x»=Af. (61) 


Equations (60) and (61) are identical with the corre- 
sponding equations for ¢ already considered. Thus, it is 
seen that the nonlinear partial differential equation 
y?(0*y/dx*) = dy/dt can be transformed to a linear form 
if y/dx| 2 is known. As was mentioned in Sec. II, 
this can also be done if dy/dx| » is known. 

Finally, it is clear that the diffusion equation, 


(0/dx)[D(dc/dx) |= dc/at, (62) 


where D is the coefficient of diffusion, and ¢ the con- 
centration, can be handled by the mathematics pre- 
sented in this paper for those substances for which the 
coefficient of diffusion can be represented by the form 


(D)!= (Do) *e-. 


In conclusion, the author wishes to thank Dr. George 
Hudson, Dr. Hartmut Kallman, and Dr. Fritz Reiche, 
for their constant help and encouragement. The author 
also wishes to acknowledge his indebtedness to the late 
Dr. J. K. L. MacDonald, who first suggested the problem 
to him and helped him overcome the initial mathe- 
matical difficulties. 
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A method for measuring the diffusion coefficient of carbon in metallic carbides is proposed. The rate at 
which excess metallic inclusions are consumed by carbon diffusing in from a surface is used to indicate the 
extent to which diffusion has taken place. Conditions are derived under which the results are susceptible to 


simple analytic treatment. 





INTRODUCTION 


HE changes taking place in metallic carbides 

during their fabrication as well as during their 
subsequent use are determined by the diffusion of 
carbon and metallic atoms. The diffusion coefficients 
can be measured by conventional methods using radio- 
active tracers or chemical analysis. The hardness and 
brittleness of carbides render these methods very tedious 
and troublesome. It is therefore advantageous to try a 
different method, which promises quick results and 
reasonable accuracy. In the suggested method, the 
metallic carbide is prepared with excess metal. The rate 
at which the metal particles are consumed by carbon 
diffusing in from a boundary is used to indicate the 
extent to which the diffusion has taken place. Equations 
are provided for computing the diffusivity from the 
change in particle size. 


METHOD 


Specimens of metallic carbide with a few percent of 
excess metal in powder form are prepared by conven- 
tional processing (hot pressing). These specimens of disk 
form are subsequently lightly pressed between two 
smooth graphite blocks at a fixed absolute tempera- 
ture T. As carbon diffuses into the carbide, it carbonizes 
the metallic particles imbedded in the carbide matrix, 
resulting in a decrease of their average diameter. The 
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Fic. 1. Geometrical arrangement of carbon and carbide, 
showing a typical metallic inclusion. 














geometrical arrangement is shown in Fig. 1. Obviously, 
the decrease of the diameter will be greater in the layers 
adjacent to the source of carbon. By measurement of 
the average particle size as a function of time, the 
coefficient of carbon diffusion can be obtained. 

The concentration of excess carbon will be denoted 
by C, which gives the weight of excess carbon per unit 
volume of carbide. Near a metallic inclusion the con- 
centration obeys 


vV*C=0, (1) 


assuming a stationary flow, or 0C/dt=0. It will be 
pointed out later that this is not really correct, and a 
more accurate treatment will be given. It will, however, 
be seen that there is a wide range of conditions under 
which Eq. (1) is valid. The simplicity of Eq. (1) makes 
a separate discussion of it worthwhile, and it will serve 
to make clear the physical processes involved. The solu- 
tion of Eq. (1) gives the concentration C as a function 
of r, the distance from the center of the particle. 


C=K[(1/r)—(1/r0)], 


where fo is the radius of the particle. Here C is taken to 
vanish at the surface of the metallic particle. From the 
conditions that for large r, C=C>(x, ¢), the concentra- 
tion of carbon in the surrounding carbide, we can 
determine the value of the constant K. The distance of 
the particle from the original carbon carbide interface 
is defined by x. This gives 


C=C,L1—(r0/r) ] (2) 
and 
(0C/dr)r =r9— Co ‘To. 


The rate at which carbon flows into the particle is 
dm, di= 42x7,7D(OC. Or)r =r. 


The diffusion coefficient of carbon is D. Let p be the 
weight of carbon that combines with a unit volume of 
metal to form the carbide. With this notation, we 
obtain 


pro(dro/dt) = DC(x, t) (3) 


for the rate at which the metallic particle shrinks. 
(Actually, the carbide will usually take up more space 
than the metal from which it was formed. In order to 
be sure that the resulting elastic strains do not slow up 
the chemical reaction appreciably, it may be necessary 
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to limit this method to temperatures at which the metal 
is liquid. In that case, as the carbide is formed some of 
the metal will be squeezed into the porous carbide. 
To account for this, we would have to replace p in 
Eq. (3) by a different constant p’. Since p does not 
actually enter into the formula finally used to evalu- 
ate D, this point is unimportant.) 
Integrating Eq. (3) gives 


*2_ 72= (2D/p) f Co(x, t)dt, (4) 


where 7o* is the original radius of the metallic particle, 
and C,(x, ¢) is given by the following equation which 
gives the usual solution’ for time-dependent diffusion 
into an infinite block from a boundary: 


Co(x, t)=Co(0, 0)[1—(x/2(Dt))], (S) 
where 


$(3)= (2/3) J ody. 


The diffusion coefficient D can be evaluated from 
Eq. (3) by determining the average squared radius of 
the metallic drops under the microscope as a function 
of time. After averaging over many particles, Eq. (3) 
becomes 


$pd( 19") m/dt= DC. 


(ro*) is determined experimentally for a thin layer of 
the material at a distance “‘a” from the carbon carbide 
interface. Then d/dt(ro”),, may be found graphically. 

The particles preferably should be of roughly uniform 
size, so that none of them vanish between counts. If 
some of them do vanish, only particles large enough to 
remain throughout the experiment should be included 
in the averaging process. This may be done by con- 
sidering the change in the density of particles. 

At two different instants of time, ¢; and /2, denote the 
values of d/dt(ro”)s, by A; and Ag, respectively, and let 


5;= a/2(Dt;), 52= a/2(Dt2)*. 
Then it follows that 
A2/A 1=Co(se2)/Co(s1). 


This ratio is known from the experiment. On the other 
hand, since a, ¢;, and tg are known, C(s2)/C(s:) is a 
function of D alone and can be plotted against it, 
using Eq. (5). The value of D which gives the experi- 
mental value of A»/A; is the desired diffusion coefficient. 


NONSTATIONARY FLOW 


It remains to examine the assumption, made early in 
this paper, that the flow considered above can be re- 
garded as stationary and to give a more accurate solu- 
tion. It is not immediately apparent whether the diffu- 


‘R. M. Barrer, Diffusion in and through Solids (Cambridge 
University Press, London, 1941). 
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sion flow can adjust itself sufficiently rapidly to the 
changing metallic particle size so as to resemble a time 
independent flow at all times. Similarly, it is not 
apparent that the diffusion flow can adjust itself fast 
enough to the changing concentration Co(x, ¢) main- 
tained in the neighborhood of the particle. Consider 
first only the effect of the changing radius, assuming 
for the moment that Co(x, ¢) is time independent. 

In order to estimate this time of adjustment, consider 
the solution given by Eq. (2), 


Ci(r)=CoL1—(r1/r)], 


which satisfies C=0 at r=17;. This concentration distri- 
bution will be assumed to have existed for all times up 
to t=0. At t=0 the boundary condition is changed to 
C=0 at r=r2, where 71>r2. This corresponds to a 
sudden shrinking of the metallic particle. At t= © the 
concentration will be given by 


C2(r) =CoL1— (r2/r) }. 


We wish to know how fast this new concentration is 
approached. More exactly, the quantity measured is 
the flow of carbon into the metallic particle. It jis, 
therefore, the rate at which (0C/dr)r=r2 approaches its 
new value that matters. 

Let C2.—C(r, t)=AC(r, t). Then we have dAC/dt= 
DV°AC, and AC(r, 0) =C2—C;. Furthermore, AC(ro, t) = 
AC(, t)=0. We therefore have a diffusion problem in 
which the initial concentration and the boundary con- 
ditions are specified. This may be solved by the usual 
methods of fourier integration.’ The result is 


2Co f¢®  sink(r—re) 1 
AC(r, )=— f dk —-———- — 
Tv 0 r k? 
Xsink(ri—ro)e*?*, (6) 


The quantity we are interested in is (0C/dr)r=r2 which 
is given by 


(0C/dr)r =r2= (8C2/dr)r=r2— (OAC/Ar)r =ro 
_ (Co/r2)— (@AC/dr)r=re. 


Therefore, (@AC/dr)r=re is a measure of the deviation 
from the final state. From Eq. (6) we have 


(—) _2Ce os 
r=ro WT. ¥o 


Now we have 
| sink(ri—r2)/k| <ri—re. 


Hence, it follows that 


dAC 2Co » 
(—) <- “-n) f dke~*Dt, 
r=rq WT? 0 


" (=) < Co 1 (rn— rs) 
r=r2 


sink(r,;—re) sileiaiay 
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Fic. 2. A plot of f(s) against s for several values of #o/x. 


In order that (@AC/dr)r=r2 be small compared with 
Co/re, we must have 


(> (n— ro)?/rD. 


If the particle size is appreciably diminished while 
diffusion is taking place, then we have 


ro*?—r2~1,2. 


If the concentration Co(x, 7?) at the time of the last 
measurement is C;, then by Eq. (4) the time that will 
have lapsed since the process began will be greater than 
pro*?/2DC,;. The time that the diffusion takes to adjust 
itself is of the order of r)*?/aD. In order to insure that 
most of the flow will take place under approximate 
stationary conditions, we must have 


p/2C ;>1/z. 


Now op is of the same order as the concentration of 
carbon in the carbide. Since C;<C,(0, 0), where Co(0, 0) 
is the maximum concentration of excess carbon in the 
carbide, and since C,(0, 0) is likely to be small com- 
pared with p, there will not be much trouble in meeting 
the above condition. (Even if C,(0,0) is not small 
compared with p, the above inequality can be met by 
observing particles which are far enough from the 
interface so as to be appreciably consumed while C(x, ¢) 
is still small compared with C,(0, 0).) 

The effect of the changing concentration, Co(x, ¢), on 
the flow into the metallic particle must still be con- 
sidered. To do this, consider a single metallic particle 
of fixed radius 7p at a distance “a” from the carbon- 
carbide interface. In the ener of the particle, the 
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concentration would be given by the function C)(z, t) 
given in Eq. (5). We now must find the concentration 
C(x, r, t) which satisfies C=0 at r=ro. This is given by 


C(a,r, )=Co(a,)— f ddF(r,t—d)[OCo(a,d)/AA], (7) 
where 


(r—ro)/2[D(t—d)] 4 
F(r, t—d)= (n/n 1 (2/7) f ay] 
0 


The concentration given in Eq. (7) satisfies the 
diffusion equation, since F(r, t—X) satisfies it. To show 
that the solution given in Eq. (7) also satisfies C=0 at 
r=ro, replace F(r, /—X) by its value at r=ro, which is 
unity. Then we obtain 


C(a, r, t)=Co(a, t)— f [ACo(a, A)/AX]dA=0. 


The expression given in Eq. (7) neglects only the fact 
that F(r,/—X) does not satisfy the proper boundary 
condition at x=0. Equation (7) shows that as C)(a, ) 
rises, a “reflected” diffusion flow spreads out from the 
particle. This reflected flow maintains the concentration 
at zero at the particle surface. The secondary reflec- 
tions arising when F(r,!—X) becomes appreciable at 
the original carbon-carbide interface are neglected. 

As given in Eq. (7), C(a,r,¢) can be used to find 
(8C/dr)r=ro, the quantity that determines the flow of 
carbon into the particle. This gives 


hel Co(a, t) +f aC, (a, ) dr ( 
7 “Jo arn [eD(t—-r)} 





or To 
The integral in Eq. (8) can be evaluated explicitly, 
giving 
ac _ ola, t) Passau ?. 
” (eDi)s 
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Instead of Eq. (3) we therefore have 
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and we must therefore plot 
f(S2, #2/a)/f(S1, #1/a) 


asa function of D instead of Co(s2)/Co(s1). Now 72 and 7; 
indicate the average radii, respectively, at 2 and 4,. 
A plot of f(s) for various values of 7/x is given in Fig. 2, 
to show the general behavior of f(s). 

From this graph it can be seen that for concentrations 
which are likely to matter, Co(s) can be used instead 
of f(s) if #/x<10-*. Here 7 can be as small as 10~ cm, 
in which case the stationary flow approximation can 
be used for particles 10~* cm from the original interface. 
At concentrations smaller than those covered in the 
graph f(s, 0.01) and Co(s) may differ appreciably. The 
larger the value of s, the larger the ratio of f(s, 0.01) to 


955 


Co(s) becomes. For large values of s, however, both of 
these functions are extremely sensitive to the value of s, 
since they both contain a factor e~**. (At low concentra- 
tions C can be approximated by (1/7)(1/s)e~**.) A small 
change in D and hence in s can cause a large change in 
this exponential. It can be shown on this basis that an 
error of less than 2 percent in the evaluation of D will 
be made by using C)(s) instead of f(s, 0.01) for s>3.0. 
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In a low voltage circuit the occurrence of an arc between ap- 
proaching electrodes is dependent upon the nature of the surfaces 
and upon the circuit inductance. For carbon surfaces, or noble 
metal surfaces which have been “activated” by operation in 
various organic vapors resulting in a carbonaceous layer, the 
limiting circuit inductance is somewhat above 10~h, which is 
much higher than the limiting inductance for clean noble metal 
surfaces. This activation by organic vapors occurs for noble 
metals only and for certain vapors; for example, benzene deriva- 
tives. In the case of silver and benzene vapor, it has been shown 
that the activation is due to adsorption of benzene onto a greasy 
surface layer and its decomposition there by the heat of subsequent 
closures. A metal surface, which has been activated by organic 
vapor, remains active indefinitely if there is no arcing at the 
surfaces; but with continued operation and accompanying arcing, 


INTRODUCTION 


ECENTLY reported experiments' have implied 
that erosion of electrical contacts on closure is due 
entirely to an arc occurring, in most cases, before the 
contacts touch ; when there is no arc there is no erosion. 
That this must be at least approximately true is well 
established by the experiments, on the basis of energy 
considerations alone. The experiments prove that, when 
contacts close without arcing, substantially all of the 
energy originally stored in the circuit is still present 
after closure and this energy is dissipated in the resist- 
ance of the circuit by current flowing through it. Only 
when there is an arc is most of the energy dissipated a/ 
the contacts, and, therefore, only when there is an arc can 
the erosion be large. The problem of the erosion of 


ona H. Germer and F. E. Haworth, J. Appl. Phys. 20, 1085 
). 


the activating material is burned away, and the surface returns to 
the inactive condition if no activating vapor is supplied. 

Arc voltages, which are independent of current and of ambient 
gas, as far as tested, have been measured for a number of metals 
and for carbon; the arc voltage for carbon is quite erratic in the 
range between 20 and 30 volts, but for each of a number of metals 
the arc voltage is steady. 

Arcing at noble metal surfaces, similar to that induced by 
carbonaceous material from organic vapors, can be produced also 
by insulating particles or insulating films. The active condition 
gradually disappears with continued arcing, unless there is a 
steady supply of insulating material to the surface. 

The minimum arc current has been measured to be 0.6 amp for 
active silver and for carbon, and 0.03 amp for inactive silver. These 
are the currents at which an established arc is extinguished. 


contacts on make is thus reduced to investigation of the 
conditions which determine whether or not there is an 
arc on make and the nature of the arc which may occur. 

The experiments which prove that the energy dissi- 
pated at electrical contacts on make is not great unless 
an arc occurs are of two types. In the first of these, 
oscilloscopic records of the voltage across the condenser, 
which is discharged by the contacts, are found to have a 
closed circuit oscillation of which the initial amplitude 
has one or the other of two discrete values, corre- 
sponding, respectively, to the energy remaining after the 
loss to be expected from an arc and to the initial 
energy.* In the second type of experiment, to be re- 
ported elsewhere,’ direct calorimetric determinations 
obtained with the aid of thermocouples are made of the 


* See the oscilloscope traces of Figs. 13a and 13c in reference 1. 
?L. H. Germer, Bell System Tech. J. (October, 1951). 

















Fic. 1. Oscilloscopic records of closures of silver contacts dis- 
charging a condenser of 10~*f through an inductance of 10th. The 
ordinates represent voltage across the closing contacts. In the left- 
hand traces the abscissas are time; in the right-hand traces they 
are voltage across the condenser. The vertical scale is the same on 
all traces, but the horizontal scale of the right-hand traces is 
slightly different, as is evident from the fact that the sloping line 
representing the retrace of the oscilloscope beam is not at exactly 
45°. (A) Closure at 35 volts without an arc. (B) Closure at 35 volts 
with an 11 volt arc. (C) Closure at 50 volts with an arc at 11 volts 
followed by a second arc at —11 volts. 








Fic. 2. (A) Record of the discharge by zinc electrodes of a 
condenser charged to 177 volts, showing 8 successive arcs in 
alternate directions. (B) Discharge by zinc electrodes of a con- 
denser charged to 87 volts, showing 4 successive aics interrupted 
by an open between the first and second. 
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heat dissipated upon each contact when arcing occyys 
and when arcing does not occur ; the observations prove 
that, without an arc, the energy at the contacts is rather 
small. 

In the earlier paper’ it was stated that whether or not 
arcing on closure occurs in a low voltage circuit between 
clean contacts of platinum, palladium, gold, or silver js 
determined predominantly by the ‘circuit inductance: 
the limiting value, below which arcing takes place and 
above which it does not take place, is of the order of 
3X 10~h and varies somewhat with circuit Capacity and 
potential.t Carbon was found to behave quite differently 
in that arcing always takes place between carbon 
electrodes (except, of course, when the circuit potential 
is below the arc voltage of carbon). Later experiments 
described in this paper have qualified these statements 
to make them more nearly exact. 

Since these observations were reported, other metals 
have been tested with results which, except for copper 
which behaves like the four noble metals, are not yet 
sufficiently well understood for publication. This paper 
is concerned with arcing on closure at contacts of 
platinum, palladium, gold, silver, copper, and carbon, 
with a few scattered observations on contacts of some 
other metals. 

Although there is no arcing at clean noble metal con- 
tacts on closure unless the circuit inductance is very low, 
the situation is quite different if the surfaces are 
contaminated by carbonaceous material or by insulating 
particles or insulating films. In the presence of such 
foreign substances, arcing may occur on every closure, 
even when the inductance is very high. Observations of 
this sort led to a first attempt at a theory of the dis- 
charge, which was published at the end of reference 1, 
and to experiments, recently reported by Haworth; 
designed to test one of the steps in this theory. 

In many experiments it has been convenient to 
separate and bring together crossed wires of the metal 
under test 60 times per second by means of a magnetic 
speaker unit as described earlier.* Each closure dis- 
charges a condenser through an inductance, and whether 
or not arcing occurs is determined by observing the 
screen of an oscilloscope. Typical oscilloscope traces are 
shown in Figs. 1 and 2, which were obtained by opening 
a camera shutter for 1/100 sec and thus catching the 
record of only one closure. 

The patterns of Fig. 1A represent closure at 35 volts 
without an arc, and those of Figs. 1B, 1C, 2A, and 2B 
represent, respectively, closure at 35 volts with an arc, 
at 50 volts with 2 arcs in opposite directions, at 177 
volts with 8 successive arcs in alternate directions, and 
at 87 volts with 4 successive arcs interrupted by an 
“open” occurring between the first and second.{ When 


t Reference 1, p. 1106. 

’F. E. Haworth, Phys. Rev. 80, 223 (1950). 

‘J. J. Lander and L. H. Germer, J. Appl. Phys. 19, 910 (1948). 

t Photographs essentially similar to those traces of Figs. 1 and 2 
on which the abscissa is time were reproduced as Figs. 12, 14, and 
15 in reference 1. The superior clearness of the present traces 8 
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5 the surfaces of contacts are in the arcing condition, the Taste I. 
e discharge of a condenser charged to a potential greatly 
t above the arc voltage of the contacts results in successive tes Pi ag Activated by: 
arcs, but these are, in general, interrupted by one or substance nm substance mm 
t more opens like that after the first arc of Fig. 2B; the bell jar pressure  bellijar pressure 
n occurrence of 8 successive arcs without any open, as in (1) (2) (3) (4) 
s the pattern of F ig. 2A, is unusual. ieee Substances which activate silver electrodes 
i ACTIVATION BY CARBONACEOUS MATERIAL Penetrating oll 0.025 = 0.010 in 
if Traces like those of Fig. 1A are produced by the But¥! dlcohol oy 7 
d closure of moderately clean electrodes of any one of the ee, oan a3 Ones 0.10 
y following metals : copper, silver, palladium, platinum, ec alien a 
a gold. The values of the voltage and of circuit inductance Styrene? is 0.0006 0.010 
! ial, provided only that the Phenyl Acetylene* 0.010 O17. 
and capacity are immaterial, provided only tha yl Acetylene 1 
S inductance is not extremely low (less than 10-h), or the —cyciohexanol — 
s voltage very high (of the order of hundreds of volts). ccnguntamine 0.035 0.78 0.015 0.32 
The silver electrodes, which gave the traces of Fig. 1A gy inomene* eam ome 
Is when they were moderately clean, gave the traces of {Menthone* 0.020 0.22 
t Figs. 1B and 1C after they had been operated for a few —_Terpineol — saturated at 25°C 
, minutes at the rate of 60 times per second in an atmos- __Ethy! silicate 0.005 0.04 
T phere containing benzene vapor. After the vapor had octene — saturated at 25°C 0.05 0.42 
af been removed, traces like those of Fig. 1B (or 1C) con- Groaecen® _- ae 
a, tinued to be observed on every closure for an appreci- Crtonic acid — saturated at 25°C 
1e able time until, after a minute or two, these traces were Compounds which do NOT activate silver electrodes 
interspersed with others like those of Fig. 1A and finally Ethy! alcohol — saturated at 25°C 
all of the traces were like those of Fig. 1A. In further ther ma“ 
N, experimentation it has been found that the active con- a He x 
dition of the contact surfaces which is responsible for — }icthyl methacrolate — etnies 
1g the arcs is maintained indefinitely, in the complete %Butvlacetate - ae 
h absence of benzene, when the contacts are not operated Sueprenstate — semreedeses: 
¢, or even when they are made to open and close continu- Oleic acid _ — saturated at 25°C 
of ously without discharging a condenser or breaking an gy — Staretedet 25°C 
» electric current. It is clear that the arcing is due to =—— 
L something deposited on the contact surfaces by de- . : 
n composition of benzene vapor, and that in the absence of 4C1Ng Occurs, and on a number of metals to find which 
vapor, this material can be gradually burned off by ©” be activated and which cannot. In the upper half of 
to continued arcing. Unless the exposure to benzene vapor able I, the names of some substances which have been 
al is near the minimum which will just cause arcing, this found to activate silver electrodes can be found ; in the 
ie substance is readily seen under the microscope or even lower half of the table other compounds with which 
Is- with the unaided eye. It looks like black soot. activation was not produced are listed. In many cases, 
va When silver electrodes are operated in air containing the contacts were enclosed in a bell jar of 9 liters 
he various partial pressures of benzene vapor, it is dis- 4Pacity, and the vapor pressure of the compound in 
re covered that the “active” arcing condition cannot be question could be calculated from the amount which was 
ng produced at pressures of 0.10 mm of mercury or lower placed in the jar and allowed to evaporate completely 
he but is produced at a pressure of 0.22 mm and at higher before the contacts were operated. The amounts of the 
pressures. The limiting value at which activation can substances and the calculated vapor pressures for those 
Its just be produced depends somewhat upon the voltage, tests for which these were known are presented in 
) inductance, and capacity, and also, in a rather surprising Table I. Although a value of vapor pressure at which 
s. manner, upon the original cleanness of the metal sur- Taste II. Arc voltages. 
7 faces, which apparently determines the extent to which 
ad benzene can be adsorbed on silver. Further experiments (L.H.G.) (Gaulrapp) 
= upon the activation of silver by benzene will be de- 
en scribed below. cg = as 
Tests have been made on a number of compounds to Palladium 14 — 
“ find which of them will activate metal electrodes, so that — e = 
d 2 due to the lower sweep speeds, which could be used because of Carbon 20 to 30 a5 
and gher circuit inductances, which in turn were possible because of Zinc 11.5 10.9 


is the “activation” of the contacts. 
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silver electrodes cannot be activated has been obtained 
for only three of the compounds in the top half of 
Table I, the values given in column 2 for those com- 
pounds which are starred are known to be fairly close to 
the minimum pressures which are effective, from quali- 
tative observation of the slowness with which arcing is 
initiated at these pressures. 

Experiments similar to those just described for silver 
have been carried out with electrodes made from 
thirty-two (32) other elements, mostly metals, although 
naturally not every metal has been tried with each com- 
pound of Table I. Of these elements, the metals copper, 
palladium, platinum, and gold behave in a way which 
closely resembles the behavior of silver. None of them 
will arc on closure, in a high inductance low voltage 
circuit, if the surfaces are moderately clean. All can be 
made to arc by exposure to vapors of those compounds 
which will activate silver, as far as tested. 

When arcing occurs, the arc voltage is independent of 
current over a wide range, as evidenced by the flatness 
of the lines which correspond to the arcs in Figs. 1 and 2, 
and is characteristic of the metal. The observed arc 
voltages of these five metals and of zinc and carbon are 
presented in Table II. The value of 15 volts for platinum 
is the same as that found earlier,' by an indirect method, 
for the arcing of clean platinum contacts in a very low 
inductance circuit. 

Current-voltage curves have been determined by a 
number of different experimenters for arcs between 
various metals and at various separations. Gaulrapp,° 
for example, has found that at sufficiently small sepa- 
rations, or at sufficiently low pressures, the arc voltage 
is independent of current, in agreement with observa- 
tions reported here. Gaulrapp’s values of minimum arc 
voltage are written down in the last column of Table II 
for comparison. Values from other observers do not 
agree so well. 

Only brief references will be made in this paper to 


tests carried out upon elements other than copper, 


silver, palladium, platinum, gold, and carbon. None of 
the other elements tested behaves like the noble metals; 
but, except for observations upon carbon and zinc, only 
a single example of differences which have been ob- 
served will be reported here. Styrene, the vapor of which 
is the most effective of any tested in the activation of 
silver (Table I), will activate each of the noble metals 
promptly at a pressure of 0.1 mm, which was the lowest 
to which any of these metals except silver was exposed ; 
but no one of the metals, iron, nickel, molybdenum, or 
tungsten, can be activated by styrene at a pressure of 
2.0 mm, which was the highest tested. 

The activation of noble metals by organic vapors is 
obviously the result of the decomposition of organic 
molecules to give a carbonaceous material on electrode 
surfaces. (Why an arc should always occur between such 
surfaces is not clear, but that it should occur is in line 


5K. Gaulrapp, Ann. Physik 25, 705 (1936). 
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with the fact that electrodes of solid carbon arc op 
closure.) As a working hypothesis it is to be presumed 
that the carbonaceous deposit results from decompogj. 
tion of organic molecules adsorbed on the electrodes 
and whether or not a particular compound will activate 
noble metal electrodes is determined primarily by 
whether or not molecules of the compound are adsorbed 
on electrode surfaces so firmly that, when there is loca] 
heating, they are decomposed in place rather than 
vaporized without decomposition. Experiments de. 
scribed below seem adequate to establish this hypothesis 
for the case of silver electrodes and benzene vapor. 

The first supporting observation was the discovery 
that under some circumstances silver electrodes which 
have been freed from grease cannot be activated by 
benzene vapor. In one test, silver contacts were operated 
for 560,000 closures in air containing benzene vapor at 
pressures between 2.6 and 3.5 mm, each closure dis. 
charging through an inductance of 10~°h a condenser of 
10-*f capacity charged to 50 volts. In another test, silver 
electrodes were operated under the same circuit condj- 
tions for 160,000 closures at 10.7 mm benzene pressure § 
No arcing occurred during these experiments, and the 
contacts appeared as perfectly clean at the end as they 
were at the beginning. If the experiment is attempted 
without scrupulous care in the avoidance of grease, for 
example, from the fingers, sporadic arcs are observed 
within the first few seconds of operation of the contacts, 
and very soon arcing occurs on every closure and 
quantities of sooty deposit are formed. One is led to 
postulate that benzene is adsorbed firmly on greasy 
silver but not on clean silver, and that adsorbed benzene 
is readily decomposed to form sooty material which 
causes arcing and is able to hold other benzene molecules 
so that they too can be decomposed. The following tests 
seem to establish this conclusion. 

For silver electrodes operated in air (that is, in the 
absence of benzene or analogous vapor) under the above 
circuit conditions, initial sporadic arcing occurs if either 
one of the electrodes is slightly greasy, for example, from 
finger contact. This initial activity will, however, die out 
quickly with continued operation, presumably as the 
grease is burned off by arcs. Initial arcing occurs also if 
insulating particles of polishing powder, magnesium 
oxide, or levigated alumina, are left on the surface. This 
also dies out fairly rapidly, as the particles are lost from 
the portions of the electrodes which come together. The 
action of insulating films or particles in initiating 
electric arcs has been investigated by Haworth’ and 
seems to be understood, at least in a general way. 
Further studies of arcing initiated by insulating films 
will be reported in later paragraphs of this paper. 

The initial arcing due to insulating particles of 
levigated alumina has an entirely different effect upon 
benzene vapor in the atmosphere than has the arcing 


§ Much higher benzene pressures have not been tested, because 
this is reported to be close to the minimum pressure giving 4” 
explosive mixture. 
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due to grease. Arcing due to grease, even very sporadic 
and infrequent arcing due to extremely slight greasy 
contamination, results in decomposition of benzene and 
quite prompt complete activation of the electrode sur- 
faces with formation of sooty deposits which may vary 
from scanty at low benzene pressures to copious at high 

ressures. Arcing due to insulating particles of levigated 
alumina has, on the other hand, no effect at all upon 
benzene vapor. Silver electrodes cleaned on a polishing 
cloth with levigated alumina and water, with care taken 
to avoid greasy contamination, have been mounted for 
test with the metal surfaces white with the alumina 
powder. Initially, an arc occurs on every closure, but 
this arcing gradually dies out with continued operation 
until after perhaps 10* closures no more arcs are ob- 
served. This gradual dying out of the initial arcing 
occurs in air containing benzene vapor, up to the 
highest pressure tested of 10.7 mm, just as it does in air 
without benzene. From this experiment, the conclusion 
has been drawn that the activation of silver contacts by 
benzene vapor requires the adsorption of benzene upon 
a greasy surface and its decomposition while firmly held 
there. Arcing in the absence of grease does not de- 
compose benzene nor produce activation. (It seems 
clear that the term activation which has been used here 
means simply the decomposition of benzene.) 

The conclusion that benzene is not decomposed unless 
it is adsorbed upon a grease film has not been extended 
to electrodes of any metal other than silver. For plati- 
num electrodes it seems not to be true; it has been found 
that platinum electrodes are always activated by ben- 
zene even after they have been most carefully freed from 
grease. Perhaps this means that benzene is firmly 
adsorbed upon clean platinum but not upon clean silver. 

There are other restrictions upon the conclusion that 
activation requires a grease film on electrode surfaces. It 
is not true for silver electrodes and styrene vapor; 
activation in styrene vapor is always prompt even when 
the silver surfaces have been well cleaned and are ap- 
parently grease free. It is not true even for silver 
electrodes and benzene vapor if the voltage is sufh- 
ciently high, of the order of 100-volts or more, or if the 
circuit inductance is extremely low. 


ARCING AT CARBON SURFACES 


The observations reported, up to this point, on arcing 
produced at noble metal contacts by vapors of benzene 
or other organic compounds are incomplete and need 
amplification and extension. It has not been explained 
earlier that oscilloscope traces like those of Figs. 1B and 
1C are obtained at the closure of silver electrodes which 
have been operated in air containing benzene under 
conditions which have permitted the decomposition of 
only a small amount of the compound upon the electrode 
surfaces, either operating for a short time or at a low 
vapor pressure. 

If one begins to operate moderately clean silver elec- 
trodes in air containing benzene at a pressure which is 
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Fic. 3. Oscilloscopic traces of arcs, which are mainly carbon arcs, 
at contact closure. 10~* f, 10~‘h, 50 volts, sweep time for the left- 
hand traces 2210-6 sec. (A) and (B) Silver electrodes with a 
carbonaceous deposit from decomposed benzene. (C) Pure carbon 
electrodes. 


not too low, the first closures are like those of Fig. 1A. 
These soon change to closures like those of Fig. 1B or 1C, 
but with continued operation, these are modified further 
to correspond to arcing at a higher and more variable 
voltage.|| Traces of this sort, from silver electrodes in air 
containing benzene at a rather high vapor pressure, are 
reproduced in Figs. 3A and 3B. If the benzene vapor is 
removed and operation of the contacts is continued, the 
type of closure soon changes back to that represented 
by Figs. 1B and 1C and finally to that represented by 
the traces of Fig. 1A. 

The traces of Fig. 3A correspond to arcs at an arc 
voltage of about 19, and those of Fig. 3B to arcs at 
fluctuating potentials in the range between 19 and 30 
volts. The traces of Fig. 3C, from closures of electrodes 
of pure carbon under identical circuit conditions, are 
reproduced for comparison. The conclusion that the 
traces of Figs. 3A and 3B represent arcs which are at 
least in part carbon arcs rests upon similarity with the 
patterns of Fig. 3C and upon the fact that a sooty de- 
posit can be seen on electrodes which produce patterns 
like those of Figs. 3A and 3B. 

Most arcs obtained with pure carbon electrodes ex- 
hibit greater fluctuations in voltage than appear in the 
traces of Fig. 3C, which were specially selected to ex- 
hibit rather steady arcs. Whereas silver arcs, Figs. 1B 
and 1C, for example, occur at voltages which are very 
steady and independent of arc current, this is not true of 
arcs between carbon electrodes nor of arcs between 
metal electrodes which have become so carbonized that 
they are essentially carbon arcs. Gold and copper arcs 


|| Finally, at a still later time, closures without arcs may occur 
which are characteristic of insulating surface films. 
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Fic. 4. Closures of silver electrodes operated in air containing 
ethy! silicate vapor. Circuit parameters the same as in Fig. 3. 
(A) Sweep time 7X 10~ sec, showing an arc and the subsequent 
open circuit. (B) Sweep time 600 10~-* sec, showing the history 
of the closure following an arc like that of Fig. 4A. The arc appears 
as a spot, and the following open circuit is not resolved from the 
beginning of the decrease of voltage caused by the flow of current 
through the high resistance film. Initial film resistance, 50,000 
ohms. Final film resistance, 1000 ohms. (C) Arcing at electrodes 
covered by a thicker SiO, film. Sweep time 20,000 10~* sec. 
(D) Closure with a still thicker film. No arc. Initial film resistance 
400,000 ohms. 


have very steady voltages, resembling silver arcs, but 
platinum and palladium arcs are less stable, with 
voltages which fluctuate more than arcs between elec- 
trodes of silver, gold, or copper, but considerably less 
than arcs between carbon electrodes. These facts seem 
to suggest that stability of arc voltage is associated with 
low melting and boiling points. No understanding of the 
underlying phenomena is, however, implied in this 
observation. 

The variability of the arc voltage in the traces of 
Fig. 3B is due in part to inherent instability of carbon 
arc voltages. Some of the variability is, however, due to 
the fact that the underlying material of the electrodes is 
silver and not carbon, so that there are, without doubt, 
some silver atoms in each arc; each arc is in part an arc 
in carbon vapor and in part an arc in silver vapor. Evi- 
dence for this conclusion is furnished by the fact that 
the average arc voltages of traces like those of Figs. 3A 
and 3B are intermediate between those ascribed to 
carbon and to silver, and by the fact that frequently, 
especially when the carbonization of the electrodes is 
not heavy, at the beginning and at the end of an arc the 
arc voltage is about 25, and in the middle, when the 
current density is highest, it is sometimes as much as 10 
volts lower. (See the traces of Figs. 3A and 3B.) This is 
interpreted as meaning that each arc starts as a carbon 
arc, but when electrode vaporization becomes relatively 
rapid, it is more nearly a silver arc. One must conclude 
further than when the arc current declines sufficiently, 
near the end, the discharge is in many cases again a 
carbon arc. 

This interpretation can be extrapolated to yield an 
empirical explanation of the activation of silver elec- 
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trodes by an organic vapor, even when the arc vol 

of carbon is not observed on the oscilloscope trag 
(Figs. 1B and 1C). It is to be presumed that in this cay 
the arc actually begins as a carbon arc but that the smal 
amount of surface carbon at the site of the arc is com. 
pletely vaporized so quickly that its arc voltage is ng 
noticeable on the oscilloscope trace; the arc is a silver 
arc for all but a small fraction of its lifetime. When, 
silver surface is only slightly carbonized, the carboniz. 
tion performs only the function of initiating a silver ay 
which could not have started if the metal surface hag 
been free from carbon. 

These observations and deductions lead one to divide 
the noble metal electrode surfaces upon which exper. 
ments have been carried out into three classes: (1) clean 
(or inactive) noble metal surfaces, (2) active metal 
surfaces, and (3) carbon surfaces. Class 3 is made up of 
noble metal surfaces which have become so carbonized 
that their behavior resembles that of pure carbon. Class 
2 is made up of surfaces which have been so slightly 
carbonized that although they are probably essentially 
carbon surfaces at the beginning (and near the end) of 
each arc, they are metal surfaces for most of the lifetime 
of the arc. According to this view, what has been called 
an “active” metal surface, which is, however, not 
sufficiently carbonized to give an arc resembling that of 
carbon nor any evidence of the characteristic arc voltage 
of carbon, behaves at the beginning and at the end of 
each arc just like a true carbon surface. 


ARCING INITIATED BY INSULATING FILMS 


It has been pointed out above that slight contamina- 
tion of noble metal contacts by finger grease may cause 
sporadic arcing at closure under circuit conditions for 
which no arcing would occur in the absence of grease. 
The same effect can be produced much more reliably by 
wiping contacts lightly with lens tissue and lanolin. 
When contacts which are initially slightly greasy are 
operated repeatedly, discharging, for example, a con- 
denser of 10~-*f charged to 50 volts on each closure, 
initial arcing caused by grease will gradually die out 
until, after perhaps 10‘ closures, arcs no longer take 
place. Inactivity of slightly greasy noble metal contacts 
produced in this manner, self-cleaning by repeated arcs, 
represents in our apparatus, however, a precarious 
stability, because slight vibration of the equipment 
causes new portions of the contact surfaces which are 
still greasy to come into opposition and arcing to be 
resumed. 

The production of arcing by surface grease bears more 
than a superficial resemblance to the experiments of 
Haworth (reference 3), and it seems altogether probable 
that some of the phenomena are the same, that an 
essential step in the development of arcs in the present 
experiments is a very strong electric field across ai 
insulating grease film on the cathode produced by 
positive ions on the surface of the film. This conclusion 
is, however, not supported by experiments in which only 
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ARCING AT ELECTRICAL CONTACTS ON CLOSURE 


TABLE III. Data from the oscilloscope traces of Fig. 4. Closure of silver electrodes with SiO, surface films. 











— 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) — 
Arc Closure through resistance film 
Open Calc. Arc Slope Current Resistance 
Saneal Socal : of trace through film of film 
Sweep time = .% an ed - mag —- (X10* v/sec) (X10-§ amp) (X10? ohms) 
(X10~6 sec) (v) Vi (ohms) ( X10~6 sec) ( X10~6 sec) Initial Later Initial Later Initial Later 
Fig. 4A 7 15 8 7 3 — — — ~ — —_-_ - 
4B 600 same same same —_ 250 3.0 18 300 1800 0 1 
4C 20,000 — —8, —11 _ — 1300 0.12 — 12 — 500 _ 
4D 20,000 — — _ — 2800 1.2 2.0 120 200 400 90 








one electrode was initially greasy; in these tests it has 
been found that grease on the positive electrode is as 
effective in causing arcs as grease on the negative. A 
possible explanation of this observation is the transfer of 
grease from one electrode to the other when they come 
into contact. 

The analogy with the Haworth experiment is strength- 
ened by finding that various insulating materials work 
as well as grease. The same kind of initial activity, which 
dies out rather rapidly with continued arcing, is found 
for noble metal contacts which have been dusted with 
levigated alumina or magnesia until they appear white 
and tested in this condition, and for electrodes which 
have been dipped into a colloidal water solution of SiO». 
It can be produced also in a closed bell jar by exposure 
to SiCl, or to ethyl silicate, both of which result in 
surface layers of SiOz. ' 

Vapors of the two compounds SiCl, and ethy] silicate 
produce results which are qualitatively different in just 
the way we could easily predict. Exposure to SiCl, 
vapor in a closed bell jar results in instantaneous arcing, 
because SiC], is hydrolyzed at once in moist air to give 
SiO. which is deposited over the surface of the equip- 
ment. In a particular experiment, 0.1 cc of SiCl, in a 
bell jar resulted at once in arcing at every closure which 
died out after about 2000 closures. If the initial layer of 
silica was uniform over all exposed surfaces, its thickness 
was about 700A. In ethyl silicate vapor, on the other 
hand, contacts begin to arc only after a considerable 
number of closures, because the compound is stable in 
air and is decomposed to form a layer of silica only by 
the heat developed at contacts during their continued 
operation. In a particular experiment in a bell jar filled 
with air containing ethyl silicate vapor at a pressure of 
0.04 mm, arcing first was observed after 10‘ closures. 

In our tests arcing produced by ethy] silicate vapor 
has always been accompanied by clear-cut evidence of 
an insulating film at the contacts. The insulating film 
and the arcing appear together, which is perhaps the 
best evidence we have that the film is the cause of the 
arcing. With continued operation in ethyl silicate, the 
film becomes finally so thick that no further arcing takes 
place. 

Steps in the development of an insulating film from 
ethyl silicate vapor are represented by the oscilloscope 
traces of Fig. 4. The traces of Figs. 4A and 4B represent 





the same rather early stage, the pattern of Fig. 4B, with 
a sweep time of 600X 10~® sec, showing the way in which 
the contacts closed following an arc like that of Fig. 4A. 
The patterns of Figs. 4C and 4D show closures when the 
insulating film had become thicker, that is, after further 
operation in ethyl silicate vapor. 

In the trace of Fig. 4A is shown an arc at about 15 
volts lasting for 3X10-* sec, followed by an open at 
about —17 volts and lasting until after the end of the 
sweep, 4X10-® sec later. (The calculated arc time is 
a(LC)!=3X10-* sec.) That abrupt closure did not 
occur at the end of the open (as, for example, in Fig. 1B) 
is clear in the trace of Fig. 4B. On this trace the arc 
appears as a small spot, and the subsequent open circuit 
is unresolved from the rising curved line which repre- 
sents discharge of the condenser through an insulating 
film. This discharge lasted for 250 10~-* sec with the 
initial slope of the trace corresponding to a rate of 
discharge of the condenser of 3.0X10* v/sec and the 
final slope to 18X 10‘ v/sec. The corresponding currents 
through the film are C(dV/di)=300 and 1800X10-* 
amp, and the film resistances are about 50X10* and 
1X10* ohms, respectively. The pattern of Fig. 4C was 
obtained at a later time and corresponds undoubtedly to 
a thicker film. The sweep time for this pattern is so long, 
20,000 X 10° sec, that the arc is quite unresolved, but 
that there was an arc is evident from the fact that the 
voltage changes sign abruptly as in Figs. 4A and 4B. In 
the left-hand one of the two closures represented in 
Fig. 4C, the initial slope of the rising curve corresponds 
to a film resistance of 50010* ohms; and metallic 
contact was not established until 130010 sec after 
the first touching of the resistance film. In the pattern 
of Fig. 4D, taken later with a still thicker silica film, 
there is obviously no arc at all. The initial film resistance 
was 400X10* ohms, dropping to about 90X10* ohms 
before metallic contact, the time required for this change 
being 2800X10-* sec. Data from all of the traces of 
Fig. 4 are collected in Table ITI. 

The arc voltage measured upon the pattern of Fig. 4A 
is »=15 (column 3, Table III), which is appreciably 
higher than 11 volts obtained for silver which had been 
activated with a minimum amount of carbon from 
benzene vapor (Table IT). It was noted in the preceding 
section that an organic vapor in excess of the amount 
required just to activate metal electrodes results in 
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TaBLe IV. Circuit parameters for arcing at clean silver electrodes. 











(1) (2) (3) (4) 





(5) (6) (7) 
Calc. 1.3 X10 
Observed Vo max. Observed Vo Vo-l1 [: ar 
for first arc for arcing Lia 
¢ L detectable current most of ———____* 
(10>*f) (10-th) arcing Vo/Lh (amp) the time La 
i 
1 1.8 50 38X 108 0.9 91 34 108 
10 66 21 0.5 115 28 
48 220 32 0.9 >275 >37 
2 1.8 38 28 0.9 85 38 
10 85 27 1.0 150° 41 
48 206 30 1.3 >275 >37 
5 1.8 31 23 53 63 28 
10 64 20 1.2 120 33 
48 200 29 1.9 260 35 
100 210 21 1.4 >275 
10 1.8 24.5 18 1.0 51 22 
10 60 19 1.5 104 28 
48 171 25 2.3 214 29 
100 176 18 1.6 >275 >26 
20 1.8 30 22 2.0 67 36 
10 77 24 y 123 34 
48 160 23 3.0 240 33 
100 212 21 2.8 >275 > 26 
50 1.8 13 10 0.3 35 14 
10 40 13 2.0 91 25 
48 93 13 2.6 190 26 
100 190 19 4.0 248 24 
206 240 17 3.6 >275 >18 
100 1.8 11.5 9 0.1 44 22 
10 47 15 3.6 91 24 
48 121 17 5.0 210 29 
100 210 21 6.3 260 25 
206 222 15 4.6 276 18 
250 1.8 13 10 0.7 31 13 
10 25 8 aun 76 20 
48 84 12 5.3 180 24 
100 92 9 4.0 226 21 
206 162 11 5.2 258 17 








considerable (and erratic) rise in the arc voltage. In 
these experiments with silica films on silver, it seems 
clear that a similar increase in the arc voltage has been 
produced by the film. The thickness of a silica film on a 
silver surface can, however, be adjusted so that it gives 
rise to arcs having the arc voltage of 11 characteristic of 
the underlying metal, just as in the case of arcs initiated 
by carbonaceous films. This lower and characteristic arc 
voltage of silver is observed in the first arcs which occur 
when silver electrodes are operated in ethyl silicate vapor. 
With continued operation the arc voltage very soon 
rises to higher values. 

The open circuit voltage in the pattern of Fig. 4A is 
V,=—17 (column 4, Table III). This is related to the 
initial voltage Vo=50 and to the arc voltage »=15 by 
the equation f= (v—V,)/(Vo—v), where f is a function 
of the circuit parameters (reference 1, p. 1094). From 
the known values of C and L, one calculates the circuit 
resistance to be 7 ohms (column 5, Table III), which is, 
no doubt, chiefly in the circuit external to the arc. Yet 
as soon as the arc is extinguished and when the contacts 





have moved toward each other until they have made 
physical contact, the resistance can be half a megohm. 
This is proof that the arc destroys the insulating film in 
the small spot where it strikes but leaves the film 
undamaged elsewhere, and the spot at which the arc 
occurred and where there is no film does not short- 
circuit the high resistance film after physical contact is 
established. 

The difference in behavior between noble metal elec- 
trodes and electrodes of other metals is probably related 
to films of oxides or other compounds on the surfaces of 
the base metals. It has been discovered that zinc 
surfaces freshly cleaned by abrasion in air do not arc 
readily, perhaps no more readily than do clean noble 
metal surfaces, but that with continued operation or 
after standing idly in air arcing will soon occur. Arcing 
at zinc surfaces which have not been freshly cut is ex- 
tremely reliable. This is almost certainly due to the 
insulating property of a normal coating of ZnO. Other 
base metals do not, however, give results which are so 
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Fic. 5. Discharge by carbon electrodes through a 100-ohm non- 
inductive resistance of a capacity charged to 50 volts, 300 suc- 
cessive traces superposed. When the arc is extinguished, the 
potential across the contacts rises by about 4.6 volts, corresponding 


to a minimum arc current of 0.046 amp. 


clean cut. Tin, in particular, gives very erratic results, 
probably because its oxide is not easily vaporized. 


LIMITING CIRCUIT CONDITIONS FOR ARCING 
ON CLOSURE 


Attention is given here to two different circuit charac- 
teristics associated with the electrode surfaces, re- 
spectively, the conditions which determine whether or 
not an arc will strike between closing electrodes before 
they touch, and the minimum arc current at which an 
established arc will be extinguished. These limiting con- 
ditions are not sharply defined, and statistical variation 
is distressingly large, but not so large that there is any 
possibility of confusing “active” and “inactive” noble 
metal surfaces. 

To find the limiting circuit conditions which permit 
an arc to strike, clean silver electrodes have been tested 
for arcing at closure in series with various capacities and 
inductances. For each combination of capacity and 
inductance, the electrodes are opened and closed 60 
times per second in the conventional circuit in which the 
capacity is discharged on each closure and then is 
recharged after the contacts have been separated. The 
potential difference is increased gradually until arcing 
occurs. In column 3 of Table IV are presented the 
voltages at which arcing is first observed and in column 
6 the voltages at which arcing occurs on every, or almost 
every, closure. In column 4 are the quotients obtained 
by dividing the voltages of column 3 by the square roots 
of the inductances. It seems apparent that, for each 
capacity, the voltage necessary for an arc is approxi- 
mately proportional to the square root of the circuit 
inductance. There is a variation of voltage with capacity 
which is much less marked, the voltage decreasing by a 
factor of 3 for a capacity increase by a factor of 250. The 
maximum arc currents calculated from the data of 
columns 1-3, using the formula imax=(Vo—v)(C/L)! 
with »= 11 volts, are listed for later use in column 5. 

If the data of column 6 are treated in the same way, 
one finds that there is an indicated correction at low 
values of capacity and inductance. A more nearly con- 
stant quotient is obtained for (Vo—11)/Z} which possi- 
bly makes sense in that the arc voltage of silver is 11 
(see Table II) and (Vo—11) is the effective circuit 
voltage. The quotient (Vo—11)/L! appears to deviate 
only at very low values of L and of C from a value which 
is changing steadily and quite slowly with C. 


TABLE V. Measurements of minimum arc currents from photo- 
graphs like that of Fig. 5. 








(1) (2) (3) (4) (S) (6) 





Circuit Minimum 
Electrode Vo _ resistance Vi (Vi-—v) current 
material (volts) (ohms) (volts) (volts) (Vi-—v)/R 
Active silver 80 51 1.4 0.027 amp 
100 3.5 0.035 
220 8.4 0.037 
160 100 3.5 0.035 
Inactive silver 50 0 —22.7 
10 10.7 
15 17.3 0.42 
20 20.0 0.45 
24 26.0 0.62 
100 0 — 64.0 
10 6.0 
15 16.0 0.33 
20 23.3 0.61 
24 25.4 0.60 
51 44.0 0.65 
220 — 
Carbon 50 100 4.9 0.049 
220 7.8 0.036 
300 7.8-17.2 0.026 to 0.057 
430 10.5-21.7 0.024 to 0.051 
620 8.7-37.7 0.014 to 0.045 
1100 — _— 
100 100 2.0— 6.6 0.020 to 0.066 
220 5.3-13.9 0.024 to 0.063 
300 7.3-17.2 0.024 to 0.067 











A last suggested correction seems to involve L and C 
in the same way, and this is tested out by giving 
in column 7 values of the quotient [V o—11[1+1.3 
X 10-7/(LC)*]]/L'. This fancy expression can be ration- 
alized by suggesting that the term which is subtracted 
from Vo is a sort of average arc voltage and that the arc 
voltage is really high at the beginning of each arc and 
approaches 11 only when the arc lasts a considerable 
time, when 2(LC)! is large. The factor 1.3 10-7 is to be 
interpreted then as implying that the time required for 
each arc to become stable at 11 volts is of the order of 
(1.3X10-'r) sec. Evidence will be presented in the 
second installment of this paper for this sort of variation 
of arc voltage with time after the initiation of each arc. 

Measurements similar to those of Table IV for silver 
electrodes have been obtained for platinum electrodes 
also. The platinum measurements were made earlier and 
less carefully, but, as far as they go, they suggest much 
the same sort of dependence of voltage necessary to 
start an arc upon circuit inductance and capacity. 

Although too much has been read into the data of 
Table IV, it is rather well indicated that the voltage 
necessary to strike an arc between inactive silver elec- 
trodes increases with increasing inductance rather 
rapidly and, more or less, as the inductance to the one- 
half power, and decreases with increasing capacity, only 
much more slowly. 

For carbonized (or “active”) silver electrodes the 
circuit inductance, which will just prevent an arc upon 
the discharge of a capacity of 10-*f charged to a po- 
tential difference of 50 volts, varies on repeated tests in 
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the range between 10~* and 10~*h. This is higher than 
the corresponding inductance for clean silver electrodes 
by a factor between 500 and 5000. Data like those of 
Table IV have not been obtained for carbonized metal 
electrodes or for carbon. 

The second desired characteristic for a closure arc, the 
minimum arc current for an established arc, is de- 
termined conveniently by observing on the oscilloscope 
the potential across closing contacts which are dis- 
charging a condenser through a fixed non-inductive 
resistance. When the current through the closure arc has 
decreased to the minimum current at which the arc can 
be sustained and the arc is extinguished, the voltage 
across the contacts rises from the arc voltage to that 
across the condenser. The current at which the arc went 
out is then the difference between the open circuit 
voltage V, and the arc voltage v, divided by the circuit 
resistance. To take into account statistical variation, it 
is convenient to open the camera shutter long enough to 
record a great many successive closures. A photograph 


of 300 superposed traces is reproduced as Fig. 5. In this . 


figure the average value of (Vi—v) is about 4.6 volts 
which, on division by the circuit resistance of 100 ohms, 
yields 0.046 amp as the minimum arc current for the 
carbon electrodes of this experiment. 

Data from a number of photographs like that of Fig. 5 
are given in Table V. For contacts of active silver and of 
carbon, the potential difference (Vi—v) (column 5) is 
measured directly on the photographic film and this 
divided by the circuit resistance (column 3) gives the 


minimum arc currents of column 6. For inactive silver 
electrodes, the arcs last such a short time that they are 
not recorded on the film, and the differences (V,—,) 
have to be obtained by subtracting 11, the known ar 
voltage of silver, from the measured values of V, of 
column 4. The negative values of V; obtained at zero 
resistance and the low values obtained at 10 ohms indi. 
cate clearly that the circuit of these experiments was, of 
course, not strictly non-inductive, and, in consequence, 
results for low resistances are not reliable. No arcs occur 
for inactive silver at 100 volts and 220 ohms, nor for 
carbon at 50 volts and 1100 ohms; for these conditions, 
arcs of zero length would imply minimum arc currents of 
0.40 and 0.035 amp, respectively. 

The data of Table V show considerable variation, but 
they indicate that the minimum arc current for active 
silver is about 0.03 amp and is substantially the same as 
that for carbon. The minimum arc current for inactive 
silver is about 0.6 amp. 

It is obvious that an arc cannot occur at all if the 
maximum current permitted by the circuit parameters, 
(Vo—v)(C/L)}, is below the minimum arc current. It js 
of interest to check this point from the data for inactive 
silver in Table IV. Values of (Vo—v)(C/L)? from the 
data of columns 1-3 of Table IV are written down in 
column 5. One observes that in only three cases is this 
calculated maximum current below 0.6 amp, and, in 
general, it is many times higher. 

I am much indebted to Mr. J. L. Smith for assistance 
with many of the experiments reported here. 
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Heat treatment in a magnetic field has been found effective for iron-silicon alloys between two percent 
and ten percent silicon, the highest maximum permeability being obtained at about 6.5 percent silicon. In a 
single crystal of this composition, magnetized parallel to a [100] direction, the hysteresis loop is squared by 
the magnetic anneal and the maximum permeability is increased from 50,000 to 3,800,000, the highest value 


yet reported. 


N an investigation of the magnetic properties of 

iron-silicon alloys, it has been found that heat 
treatment in a magnetic field is effective for alloys 
between 2 percent and 10 percent silicon, and that the 
maximum effect is obtained at approximately 6.4 per- 
cent silicon. In a single crystal the hysteresis loop is 
squared by the magnetic annealing and very high per- 
meability is attained (3,800,000). In this range of 
composition, as is known from the constitution diagram, 
all of the allotropic transformations in the iron have 
been eliminated; this means that impurities can be 
removed by annealing at high temperatures in pure 


hydrogen, without recrystallization of the material. 
This fact, and the high Curie temperature, varying 
between 770°C and 490°C, are favorable for effective 
magnetic annealing. 

The test specimens were made of electrolytic iron 
melted in a quartz crucible in a high frequency induction 
furnace with the silicon added under an atmosphere of 
helium, and were cast into ring form. They were sub- 
jected to various heat treatments; some were annealed 
at 1000°C for one hour in hydrogen and furnace cooled 
and then at 700°C for one hour in the presence of 4 
magnetizing field of 10 oersteds. The same specimens 
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Fic. 1. Effect of magnetic anneal on the maximum 
permeability of iron-silicon alloys. 


were then annealed at 1300°C for 100 to 120 hours in 
hydrogen and furnace cooled, and later subjected to 
700°C for one hour and cooled in a field. The effect of 
the heat treatment in a field on the permeability is 
clearly discernible over the entire range, and shows a 
decided peak value at about 6.4 percent silicon. 

Figure 1 shows the permeabilities obtained after the 
various heat treatments. Curve (a) shows the results 
obtained by Masumoto! on specimens vacuum annealed 
at 1000°C for one hour and furnace cooled, without an 
applied magnetic field. Curve (b) shows the results 
obtained by the writer after annealing at 1300°C in 
pure hydrogen for 120 hours and cooling with the fur- 
nace; and curve (c) gives the results obtained after 
annealing subsequently at 700°C for one hour and 
cooling in a field. 

The peak value of permeability can be raised still 
further by using extremely pure iron and silicon and 
subjecting the alloys to higher temperatures in pure 
hydrogen. This has been shown in unpublished results 
obtained by O. L. Boothby and H. J. Williams of these 
Laboratories, who obtained a maximum permeability 
of 500,000 at about 6.8 percent silicon. For these tests 
high purity iron and silicon were melted in a toroidal 
crucible in a hydrogen atmosphere and then heat 
treated in a magnetic field of about 12 oersteds. 

Independently, Mihara? found that magnetic anneal- 
ing increased the maximum permeability of alloys con- 
taining up to 6.2 percent silicon. He gave no results for 
alloys containing higher percentages of silicon. His 
investigations also showed that the hysteresis loop of 
the 5 percent alloy had vertical sides after the magnetic 
annealing. Similar results were obtained independently 
by Boothby and Williams for the 6.8 percent alloy. 

'H. Masumoto, Sci. Reports Tohoku Imper. Univ., Honda 
Anniversary volume, 388 (1936). 

*K. Mihara, unpublished report. See “Magnetic development 


in Japan during World War II,” U. S. Naval Technical Mission 
to Japan, p. 46-55 (1946). ATIS No. 3380. 
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Fic. 2. Hysteresis loops and permeability curves before and after 
magnetic anneal for a single crystal of 6.5 percent silicon. 


The writer has also investigated a single crystal of 
6.5 percent silicon in the form of a hollow rectangle 
having each side parallel to [100], the direction of easy 
magnetization. The original crystal was grown by 
O. L. Boothby. The maximum permeability for this 
specimen before heat treatment was 50,000, and after 
heat treatment in a magnetic field it increased to 
3,800,000, which is the highest value yet reported for 
any material. Figure 2 shows the permeability as a 
function of the magnetization before and after heat- 
treatment in a field, and also shows the corresponding 
hysteresis loops traced on the Cioffi recording fluxmeter. 
Subsequent heat treatment at 650°C in zero field re- 
sulted in a loop similar to that obtained before the 
magnetic anneal. 

The results thus far obtained indicate that iron- 
silicon can be made to respond to heat treatment in a 
magnetic field and that there is a decided peak in per- 
meability at about 6.4 percent silicon. This composition 
is about that for zero magnetostriction; it is also nearly 
the composition at which atomic ordering begins to be 
detectable by means of x-rays.‘ 

Acknowledgment is made to R. M. Bozorth and 
H. J. Williams for valuable suggestions. 


4A. Schulze, Z. Physik 50, 448 (1928). Also, W. J. Carr, un- 
published data on single crystals. 


‘ Farquhar, Lipson, and Weill, J. Iron and Steel Inst. 152, 457 
(1945). 
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Viscoelastic Properties of Several High Polymers 
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The viscoelastic properties of viscose monofils differing in the degree of orientation were measured by 
means of the vibrating reed method within the frequency range from 20 to 100 cps. The frequency dependence 
as well as the orientation dependence of the modulus and viscosity coefficient were discussed and connected 


with the relaxation mechanism. It could be expect 


ed that the anomalous dispersion should occur at fre- 


quencies lower than 1 cps and at high frequencies such as 10‘~10 cps, the former being due to the motion of 


secondary cross bonds permitting the chains to slip 
supplement the data which support this discussion 


, and the latter to the motion of segments. In order to 
, Measurements were extended to Cellophane, films of 


cellulose acetate, and Celluloid, and also to films of synthetic high polymers such as Polycaprolactam and 
polyvinyl chloride. The latter two substances showed noticeably different dynamic properties from that of 
cellulose, and this could, assumably, be associated with the fact that they lack in crystallization. 





HEN the viscosity is considered besides pure 

elasticity, the generalized modulus at a given 

frequency is expressed by a complex number, as in the 
case of a complex dielectric constant, namely, 


E=E,+1E2, 


where E,, the real part of the modulus of elasticity, is 
the dynamic Young’s modulus which is related to the 
force attributed to the pure elastic deformation, and E2, 
the imaginary part of the modulus, is associated with 
the resistive loss during dynamic deformation, and can 
be given by 

E,= nw, 


where 7 is the viscosity coefficient, and w the angular 
frequency. 

In analogy with the case of dielectric properties free 
from ionic and dielectric losses, the phase difference 
between force and velocity during pure elastic deforma- 
tion should be 2/2. The coexistence of internal friction 
results in a phase angle @ between force and velocity, 
which differs from 7/2. Accordingly, the contribution of 
velocity to the force-axis gives rise to the mechanical 
loss per second which is consumed in the form of heat. 
As far as @ closely approximates 7/2, as is the case with 
most practical reeds, cos@ can be substituted by tané in 
the first approximation. Here 6 is the phase angle be- 
tween the imposed force and the displacement of the 
reed. The loss tangent as defined above is represented by 
the ratio E,/E,. Hence, tané is called the mechanical 
loss tangent. 

In this type of study, one of the principal interests lies 
in relating this work with the development of the re- 
laxation mechanism theory. Within the scope of the 
present study, however, complete dispersion spectra 
were not obtained, and the evidences available were 
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Fic. 1. Schematic diagram of a vibrating apparatus. 


insufficient to achieve this aim. However, it is hoped 
that the measurements involved will contribute to the 
studies of the deformation mechanism and to further 
developments of the problem. The samples used were 
viscose monofils differing in degrees of orientation, films 
of cellulose, cellulose derivatives, polycaprolactam, and 
polyvinyl chloride. 


METHODS 


The measurements in this study were confined to the 
transversal vibration of a reed, and the frequency range 
covered was from 20 to 200 cps. A schematic diagram of 
the construction of the apparatus is shown in Fig. 1, 

A generator was used which produced waves with 
frequency ranges within the limit from 20 to 20,000 cps. 
However, frequencies higher than 200 cps were not 
available, since the length of the test reed would then 
have been too small for practical measurements. Fur- 
thermore, in order to prevent disturbances caused by 
the natural vibration of the vibrator (clamp), having a 
frequency of 259 cps, the above-mentioned frequency 
range was employed. The reading of the oscillator was 
calibrated by standardized frequencies by means of a 
cathode-ray oscillograph. For measurements in vacuum 
and in conditioned atmosphere the vibrator was set in 
a closed glass vessel. 

Because of existing internal friction, the amplitude ts 
frequency curves did not show a sharp peak but were 
broadened. According to the analytical results of the 
fundamental equation for vibration, the real and im- 
aginary parts of the complex modulus can be expressed 
in terms of resonant frequency and band width of the 
amplitude-frequency curve. Therefore, if the amplitude 
is reduced to 1/v2 times the maximum value at fre- 
quencies v,+}Ay, where y, is the frequency at maximum 
amplitude, the analysis results in the following equa- 
tions :! 


4r*/4 
E,=p—[v?+}(Av)?], (1) 
do'k? 


1 See M. Horio and S. Onogi, J. Appl. Phys. 22, 977 (1951). 
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4nI4 
E.=p——,: Ay, (2) 
do'k 


where / and p are the length and the density of the reed, 
respectively ; x= I/A, where I is the moment of inertia 
of the cross section referring to the neutral axis, and A 
the cross-sectional area; and a)>=1.875 for the funda- 
mental vibration. The dependence of E,, E2, and 7 upon 
frequency for several high polymers is given and 
discussed. 


VISCOSE MONOFILS 


Viscose prepared in the ordinary manner was extruded 
from an orifice and hung down upon the surface of a 
bath of a cold saturated solution of ammonium chloride. 
The coagulated filaments were then treated without 
tension with cold sulfuric acid (9 percent in strength), 
and the cellulose was regenerated. The cellulose fila- 
ments thus obtained, which were almost isotropic in 
structure, were washed thoroughly with water and dried 
at room temperature under various tensions effected by 
different weights. The finished filaments attain different 
degrees of anisotropic character depending upon the 
tension applied while drying. The cross section of the 
filaments thus prepared was practically round and 
homogeneous in texture. The filaments had sufficient 
transparency to permit optical measurements to de- 
termine their orientation degree. The diameters of the 
filaments were about 0.1 mm (approximately 100 
deniers). 

In another case, samples were prepared in a different 
manner. Instead of stretching the filaments after re- 
generation, the xanthate filaments were stretched to 
different degrees and then regenerated by sulfuric acid 
in their stretched states. The filaments obtained in this 
manner displayed very similar properties to those pre- 
pared by the method discussed first. 

To determine anisotropic properties, the double re- 
fraction of filaments was measured. The sample was 
embedded in xylene, and the retardation I referred to 
daylight was determined by means of a Berek com- 
pensator. Knowing I’, the double refraction is expressed 
by the retardation per unit pass length, namely, 


AT=n,—na=T/D, 


where D is the diameter of the filament. 
To express the orientation degree, the following ex- 
pression was employed: 


Orientation factor = AT'/AT max, 


where AI'max is the double refraction which: would be 
attained if the cellulose chains were completely oriented 
along the filament axis. The value 0.043, given by 
Hermans ¢/ al.? for regenerated cellulose at a relative 





*Hermans, Hermans, Vermaas, and Weidinger, J. Polymer Sci. 
3, 1-9 (1948); P. H. Hermans, Contribution to the Physics of 
Calulose Fibers (Elsevier Publishing Company, Inc., Amsterdam, 
New York, 1946), p. 129. 
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Fic. 2. E,, E2, and n vs frequency for two viscose monofils differing 
in orientation factor. 


humidity of 65 percent, was employed. The dynamic 
measurements were carried out at a relative humidity of 
64~67 percent and a temperature of 18°~20°C. 

The moduli of the filaments were determined by 
Eqs. (1) and (2), substituting «°=D*/16. Figure 2 
represents some examples of the dependence of FE, Ea, 
and » upon frequency, which were obtained with fila- 
ments having extremely different orientation factors. 
All other filaments with intermediate orientation factors 
show similar dependences. 

In some samples the dynamic modulus £, was almost 
constant within’ the frequency range covered. On the 
other hand, for other samples £; was slightly dependent 
upon frequency and increased with frequency, if at all. 
This dependence seems to be the more prominent as the 
orientation of the cellulose chains becomes greater. Such 
a dependence is consistent with the relaxation mecha- 
nism, and the slight increase in dynamic modulus with 
frequency may suggest that an anomalous dispersion 
occurs at a very small frequency or at a much higher 
frequency than the range covered. A more concrete 
interpretation should be presentable after obtaining 
dispersion spectrum covering a wider range of fre- 
quencies. 

Similar relations to these were obtained with samples 
having different orientation factors. From these data 
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Fic. 3. Static and dynamic Young’s moduli as a function of 
orientation factor for viscose monofils. 








968 HORIO, ONOGI, 












E, 10-10"? dynes cat? 


' 
o"- 10" dynes on* 


ay ff 


iim L i Hoi 
"oe ww @ Tr or 108 Ts ia 


FREQUENCY cPs 


E, AND E, 





















Fic. 4. Assumed over-all spectrum of E; and E2 of 
cellulose samples. 


the dependence of E; upon the orientation factor can be 
deduced. Figure 3 is a plotting of EZ, vs orientation factor, 
which reveals that the modulus increases linearly with 
the orientation, within the frequency range covered. 

Even in an almost isotropic filament with an orienta- 
tion factor of 0.085, the dynamic modulus is as high as 
6-10'° dynes-cm~*. On the other hand, £; of a highly 
oriented filament is in the order of 2-10" dynes-cm~ 
and is close to the value computed by Meyer and 
Lotmar® from the force required to distort the primary 
valences in a cellulose chain. 

The extremely small and rapid deformation that 
occurs during the dynamic vibration of the fiber corre- 
sponds chiefly to the energy mechanism. Hermanne‘ 
recently attributed the small quasi-static deformation 
before the yield point of rayon filaments in the dry 
state exclusively to the energy mechanism due to the 
valence deformation. This, however, is true to a limited 
extent only, and other relaxation mechanisms should 
not be excluded. The marked dependence of static and 
dynamic modulus upon orientation suggests the oc- 
currence of the entropy elasticity. The modulus resulting 
from this mechanism is of a lower order of magnitude 
than that resulting from the valence stretching. 

Attention must be paid here to the great difference 
between dynamic and static moduli of the samples of 
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Fic. 5. Apparent relaxation time vs orientation factor for 
viscose monofils. 


*K. H. Meyer and W. Lotmar, Helv. Chim. Acta 19, 68-86 


(1936). 
*L. Hermanne, Textile Research J. 19, 61-72 (1949). 
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regenerated cellulose which were treated above. The 
quasi-static modulus* also increases with orientation 
factor in a manner similar to the behavior of the 
dynamic modulus as shown in Fig. 3, but the former js 
on the whole about one-tenth of the latter. 

This difference between the dynamic and static 
modulus suggests that there may exist an anomaloys 
dispersion at a very low frequency, say, between zero and 
10 cps. This is consistent with the tendency of E, to 
increase towards zero frequency. (See also Fig, 6 
referring to Cellophane.) The interpretation leads to the 
assumption of a probable occurrence of a type of 
relaxation mechanism which is ascribed by Tobolsky 
and Eyring® to the motion due to secondary cross bonds 
permitting the cellulose chains to slip. The relaxation 
time corresponding to these chain displacements jg 
estimated to be of the order of seconds and is visualized 
by the experiments on stress decay of viscose rayon 
yarns.® 

If we assume by analogy with dielectrics that the 
anomalous dispersion takes place at frequencies given 
by v=1/2z7, the mechanical loss associated with the 
relaxation time, as mentioned above, may occur chiefly 
at very low frequencies smaller than 1 cps. Accordingly, 
the static Young’s modulus corresponds to the stress- 
strain relations which involve the slipping of secondary 
bonds and deformation due to uncoiling besides the 
stretching of primary bonds. These three types of 
mechanisms can be combined locally in parallel and 
locally in series, and come into action in a variety of the 
combinations according to the extent of strain. This 
probably explains the smaller value of the static 
modulus. 

The slow relaxation due to the slipping of secondary 
bonds would probably be unable to adjust itself to the 
rapidly changing stress caused by a vibration with a 
frequency higher than 20 cps, and accordingly, the 
secondary bonds behave as fixed points against these 
rapid motions. This forces the crystallites and other 
secondary cross bonds to behave approximately as rigid 
bodies, and a greater part of the stress is distributed 
upon the primary valences constructing the chains. 
These conditions will result in obtaining a high modulus 
in the dynamic state, which is of the order of 10" 
dynes: cm, 


* The static modulus is very indefinite, since the deformation is 
quasi-static and the result depends upon the speed of elongation. 
Furthermore, the starting point of the load-elongation curve, 
which corresponds to the infinitesimal strain during vibration with 
a small amplitude, cannot be analyzed with sufficient exactness. In 
the present research the modulus was calculated from the tangent 
of the initial linear part of the stress-strain curves registered by a 
stretching apparatus operating with an approximately constant 
elongating speed of 5 mm per minute with a sample 5 cm m 
length. The static moduli of the present samples are on the whole 
smaller than those of the commercial viscose filaments which differ 
markedly in structure and denier from the present samples of 
monofils. : 

5 A. Tobolsky and H. Eyring, J. Chem. Phys. 11, 125-34 (1943). 

*E. G. Burleigh and M. Wakeham, Textile Research J. 1, 
245-55 (1947). 
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In the light of the above mentioned postulate con- 
cerning the three relaxation mechanisms of Tobolsky 
and Eyring, the relaxation due to the motion of seg- 
ments must also be taken into consideration as another 
condition causing the loss. The relaxation time corre- 
sponding to this mechanism could be computed to be of 
the order of 10~* second.® In the case of cellulose chains 
consisting of larger segments, a longer relaxation time 
may be expected. Accordingly, a second anomalous 
dispersion can be expected to occur at a frequency of 10+ 
to 10° cps. The modulus at a frequency higher than this 
limit would correspond mainly to the stretching of pri- 
mary bonds and would be of the order of 10" to 10” 
dynes:cm~*, as computed by Meyer and Lotmar. If this 
should actually happen, the dynamic modulus would no 
longer be influenced by the orientation effect. At an 
extremely high frequency of the order of 10” to 10" cps, 
which corresponds to the vibration of C—C and C—O 
linkages, a third anomaly may occur, and the modulus 
would become infinite beyond this limit of frequency. 

Considering these total mechanisms, the over-all 
spectrum of the moduli is shown schematically in 
Fig. 4. We are inclined to believe that the observations 
in this study can represent only a small monotonous 
fragment of the total spectrum involving marked 
varieties.’ 

Reference will be made briefly to the viscosity coeffi- 
cient. As can be seen in Fig. 2, the viscosity coefficient 
decreases rapidly with frequency and increases with 
orientation. It is, however, noticed that both 7 and E, 
increase approximately in the same proportion with 
orientation when the frequency is suitably high. It 
follows, therefore, that the relaxation time, defined by 
1=7/E,,} is approximately constant and independent 
of the orientation. The viscosity coefficient increaset 
with orientation more rapidly than the modulus only as 
frequencies lower than the limit. This may reasonably 
be interpreted by considering the fact that the secondary 
cross bonds which cause friction at low frequencies in- 
crease with orientation. The relations are shown in 
Fig. 5. 


CELLOPHANE 


Commercial Cellophane was de-plasticized by ex- 
tracting it with water, using a Soxhlet extractor, and 
then subjected to the dynamic tests. E, and E»2 were 
computed from Eqs. (1) and (2) by substituting 
®*=@/12, where d is the thickness of the reed with a 
rectangular cross section. Since the sheet has different 
characters according to the direction, the reeds of the 
machine direction were used. The results obtained with 





'Itis possible that the sharpness of loss curves and steepness of 
tsion Curves are lessened when more than one relaxation time 
belong to the process, as was verified in the case of dielectric 
parties “see S. Onogi and M. Horio, J. Soc. Chem. Ind., Japan, 
, 66-9 (1949). 
Since there exist several relaxation mechanisms due to differ- 


eat unit processes, the relaxation time defined by 7/E, is only an 
apparent one. 


969 














6 12 
Ee SE 410 
z + 1f 
= 3} 6 
2 a z 
io = 
2b 4a 
2 + co Oo O— Es é 
~ 
= ik Ea +2 
So 
= +F 2 ’ 
w 6 ee SS eS ee ee ee 0 

5 (00 150 200 





| 
FREQUENCY cPs 


Fic. 6. Ei, E2, and » vs frequency for Cellophane. 


Cellophane are very similar to those obtained with 
oriented viscose monofils. The dependence of Fi, Eo, 
and 7 upon » is shown in Fig. 6. 

Here £, is approximately 1.5-10" dynes-cm~ and is 
almost constant within the frequency range covered. 
However, E, has a tendency to increase towards zero 
frequency. 

The static modulus of the same sample measured 
within the strain of one percent deviates from 0.93 - 10" 
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Fic. 7. E:, E2, and n vs frequency for cellulose acetate film. 


to 1.27-10'° dynes-cm~, and the average of five meas- 
urements is 1.03-10'° dynes-cm~*. Accordingly, the 
static modulus thus obtained is less than one-tenth of 
the dynamic modulus. These relations are very similar 
to those obtained for monofils. The discussions given in 
regard to monofils are directly applicable to films. 
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Fic. 8. E;, E2, and n vs frequency for celluloid film. 
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CELLULOSE ACETATE AND CELLULOID FILMS 


The results obtained with these materials are shown in 
Figs. 7 and 8. The dynamic properties of these materials 
are on the whole similar to those of cellulose films. The 
E, values for these materials are smaller than those for 
oriented cellulose monofils and films. The force required 
to stretch the primary valences of the chains apparently 
does not differ by converting cellulose to acetate or 
nitrate. But the cohesion between chains is reduced 
remarkably by blocking the hydroxyl groups and by 
providing the materials with plasticizers. These condi- 
tions exert effects similar to those of wetting. 


POLYCAPROLACTAM FILMS 


It is of interest to quote here the results obtained 
from materials consisting of utterly different molecules, 
in order to distinguish more clearly the characteristics 
of cellulose and its allied substances. The isotropic films 
made from Polycaprolactam, a substance similar to 
Nylon, was subjected to the dynamic tests. The results 
are shown in Fig. 9. 

The dynamic modulus of the Polycaprolactam film, 
not subjected to cold drawing, is much smaller than that 
of cellulose and is about 1-10'° dynes-cm~. On the 
contrary, E2 is of the same order of magnitude as that of 
celluloid and cellulose acetate. A marked difference from 
the behavior of cellulose consists in the fact that the loss 
factor apparently increases with frequency. This sug- 
gests that an anomalous dispersion will occur at a 
frequency not so very far beyond the limit observed. 
Contrary to the case of cellulose, however, no increasing 
tendency of E; towards zero frequency is observed here. 
This will be understood if we consider that no appreci- 
able crystallization occurs when the cold drawing is not 
applied. This is a noticeable difference from the case of 
cellulose. Consistent with this, the static modulus of 
this sample does not differ appreciably from the 
dynamic modulus, unlike the case of cellulose samples. 

POLYVINYL CHLORIDE FILMS 

As another example of material with different molecu- 
lar properties from cellulose, films of pure and plas- 
ticized polyviny] chloride were subjected to the dynamic 
tests. The D.P. of the sample was determined by 
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Fic. 10. E;, E2, and » vs frequency for pure and plasticized 
polyvinyl] chloride films. 


viscosimetry and found to be 490. The results of the 
tests are shown in Fig. 10. 

The dynamic modulus of the film of undiluted poly. 
vinyl chloride is of the order of 3~4- 10° dynes-cm~ 
and has a slightly increasing tendency with frequency, 
So far as this relation is concerned, polyviny] chloride js 
very similar to Polycaprolactam and apparently differs 
from the cellulose samples. 

The dynamic properties of polyvinyl chloride are 
remarkably influenced by the action of the plasticizer, 
The £,, E2, and 7 values for a polyvinyl! chloride film 
containing 30 percent (by weight) of dibutyl phthalate 
are shown in Fig. 10. 

As expected, the dynamic modulus decreases ap- 
preciably with the addition of plasticizer, whereas the 
viscosity coefficient increases. 

It was found in the case of cellulose samples that the 
increase in viscosity coefficient was parallel to the in- 
crease in dynamic modulus. (See the section above on 
viscose monofils.) Therefore, the relaxation time defined 
by 7»/E£, was nearly constant when frequency was 
sufficiently high (see Fig. 5). 

The action of the plasticizer is entirely different from 
the effect of stretching of cellulose, since 7 and E; change 
in the opposite direction on addition of the plasticizer. 
The action of the plasticizer can therefore be assumed to 
induce the movement of groups of segments and mole- 
cules having a larger size. The movement of these 
groups, as might be expected, is associated with a very 
long relaxation time. Hand in hand with this, % 
increases towards zero frequency. 
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The dynamic Young’s moduli of various types of paper were measured by the vibrating reed method. The 
Young’s modulus of paper increases statistically at a rate approximately proportional to the square of its 
density . The modulus and density of paper increase with the degree of beating. The sulfite and sulfate fibers 
behave differently during beating. The angular dependence of Young’s modulus, tensile strength, and 
elongation at break was analyzed mathematically; and the results were verified by experiments. According 
to this theory, the mean value of Young’s modulus and tensile strength of machine-made paper should be 
expressed by the geometrical mean of the values of the machine and cross directions, whereas the mean value 
of elongation can be given by the arithmetical mean. The removal of parenchyma cells is very effective in 
reducing the Young’s modulus of dissolving pulp. The viscoelastic properties of paper were observed within 
the frequency range from 20 to 180 cps. The dynamic modulus and mechanical loss factor of the sheets 
employed were found to be smaller than one-tenth of those of cellulose films. The interfiber deformation 


influences the dynamic properties of paper. 





O far as the dynamic properties of paper are con- 
cerned, the only report found is an old study by 
Oliver; who gave some information concerning the 
propagation of sound in two samples of paperboard. 
This, however, deals but little with the important 
properties of paper relevant to the practical problems. 


. Pulp and paper have a very small extensibility, and the 


elongation at break is in general only about 2 percent. 
Furthermore, a greater portion of the total elongation is 
non-elastic in nature. Therefore it is difficult to obtain 
reliable values of the Young’s moduli of pulp and paper 
by the static methods. For this reason, the properties of 
paper connected with the Young’s modulus have not 
been disclosed in any satisfactory way. The principal 
aim of this study is to elucidate several important 
properties of pulp and paper associated with the dy- 
namic Young’s modulus by employing the vibrating 
reed method, which is suitable for the purpose of 
determining the physical properties under no statical 
deformation. Measurements were also extended to the 
viscoelastic property of paper to which reference has not 
been made. 


METHODS 


The same apparatus as in the foregoing paper* was 
employed. The method of computing dynamic modulus 
and viscosity coefficient was also identical. So far as the 
dynamic modulus alone is concerned, however, it was 
found that the modulus can be computed in the first 
approximation by Eq. (1), the force attributed to 
viscosity being ignored. Namely, we have 


v=0.162(d/P)(E/p)', (1) 


where y= resonant frequency in sec~!, d=thickness of 
stip in cm, /=length of strip in cm, E=dynamic 





'D. A. Oliver, Phil. Mag. 14, 318-28 (1932). 
. ¢e our paper, “Viscoelastic properties of several high poly- 
mers,” J. Appl. Phys. 22, 966 (1951). 


Young’s modulus in dynes-cm~’, and p=density of 
sample in grams-cm~*. 

Equation (1) shows that by plotting resonant fre- 
quency vs 1//*, a straight line should be obtained which 
passes the original point of coordinate, when the 
modulus of elasticity is constant and is independent of 
the frequency and when the sheet is practically uniform 
in texture and thickness. Figure 1 represents an example 
obtained from strips of kent paper for its machine and 
cross direction. As can be seen in Fig. 1, the error in- 
volved in the dynamic modulus calculated by Eq. (1) is 
considered negligible, when the measurements are con- 
ducted within the frequency range between 20 to 80 
cps. The relation similar to this also holds for other 
types of paper samples. 

The thickness of the sample is an important factor, 
since it is not only explicitly involved in Eq. (1), but 
also implicitly influences the value of density. The 
thickness was determined by an automatic micrometer 
having a pressing rod with a point flattened to form a 
circular disk 7 mm in diameter. The pressing load is 
about 20 grams. More than ten measurements were 
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TABLE I. Moduli of elasticity of various types of paper. and C.D.) and density, showing that the modulys i. 
saint creases with the increasing density of the papers, and 
7 tion ve- indeed more rapidly than can be expected from a linear ! 
Thick- Density ween ‘ai, ro = gon yng ig Tt on a 
Type of ness p direc- direc- Geom. 10&cm 8 = = = plotted 8 Fig. 2. The coefficient of = 
paper 10cm g-cm™* tion tion mean sec" correlation between logE and logp obtained from ex. car 
Filter 2.00 0.457 0.383 0.278 0.326 0.845 periments with 21 paper samples amounted to +0,84 ren 
Paper for yarn 0:46 0-400 21 0.244 0.783 "40 This value indicates that the correlation between the int 
Japanese 1 0.97 0.409 1.44 0.469 0.822 1-42 two quantities in the population 1S quite significant. The dir 
Bond > i straight line in Fig. 2 is the regression line, which can be atn 
cumdmo watt 675 Same SS e180 given by the following equation: 
Kent 1 736007808673 292 200 logE= 1.94 logp+ 10.6. 
Coated oso 105 440231 3.19 7 
Baryta | 2.50 1.09 9.05 2.61 4-86 211 Statistically, it can be said that the increase in the are 
Greaseproof 021 1:29 saa 3.59 Young’s modulus of paper is approximately proportional dire 
Condenser II O07S.« 116-462 427-44 G9. -~—=éto the square off its density. par 
a a i a SIGECY OF BRATING mi 
The important factors in practice which affect the fact 
; density of paper made from the same kind of fiber are the dire 
made at different parts of the sample and the average Is 
value was obtained. Considerable difficulties arose, ae 0.9 . 
however, in the cases of some sample sheets having a . 
rough surface and a very soft texture, where the results 25- : 4o.s nt 
could not be free from the error caused by the un- % SULFATE ca * 
certainity of the thickness. Provided that the sample is 3 20h or we 
homogeneous, the width of a strip should in general 2 
have no influence upon the frequency. This was verified %o m3 ‘a: re 
in some sample sheets, but in some others the frequency wo z I 
was not strictly independent of the width. Throughout 
this study strips 10 mm wide were used. a. | aa an 
DYNAMIC MODULI OF VARIOUS PAPERS ost os are 
Moduli of elasticity of various papers and boards as oe 
well as some other materials measured by the method Stas as a se 
described are tabulated in Table I in order of their > eee 
moduli. Attention must be drawn upon the fact that the _‘ Fic. 3. Freeness dependence of modulus of elasticity and density 
modulus in the machine direction is always larger than of papers made from sulfate and sulfite fibers. whe 
that in the cross direction. ; . cas 
A survey of Table I gives further information on the ‘egree of beating and the wet press in the course of side 
relation between modulus (geometrical mean of M.D. Paper making. The effect of the former is treated in this tee 
section.? Figure 3 shows the influence of beating upon 
11.0 the modulus and density of papers made from sulfate 
e and sulfite fibers. The extent of beating is expressed by whe: 
q the Schopper-Riegler freeness in ml. incli 
The density and modulus of paper made from the W 
ost sulfate fibers increase rapidly with increasing degree of 
beating, whereas those of paper made from the sulfite 
— & fibers progress in a somewhat different manner during Si 
= the beating process. This is attributed to the different by 
10.0 behavior of the two fibers during beating, as can be 
verified by microscopic observations. The sulfate fiber 
4 is separated on the whole in finer fibrilles: on the other As 
‘ hand, the sulfite fiber is apt to be broken laterally into wa 
95 n a n n small fragments before being disintegrated into fibrilles ‘F 
ee a MH — oo and the fragments finally become pasty. . 
Fic. 2. Correlation between modulus offelasticity of papers. 2 For the influence of wet press, refer to the section, “Modulus = 
The straight line is the*regression line. of Dissolving Pulp.” bf 
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DYNAMIC 


EFFECT OF HUMIDITY 


As is well known, the mechanical properties of paper 
are remarkably affected by the moisture content. At- 
mospheric humidity also affects modulus of elasticity, as 
can be seen in Fig. 4. The modulus of elasticity decreases 
remarkably with increasing relative humidity, and it is 
interesting to see that the modulus in the machine 
direction seems to be affected more markedly by the 
atmospheric humidity than in the cross direction.* 


DEPENDENCE UPON DIRECTION 


During the step of sheet making the dispersed fibers 
are oriented to a greater or smaller extent in the 
direction of the traveling wire. Orientation effects are 
particularly prominent in the case of cylinder machine. 
Accordingly, every machine-made paper is more or less 
anisotropic in its character; and it is a well established 
fact that the tensile strength is greater in the wire 
direction than in the cross direction. As for the modulus 
also, the same relation has evidently been recognized in 
Table I. In this section an attempt will be made to 
analyze the anisotropic character of paper mathe- 
matically, assuming that the material is purely elastic. 
The treatments involved in this assumption might not 
be strictly applicable to paper ; but, as shown before, the 
error involved in this assumption is very small, so far as 
the vibrating reed method is concerned. 

Let the elastic deformation in the machine and per- 
pendicular (cross) directions be denoted by e,, and «,, 
respectively ; when a tension (per unit cross-sectional 
area) is applied to the test strip along its axis at an angle 
§ from the machine direction, then we have 


€,,= 0 cos0/E,,, 

e,=o sin6/E,, 
where E,, and E, are, respectively, the moduli of 
elasticity in the machine and cross directions. Con- 


sidering the contribution of these two deformations to 
the axis of the strip, we obtain 


€s= (o cos’6/E;,)+< sin?6/E,, (2) 


where €g is the deformation along the axis of the strip 
inclined to an angle @ from the machine direction. 
Within the limit of elasticity we, therefore, have 


Eo=E,,- E,/(E,, sin?0+ E, cos’). (3) 

Similarly, the tension along the strip axis can be given 
by 

o9=0,,°0,/(o,, sin?0+, cos?@). (4) 

As for wood, which is another example of anisotropic 

material, an empirical formula was given by Kollmann,°® 





‘For these measurements the vibrator provided with a sample 
stip was placed in a desiccator overnight over.a mixture of sulfuric 
acid and water, which gives an atmosphere with a definite relative 
humidity when equilibrium is reached. Vibration tests were also 
carried out in this closed vessel. 

*F. Kollmann, Bauingenieur 15, 198-200 (1934). 
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Fic. 4. Influence of relative humidity upon the Young’s modulus 
of kent paper in the machine and cross direction. 


which is 
og= O11" o,/(oy sin"0+ 0, cos"6), 


where @ is the angle from the axis of the tree and 
n=1.5~2.0. 

It is of interest to see that this experimental formula is 
similar in its form to Eq. (4) which has been derived 
above.® 

As examples, the modulus and tensile strength of 
kent, baryta, and writing paper with respect to the 
direction are shown in Figs. 5, 6, and 7 together with 
those calculated by Eqs. (3) and (4). It may be seen 
from these figures that the calculated values agree very 
well with the observed ones. Similar relations are also 
verified for other paper samples. Sometimes, however, 
a better agreement of og was obtained when the power 
2 of Eq. (4) is replaced by a slightly smaller one. 

Furthermore, Eq. (3) is satisfactory for the samples 
of regenerated cellulose and cellulose acetated films. 
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Fic. 5. Angular dependence of the Young’s modulus and tensile 
strength of kent paper. @ is the angle from the machine direction. 
Curves show calculated values. 


® According to the assumption, Eq. (4) is only satisfactory for 
the deformation within the limit of elasticity, whereas the formula 
of Kollmann refers to the tension at break. As will be shown later, 


however, Eq. (4) is practically applicable also to the tensile 
strength. 
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Fic. 6. Angular dependence of the Young’s modulus and tensile 
strength of baryta paper. @ is the angle from the machine direction. 
Curves show calculated values. 


Their anisotropic distributions of the moduli were 
measured by Ballou.? Table II gives the observed 
moduli in comparison with thosé calculated by Eq. (3). 


THE PROBLEM OF MEAN VALUE 


The mean value of modulus of elasticity throughout 
the entire angular distribution can be given by 


r/2 x/2 
B-[ Eaio | f dé. (5) 


Using Eq. (3) we obtain 
E= (Ey -E,)}. 


Similarly, by means of Eqs. (4) and (5) the mean 
value of tensile strength is determined as follows: 


G= (64° g,)'. 
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Fic. 7. Angular dependence of the Young’s modulus and tensile 
strength of writing paper. @ is the angle from the machine direc- 
tion. Curves show calculated values. 


7 J. W. Ballou and S. Silverman, J. Acoust. Soc. Am. 16, 113-9 
(1944), 
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TABLE II a. Anisotropy with respect to the Young’s modulus of 
ee cellulose films. Comparison of observed and calculated 
moduli. 








Angle from M.D. Young’s modulus in 10!° dynes -cm72 





in degree Observ Calculated 
0 i (7.9) 
20 7.3 7.29 
45 6.0 5.81 
70 4.9 4.84 
90 4.6 (4.60) 








TABLE II b. Anisotropy with respect to the Young’s modulus of 
er acetate films. Comparison of observed and calculated 
moduli. 








Angle from M.D. Young’s modulus in 10" dynes -cm= 








in degree Observed Calculated 
0 3.9 (3.90) 
20 3.8 3.80 
45 3.55 3.52 
70 a 3.27 
90 3.2 (3.20) 








On the other hand, from Eqs. (2) and (5) the mean 
value of elongation is 


gas 3(éu+ €,). 


Therefore, the mean values of modulus as well as of 
tensile strength should preferably be expressed by the 
geometrical mean of M.D. and C.D. rather than by the 
arithmetical mean, whereas that of elongation should be 
given by the arithmetical mean. 

To compute the anisotropy of paper we wish to 
introduce a term, “orientation factor,” given by a ratio 
E,,/E, or o,,/0,, which we denote by kg or k,, re- 
spectively. 

If @ is the angle from the machine direction at which 
the strip gives the mean value of the entire angular 
distribution of the modulus and tensile strength, it can 
be given by 

0=} cos| (kt—1)/(k#+1)]. 


Table III gives these angles for different orientation 
factors. 


MODULUS OF DISSOLVING PULP 


There are many physical and chemical properties re- 
quired to evaluate the quality of dissolving pulp. How- 


TABLE III. Angles from M.D. which give mean value of modulus 
and tensile strength. 








Orientation factor Angle from M.D. 











1.0 (45° 00’) 
1.5 43° 42’ 
2.0 40° 04’ 
3.0 37° 14’ 
5.0 33° 47’ 
8.0 30° 45’ 
10.0 29° 21’ 
15.0 26° 56’ 
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Fic. 8. Effect of wet press upon the Young’s modulus 
of pulp sheets. 


ever, on account of the scantiness of definite criteria 
referring to the physical properties, misinterpretation 
may arise by relying too much on chemical tests. As far 
as the pulp is used in sheet form, as is usually the case in 
the viscose process, the mercerizing liquor must pene- 
trate easily and thoroughly into the sheets, which, after 
proper pressing, should be homogeneously shredded, in 
order to obtain uniform xanthation. These can be ac- 
complished only with sheets of uniform texture. 

Wood is generally composed of several types of cells, 
of which tracheids and parenchyma cells are of greatest 
importance, so far as softwood is concerned. Parenchyma 
cells which amount to about ten percent of the total 
cells of softwood have very characteristic physical and 
chemical properties and give a stiff feel to the sheet, 
even if due attention is paid to cooking conditions. Such 
stiffness is caused by the gluing action of the parenchyma 
and is very unfavorable to homogeneous reactions and 
often gives rise to the floating of sheets immersed in the 
mercerizing liquor. Accordingly, the determination of 
the Young’s modulus of sheets may be of good service 
as a means of evaluating the uniform reactivity. In this 
respect, the Young’s moduli of several commercial 
rayon pulps were determined by subjecting them to the 
dynamic tests. It was also shown how the texture could 
be improved by removal of the parenchyma. 


TaBLE IV. Moduli of elasticity of re-formed sheets made from 
several dissolving pulps. 








Modulus of 








Type of Thickness Density in elasticity in S.R. freeness 
pulp in mm g°cm= 10° dynes ‘cm? in ml 
A 0.609 0.329 1.18 835 
B 0.631 0.327 1.03 832 
© 0.656 0.341 0.991 840 
D 0.513 0.366 2.05 857 
E 0.494 0.434 1.80 825 
I 0.567 0.349 0.580 843 
G 0.608 0.328 0.557 874 
: 0.661 0.319 0.388 905 
Cotton linter 0.823 0.248 0.551 852 


pulp 
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TABLE V. Effect of removal of parenchyma cells upon modulus 
of elasticity of dissolving pulp. I. Sheet made from original stock. 
II. Sheet made from sieved stock. 








Modulus of Parenchyma __ S.R. 





Types Thickness Density elasticity in removedin  freeness 

of pulps in mm in g-cm=* 10®°dynes-cm~? _ percent in ml 
B I 0.631 0.327 1.03 nil 832 
II 0.634 0.323 0.464 Ye 852 

J I 0.390 0.347 1.26 nil 850 
II 0.482 0.297 0.747 8.0 872 

K I 0.428 0.328 1.64 nil 819 
II 0.521 0.326 0.964 10.0 867 

Lb I 0.390 0.319 1.17 nil 837 
II 0.492 0.278 0.416 13.6 873 

M I 0.382 0.338 1.10 nil 829 
II 0.451 0.303 0.684 8.3 873 








B, J, K, domestic (Japanese) origin. 
L, Canadian origin. 
M, Swedish origin. 


(Relative humidity 76 percent. Temperature 19°C. Only B was measured 
at 78 percent and 16°C.) 


To avoid the difficulties in measurements caused by 
irregularity of the original pulp surfaces having coarse 
felt marks, the pulps were dispersed carefully in suffi- 
cient water with a beater, with due care taken so that fly 
bars might not touch bed plates. The stocks were then 
made into sheets with a hand sheeting machine, covering 
the wire with a fine cotton cloth in order to prevent the 
escape of parenchyma cells. The wet sheets were sub- 
jected to the wet press and then dried. Since the pressure 
at the wet press affects the modulus, as is shown in 
Fig. 8, a pressure of 100 kilograms: cm~? was used.’ For 
the purpose of removing parenchyma, the dispersed 
stock was poured into a box (21.5X27X24.5 cm) 
furnished with a bottom net of 180 mesh and washed ~ 
with water for 10 min at a rate of 24 liters per minute. 
The stock was then treated in the same way as above. 

The moduli of the several pulp samples are given in 
Table IV. It is very interesting that the pulp samples 
F, G, and H show remarkably small moduli and give a 
good texture. The moduli of these pulps are comparable 
with those of cotton linter sheets which lack in 
parenchyma. 

The removal of parenchyma is very effective to im- 
prove the texture, as is shown in Table V. Furthermore, 


TABLE VI. Moduli of elasticity of sheets made from original stock, 
sieved stock, and parenchyma cells. 














Density Modulus of elasticity 
Materials in g*cm=3 in 10° dynes -cm~? 
Original stock 0.347 1.26 
Sieved stock 0.297 0.747 
Parenchyma cells 0.408 4.32 








(Relative humidity 76 percent. Temperature 19°C.) 








4, B, C, domestic (Japanese) origin. 

D, Swedish origin. — aie 

E, Norwegian origin. 

F, G, H, and cotton linter pulp, American origin. 
(Relative humidity 78 percent. Temperature 16°C.) 


® The wet press shows a different effect from pressing after 
drying procedure. While wet press causes an increase both in 
density and modulus, pressing after drying gives sheets greater 
density, but smaller modulus. 
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Fic. 9. Effect of the removal of parenchyma upon the chemical 
composition of dissolving pulp. 


Table VI shows the density and modulus of each sheet 
made from three different stocks, that is, the original 
stock, sieved stock, and parenchyma cells. The sheet 
made from parenchyma cells has a very large density 
and modulus. The removal of parenchyma is also 
effective for the improvement of the chemical purity of 
the pulp as is shown in Fig. 9.9 

An interesting point worth mentioning is the influence 
of pitch content upon the Young’s modulus of the pulp 
sheet. With the removal of parenchyma, the pitch con- 
tent in the pulp is markedly reduced. The decrease in 
Young’s modulus, however, is not necessarily correlated 
with the reduction of pitch content, since the removal of 
pitch alone by extraction with the organic solvent does 
not bring about the same effect as above, as shown in 
Table VII.!° In the cases of some pulp samples, the 
extraction of pitch caused an increase in the Young’s 
modulus, while in other cases, the extraction had little 
effect. Within the scope of this study the increase in 
Young’s modulus was noticed in the case of pulps of 
Scandinavian origin. All domestic pulps investigated 
were only slightly influenced by extraction. It may be 
assumed that this difference might be due to the differ- 


TABLE VII. Influence of extraction of pitch upon the Young’s 
modulus of pulp sheet. 











Pitch Modulus of elasticity 
Type of Wood content in 10° dynes -cm~ 
pulp used in percent Original Extracted 
Domestic 
B* spruce and fir 0.77 1.62 1.70 
ag pine 0.49 1.20 1.26 
J* pine 0.34 1.48 1.48 
Scandinavian 
M (spruce) 0.65 1.07 2.31 
(spruce) 0.46 1.12 2.04 
Q (spruce) 0.64 1.39 2.21 








* Same brand as those in Tables IV and V, but taken from different lots. 
(Relative humidity 75 percent. Temperature 28°C.) 


® Measured by Mr. H. Nakahara, Teikoku Rayon Company. 
We express our thanks to him on this occasion. 

” The fragments of pulp sheets were extracted by an alcohol- 
benzene mixture (1:1 in volume) using a Soxhlet apparatus ac- 
cording to the standards for determining pitch content. After 
evaporation of the solvent the fibers were dispersed in water and 
made into sheets. 
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ence in the species of wood used. The Scandinavian 
pulps are assumed to be made mainly from spruce, while 
the domestic pulps C and J are made solely from pines, 
But this standard is not conclusive, since the domestic 
pulp sample B made from spruce (20 percent) and fir (99 
percent) behaves in a similar manner to the pine pulps, 
The difference in the chemical composition of pitch and 
its distribution among the texture might cause these 
characteristic behaviors of sheets. The influence of 
parenchyma upon the texture of pulp sheet may be 
largely due to the pasty hemicellulose. Shape of fibers 
may also have influence upon the modulus of the sheet. 
For example, summerwood fibers make a much softer 
sheet than springwood fibers. 


VISCOELASTIC PROPERTIES 


Dynamic modulus (£;), viscosity coefficient (n) and 
mechanical loss factor (E2) of kent paper in the machine 
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Fic. 10. Dynamic modulus (£,), mechanical loss factor (£2), and 
viscosity coefficient vs frequency for kent paper. 


and cross directions computed by aid of Eqs. (1) and (2) 
in the foregoing article? are given in Fig. 10. The fre- 
quency range covered is from 20 to 180 cps. The dynamic 
modulus is of the order of 2-10!°~4-10'° dynes-cm* 
and is by far smaller than those of regenerated cellulose 
films. The dynamic modulus of tracheid along its fiber 
axis may be expected to be of the order of 10"~10 
dynes-cm~*. The deformation of paper is therefore con- 
sidered to consist of the following factors: the deforma- 
tion of fibers themselves and the inter-fiber deformation. 
If the moduli due to both mechanisms are assumed to be 
coupled in series, the interfiber modulus, which is 
smaller in order of magnitude than the intrafiber 
modulus, will dominate preferably in the resultant 
modulus. This explains also the effect of beating a 
treated before. In papers beaten to a less degree, the 
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association of fibers is very loose, and this results in a 
very small Young’s modulus. On the contrary, strong 
secondary bonds become efficient in the highly beaten 
paper, and the texture of sheet approaches more closely 
to that of a homogeneous cellulose film. Therefore, the 
density and Young’s modulus approximate to those of 
cellulose films, as was shown in Table I. 

The viscosity coefficient of the kent paper decreases 
rapidly with increasing frequency as seen in other 
materials, but the values of n and E, of the paper are less 


than one-tenth of those of cellulose films. The charac- 
teristics of interfiber deformation are also involved in 
these values. 
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The motion of a clamp-free reed excited by a sinusoidal displacement of the clamped end was analyzed by 
rigorously solving the fundamental equation for vibration. The real and imaginary parts of the modulus are 
given in terms of resonant frequency and band width of the frequency curves. The results are compared with 
those of Nolle which were obtained in an approximate manner by introducing an equivalent electric circuit. 
As long as the mechanical loss tangent is smaller than 10~, as is the case in most high polymers, the practical 
error caused by the approximation is estimated to be insignificant. Nolle’s network was interpreted from a 
purely mechanical standpoint by means of the fundamental equation for vibration. 


URING these several years, an intense interest has 
been drawn to the acoustic measurements of 
physical properties of high polymers. A number of 
influential researches on this line regarding develop- 
ments of the theory and technique in this field are being 
published successively.'~" Among several methods which 
are available, the vibrating reed shows very satisfactory 
results for the measurements of viscoelastic properties 
of materials within the frequency range of 10 to 500 cps. 
The method consists in measuring the displacement of 
the free end of a beam by altering the frequency of 
exciting motion at the clamped end of the beam. The 
resonant frequency and band width determined by the 
aid of amplitude-frequency curves are utilized to com- 
pute the dynamic Young’s modulus and viscosity 
coefficient of the materials. This method is appropriate 
for the measurement of dynamic properties of materials 
under no static deformation, and it has been adopted 


'T. Alfrey and P. Doty, J. Appl. Phys. 16, 700-13 (1944). 

J. W. Ballou and S. Silverman, J. Acoust. Soc. Am. 16, 113-9 
(1944) ; Textile Research J. 14, 282 (1944). 
as Ballou and J. C. Smith, J. Appl. Phys. 20, 493-502 
(194) J. Lyons and I. B. Prettyman, J. Appl. Phys. 19, 473-80 

*W. J. Lyons, Textile Research J. 19, 123-35 (1949). 

*A. W. Nolle, J. Acoust. Soc. Am. 19, 194-201 (1947). 

7A. W. Nolle, J. Appl. Phys. 19, 753-74 (1948). 

*A. W. Nolle, J. Polymer Sci. 5, 1-54 (1950). 

*S. A. Rossmassler and H. Eyring, Textile Research J. 19, 
810-5 (1949). 

” Sack, Motz, Raub, and Work, J. Appl. Phys. 18, 450-6 (1947). 

" Witte, Mrowca, and Guth, J. Appl. Phys. 20, 481-5 (1949). 


and developed recently by several research workers in 
this field. But the theory upon which this method is 
based is not solved completely. Even in the case of an 
ideal beam, free from internal friction, the strict analysis 
requires considerably involved mathematical treat- 
ment.’ Further, in the case of a practical reed which is 
viscoelastic in its nature, forced into vibration by a 
periodical displacement of the clamped end, the rigorous 
analysis involves, by far, greater mathematical com- 
plication. 

Recently, Nolle’ has made a valuable contribution to 
the theoretical development of such a clamp-free reed in 
his paper to which we frequently refer. He contrives to 
dispense with the mathematical complication of the 
strict analysis and to solve the vibration in an approxi- 
mate way by introducing an equivalent network. But 
there still remains a dissatisfaction and inconclusiveness 
that it lacks rigorous analysis of the problem which will 
play an important role in the field of high polymer re- 
searches. The aim of this study is, therefore, to present 
a more rigorous analysis of forced vibration directly, 
without the aid of equivalent electric conditions. 


SOLUTION OF THE FUNDAMENTAL EQUATION 
FOR VIBRATION 


If our attention is confined to the transversal vibra- 
tion of a viscoelastic beam that has a transversal 


dimension small compared with both its length and the 
wavelength, we obtain the following equation of 
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d*y dty dy 
p—+ E\x*—+ nx? =0, (1) 
oF? Ox* Ox‘*dt 


where the axis of the beam in the position of equilibrium 
is represented as x and an axis perpendicular to it and 
parallel to the plane of symmetry as y. Furthermore, 
t=time, p=density, ZH:= modulus of elasticity, »=vis- 
cosity coefficient, and x= moment of inertia of the cross 
section around the neutral axis per cross-sectional area. 
By substituting E,x?/p=A and nx?/p=B, we obtain 
3 04 oe 
a PF aE a | (1a) 
Co) Ox* = dxdt 





Assuming that y is represented by Y-e*! at the 
stationary state of motion, i being (—1)!, we obtain 


. (2) 








AAs is well known, the general solution of Eq. (2) is 
given as 


Y=A’ coshgx+B’ sinhgx+C’ cosqx+D’ singx, (3) 


where A’, B’, C’, and D’ denote arbitrary constants. 
Now the beam is clamped at one end and forced into 

vibration by a sinusoidal displacement at the clamped 

end. Then, the boundary conditions to be satisfied are 
(1) At the clamped end (x=0), 


Y=d) and dY/dt=0, 


where dy is the amplitude of exciting motion at the 
clamped end of the beam; 
(2) At the free end (x=/, / being the length of the 
beam), 
@Y/de=0 and dY/dx*=0. 


With the help of these relations, the four constants 
in Eq. (3) can be determined, and a definite expression 
of the amplitude at any point of the beam can be ob- 
tained. The latter, however, is expressed by several 
terms of trigonometric and hyperbolic functions. If we 
confine our attention to the motion of the free end of the 
beam, as is usually the case in practical measurements, 
the expression of the amplitude is greatly simplified and 
can be given as follows: 


Y =d,(cosql+-coshgl)/(1+-cosql-coshq/). (4) 


Since g is generally a complex number, it can be 
expressed as 

gl=a+ib. (5) 

2K. Sezawa, Bull. Earthquake Researches Inst., Japan 3, 50 


(1927). 
3K. Suyehiro, Proc. Imp. Acad. (Tokyo) 4, 263-6 (1928). 


ONOGI 


Then the following equation is obtained :* 


{ (w)! 5 sBwo\? Bu\* 
~f-3(2)-(2)] 
(A)? 32\. A A 
) (6) 
(w)! Bw Bua \? 

b= -——-—1+0(—) | 
L (A)? 4A 4A 

The absolute value of the amplitude at the free end 
of the beam is given by 





[t= de? (cosa+ cosha)?— 25? sina: sinha 
— (1-+-cosa-cosha)?+ 6?(sina+ sinha)? 





By defining a as 
a=d)+ Aa, (8) 


where dy is a value which satisfies the equation 
1+ cosa: coshay=0, (9) 


and wo as the angular frequency with which the beam is 
resonant if it is free from mechanical loss, Eq. (10) is 
obtained. 


= Ao= ((wo)*/(A)!), 
b=0, since B=0. 


a= 0.59682 = 1.875 for 
the fundamental (10) 
vibration. 


Since the beam has both viscosity and elasticity, it is 
resonant with a different frequency from wo, which is 
denoted by w,. If the difference between w, and wy is 
Aw,, we obtain 


w= wol 1+ (Aw,/wo) ]. (11) 


Here, Aw,/wo has a very small value for general solid 
high polymers. 
The value of a and 6 at resonance takes the form 


4,= do 1+}(Aw,/wo)—F2(Buo/A)*], — (12) 


b,= bo [1+3(Aw,/wo) ], 
by’ = an (wo)!/(A)? . (Bwo/4A) “Ll. 


The difference Aa, is given by 
Aa,=a,;—da9= da[ (Aw,/wo) aed 75 (Bw/A )?]. (14) 


The condition for maximum amplitude can be ob- 
tained by differentiating Eq. (7) with respect to a and 
equating the result to zero. By considering the relations 
of Eqs. (8), (12), and (13), this is reduced to 


(13) 


Aa,=— 3ao(bo'2/ao?). (15) 
From Eqs. (14) and (15) we have 
Aw,/wo= — 7g (Bwo/A)?. (16) 


* Bw/A corresponds approximately to the reciprocal of the 
“Q” value. All terms of 1/Q and 1/(@? are reserved throughout this 
calculation, whereas the terms of 1/Q* and those of higher power 
are omitted. The equations given hereafter are valid under 
criterion of neglection. In the case of usual solid high polymers, 
1/Q ranges from 10“ to 10~*. Therefore, the calculation is very 
rigorous. 









nd 


(14) 


» Ob- 
and 
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(16) 
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or this 
y mers, 








Now 
Hence, 
w= wol t—ze- (1/0")], (18) 
or 
w= woL1—§F- (1/0) J. (19) 


The last result is very similar to Nolle’s relation, the 
only difference being i in the coefficient of 1/0. Instead of 
Nolle’s coefficient — 3, we obtain — 4. Thus, the analysis 
results in a four ad smaller absolute value of the 
coeficient. This means that w, is much closer to wo than 
could be expected from the approximate analysis. 

The maximum value of amplitude, that is, the ampli- 
tude at resonance, can be found by substituting ao+ Aa, 
for a in Eq. (7) and referring to Eq. (15). Thus, 


| y) oan” 
sin*ao+ 2bo'[ cosao— 3(1+-cosao) -sinay/ao | 


bo’?(cosay— 1)? 


= do" 





(20) 


Next, it is assumed .uiat the amplitude is 1/v2 times 
the maximum value at an angular frequency w’. By 
denoting the value of Aa which corresponds to w’ as Aa’, 
we obtain 


1+ cosdo sindo 3 
aa 1-(2 . > ~—)aa’|=iy. (21) 


sIndo COSdp—1 do 





Substituting a9= 1.875 for the fundamental vibration, 
we obtain 


Aa’ Aa’ \ by 1 
—(141.6234— =—=-—., (22) 
do ao dao 40 
This may be approximately expressed as 
Aa’ 13 Aa’ 1 
(14 =——., (22a) 
ao 8 ao 40 


The amplitude-frequency curve is not symmetrical 
about w,. Hence, w’ is to be expressed by two relations, 
namely, 


or 





Awe 1 
o'=en( 1+ )=es 
w, 160? 


The relations are shown graphically in Fig. 1. 
The above relations may be expressed by a single 
equation by using a dual quantity h, 


w’ = wo(1+h). (23) 
Considering the relations of Eqs. (22) and (23), 
Aa/ao=43[h— (5/160?) — (h?/4) ]. (24) 





FORCED VIBRATION OF REED 





AMPLITUDE 














| 
| 
| 
| 
! 
Wy Wr ~Wo Wa 


Frequency 


Fic. 1. Schematic presentation of the amplitude 
vs frequency curve. 


Hence, 

1/Q0=2[h— (5/1602) +h? ]. 
If w’<w,, 

h=—[(Aw,/w,)+ (1/160) ], 


and hence, 
(1/Q)+ (1/2?) = 2(Aws/w,)L1+3% (Awi/w,) J. 


If w’>w,, 
h= +[(Aws/w,)— (1/160?) ], 


and hence, 


(1/Q)+4(1/Q*) = 2(Aw2/wr)[ 1+ (Aw2/wr) J. 


The unnecessary complication can be avoided by 
putting Aw;=Aw2.= }Aw in the first approximation. 
Then, combining the two above results, we obtain 


1/Q= (Aw/w,)[1—33(Aw/w,) J. (26) 


Equation (26) shows that the band width expressed 
by Aw/w, is nearly or practically equal to 1/Q. The 
result of the Nolle’s analysis is the same with respect to 
this significant finding, although differing in the terms 
of the higher power of Aw/w,. 

Next, the modulus of elasticity can be obtained from 
Eqs. (10), (19), and (26). 


E\= p(42?/ao'x*)/4Lv2+3(Av)?], (27) 


where v,=w,/27, Av=Aw/2z, and do is a value which 
satisfies Eq. (9), namely, 


do= 1.875, 4.694, 7.855, ++ - 


For the fundamental vibration, a» is confined to 1.875. 

Here again, the coefficient of (Av)? differs from Nolle’s 
3 and indeed is four times smaller. It is of interest that 
the results obtained by rigorous analysis differ only in 
the coefficient of (Av)? which is, in general, by far 
smaller than p,’. 

Fora beam with a rectangular cross section, x= d?/12, 
where d is the thickness of the reed ; and for a beam with 
a circular cross section, x*=1?/4, where r is the radius of 
the cross section. 

Similarly, the viscosity coefficient » can be given by 


(28) 


(25) 


n= p(22/ao'x*)l*- Av. 








980 M. HORIO AND S. ONOGI 




















&= gwsinwt 
Vv é L R ‘ Fic. 2. Network equiv- 
. alent to the clamp-free 
reed according to Nolle. 
al 
é= é, ° Eo 


As can be deduced from Eq. (2), the modulus of 
elasticity can be expressed, in general, by a complex 
number, 


E=E,+iE2, (29) 


where E; is the imaginary modulus connected with the 
elastic loss and is defined by nw. Then the mechanical 
loss tangent is 


tand= E./E,= WT, (30) 


where 6 is a phase angle between the displacement of the 
reed and the imposed force. r can be defined as the 
relaxation time. 


INTERPRETATION OF NOLLE’S SOLUTION 


According to Nolle, an electric circuit, as shown in 
Fig. 2, is considered. This corresponds to the mechanical 
system consisting of the Voigt element. We suppose that 
the circuit is operated by a current £ which is propor- 
tional to frequency w and changes sinusoidally. Namely, 


E= fw sinwt, 


where ~ is the amplitude of an electric charge and 
corresponds to the amplitude of displacement in a me- 
chanical system. Next, the potential V can be given by 


V = L(dé;/dt) = Rés+-(1/C) f ixdt. (31) 


Differentiating Eq. (31) with respect to /, we obtain 
L(a@°§,/dt*) = R(dé2/dt)+ (1/C)&. (32) 
Considering the relation, &=£1+£2, we obtain 


(b/w) Rd(é/e) 1 (°) 
oe L & Ve 





R 1 
=—tw coswl+—# sinw/, (33) 
L LC 


where £,/w corresponds to the amplitude of the charge 


(displacement in the mechanical system) at the I. 
branch. 

Leaving the subject of the electric vibration for the 
moment, and turning back to the fundamental equation 
for vibration given by Eq. (1), we substitute 


y=X(x)-T). (34) 

Thus, the following set of equations is obtained: 
(d*X /dx*)—m‘*X=0, (35a) 
(d?T /dt?)+2¢(dT/dt)+-n*T=0, (35b) 


where m is a constant independent of ¢ and x, and 
| n?=m‘(Eix*/p), (36a) 
2e= m'‘*(nk?/p). (36b) 


Equation (35b) is an equation of free vibration of a 
reed with an internal friction. In order to adapt this 
equation to the present case of forced vibration, it will 
be modified independent of the starting fundamental 
equation. The motion of the clamped end referred to a 
fixed coordinate is defined by $(¢), and the displacement 
of the free end of the reed referring to the vibrating 
coordinate is defined by S (see to Fig. 3). Then Eq. 
(36b) becomes 


(PT /dt)+2€(d/di)(T—4)+n(T—¢)=0. (37) 


Equation (37) no longer refers to the free vibration, 
but to the forced vibration excited by the motion of the 
clamped end. 

If we assume 


o= dp sinwt, 


where dp is the amplitude of the exciting motion at the 
clamped end, then Eq. (37) becomes 


(d?T /dt?)+-2€(dT /dt)+n?T 
= 2edyw coswl+n’do sinwl. (38) 


If we consider that ? corresponds to 1/LC, 2¢ to R/L, 
and dy to &, Eq. (38) is quite identical with Eq. (33), 
derived from Nolle’s electric circuit. Therefore, the 
analysis of Nolle’s network is reduced to find the solu- 
tion of Eq. (38) representing the mechanical vibration. 

The solution of this equation is composed of the 
terms of free vibration and of a term of forced vibration. 
Since the former vanishes after a long period of time, the 
latter predominates in the motion of the reed at its 
stationary state. Then the solution of Eq. (38) can be 
given by 


do(n*+ 4e2w*)# 
= sinw(t— a—B), 


[(n?— w?)?-+ 467? }i 


2ew 2ew 
tanwa=——, tanwf= 
n? n?— w? 
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Therefore, the amplitude of the reed motion is 
do(n*+4ew?)! 
i [ (n?— w?)?+ 4ew?]! 


Differentiating Eq. (39) with respect to w and 
equating the result to zero, we obtain the frequency w, 
for which Y attains a maximum value. That is, 





(39) 


w= n*|1—2(e/n)?]. (40) 
Since n= wo, and 
2e/n=1/Q, (41) 
we obtain 
1? = wo?(1— 1/20%). (42) 


This is identically the same result as that obtained by 
Nolle by calculating the impedance of his network. 

If the amplitude is 1/v2 times the maximum value at 
w’, which can be given by 


w’ = w,-(1tAw/2w,), 
the calculation results in 


1/Q= (Aw/w,)[1—§$(Aw/w,)?]. 


This is also the same as Nolle’s result. 

Equating 1/Q to Aw/w, in the first approximation, 
and using the relations of Eqs. (36a), (36b), and (42), we 
obtain the values for EZ, and 7» of a reed with a rect- 
angular cross section : 


E,= p(12/m‘d*)(w?+3(dw)*], (44) 
n= p(12/m‘4d?) - Aw. (45) 


The value of m should be computed from Eq. (35a). 
The rigorous analysis, however, is nothing but the 
treatments as presented in the foregoing section. There- 
fore, to simplify the problem, we introduce in approxi- 
mation the conditions which are independent of the 
present case. Namely, we employ the value of m 
corresponding to the free vibration of an ideal clamp-free 
reed which is free from internal friction. Thus, we have 


(46) 


(43) 


cosml-coshml+1=0, 
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Fic. 3. Motion of reed with respect to two kinds of coordinate. 


In analogy with Eq. (9), 


ml = do= 1.875, 4.694, 7.855, --- 
Then 


Ei = p(482?/ao*) - (/4/d*)[v,?+3(Av)?], (47) 
n= p(24m/ao*) - (/4/d*) - Av. (48) 


Equations (47) and (48) are the same as the results 
obtained by Nolle. 

It is of interest to note that these solutions, although 
involving considerable approximation in the analysis, 
differ only insignificantly from those of a more rigorous 
analysis in practice, since Av is sufficiently small in 
comparison with v,, as is the case when the usually high 


- polymers are treated. 
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Portrait Shadow-Casting 


DELBERT E. PHILPOTT 


Colleges, Chicago, Illinois 
(Received February 24, 1951) 


HADOW-CASTING for the electron microscope and the use 

of flood lights to take a portrait are essentially the same 
thing. Therefore, there appears to be no reason why the results 
from both should not be qualitatively equivalent. This, however, 
is not the case. Nearly all electron micrographs have an extreme 
degree of contrast. This is mainly because the specimen is 
shadowed from only one side. Hence, better electron micrographs 
can be produced by using the metal to fill in the shadows which 
it casts. 

Back shadowing! and cross shadowing with the same amount 
of metal have been tried in this laboratory with little success 
toward better illumination of the specimen. However, when the 
material was shadow-cast the way portrait photographic pro- 

edure is carried out, better illumination of the specimen was 
achieved. 

Amount to portrait shadow-cast. The amount of metal used de- 
pends somewhat upon the contrast produced by the individual 
electron microscope. In this laboratory the best results are ob- 
tained by filling in the main shadow with about one-seventh as 
much metal as is required to produce the main shadow. 

Calculations and method. The first shadow is put on in the usual 
manner. The shadow-casting chamber is cleaned to prevent 
vaporization of any metal present from previous shadow-casting. 
The angle between screen and basket is checked, and the proper 
amount of metal placed in the basket? 


Mass= (4/3) 47? cotOpt’10-°. . 


The four-thirds is put in the calculation because a wire basket 
is used to hold the metal. The angle @ is the angle of the shadow- 
casting, p is the density of the metal used, and ?’ is the required 
thickness of the metal. Use about one-seventh as much metal to 
portrait shadow-cast as for the main shadow. 





Fic. 1. Bacteria and tobacco mosaic virus. Single shadow 16,400 X. 
Chromium 45A thick, 15° angle. 
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Fic. 2. Bacteria, polystyrene latex, and tobacco mosaic virus. Chromiym 
40A thick, 14,800 X. Portrait shadow-cast with 6-7A. 


The portrait effect is achieved by merely picking up the glass 
slide supporting the screens, turning it 180°, and shadow-casting 
again with one-seventh as much metal; or the amount best suited 
for the individual electron microscope. The screens are dipped on 
the glass slide and not broken loose until they are used in the elec- 
tron microscope. If they are loose, place them on double-sided 
Scotch Tape. This prevents the screens from being moved or dis- 
turbed during the process. 

Advantages. Portrait shadow-casting is extremely simple, re- 
quiring no additional equipment and only one additional shadow- 
casting. If the shadow-casting machine is provided with two 








Fic. 3. Tobacco mosaic virus and latex. Electronic 29,600 X, total 
30,000 X. Extreme blow-up of section of a plate to show how portrait 
shadow-casting brings out specimen edge on the dark side. In this case the 
latex particle blocked the second shadow along part of the virus rod. 
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baskets, this of course can be carried out in one operation. It pro- 
vides the specimen with more stability, better thermal and charge 
dissipation, and clearer pictures. The substrate, including that 
lying in the shadow, is now covered with a thin film of metal. 
Consequently the film support does not tear easily. It prevents 
extreme contrast which the negative cannot always fully record, 
making printing easier and with far more detail. One shadow pro- 
duces a very bright side and a very dark side, often resulting in 
complete obliteration of specimen detail on the shadow side, 
hence inability to make accurate measurements. Filling in the 
other side of the specimen by portrait shadow-casting not only 
reduces the contrast but slightly reduces the amount of metal 
needed for the first shadow. Portrait shadow-casting therefore 
makes measurement of the shadow as well as the specimen more 
accurate. 

Summary. Clearer pictures with more even illumination are 
produced by portrait shadow-casting. Measurements of the 

imen as well as its shadow are more accurate, and the speci- 
men stability is excellent. The method is extremely simple, re- 
quiring no extra equipment and only one extra shadow-casting. 
If the shadow-casting machine is equipped with two baskets for 
shadow-casting, the complete method can be carried out in one 
operation. ; 

An RCA model EMU electron microscope was used with a 
platinum aperture. The tobacco mosaic virus is three and one- 
half times normal size. It was water stored, and this increase is 
probably due to osmotic pressure causing water ingestion. If 
tobacco mosaic viruses are to be used for calibration, they must 
be properly stored and checked. 


1R. C. Williams and R. W. G. Wyckoff, J. Appl. Phys. 15, 712 (1944). 
?R. C. Williams and R. C. Backus, J. Appl. Phys. 20, 98 (1949). 





On the Etched Surfaces of Nickel Single Crystals 


SHIGETO YAMAGUCHI 


Scientific Research Institute, 31 Kamifujimae Komagome, 
unkyo-ku, Tokyo, Japan 


(Received February 20, 1951) 


CCORDING to the paper! published by J. G. Walker, H. J. 

Williams, and R. M. Bozorth, in a nickel single crystal there 
are 8 etch planes, (111). This was determined by optical means 
and x-rays. It was shown in the present report by means of elec- 
tron microscopy and diffraction that there were found the various 
planes on the etched surfaces of nickel single crystals. The three 
types of nickel single crystals employed here were the three metal 
disks (diameter: 10 mm, thickness: 2 mm) cut along the (001), 
(110), and"(111) planes, respectively. These specimens were named 
here No. 1, 2, and 3. These three types of disk specimens were 
buffed and then etched with ethanol-bromine (10:1 by vol) for 
10-20 seconds. These etched surfaces were observed previously 








Fic. 1. Electron micrograph of specimen No. 1. 
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by means of electron diffraction and then by the oxide replica 
method of electron microscopy.? 

Specimen No. 1 gave the diffraction patterns showing that the 
macroscopic etched surface was approximately parallel to the 
(001) planes of nickel single crystal. The electron micrograph ob- 
tained from this surface is shown in Fig. 1. It is seen in Fig. 1 
that the rectangular form (size: 30mu—-300my) are oriented in one 
direction. Some side planes of the crystals recognized in Fig. 1 
are distinctively more opaque than other planes. This means that 
the crystallographic indices for the opaque planes are different 
from those for the transparent planes, since the former planes have 
been oxidized more deeply than the latter. It was, therefore, con- 
cluded in reference to the results of diffraction experiment that the 
etched surface of specimen No. 1 was composed of the (001), 
(110), (110), (110), and (110) planes. It was surmised here that 
the (110) faces were more easily oxidized than the (001) faces. 

Many fine grooves arranged parallel with each other were ob- 
served by naked eyes on the etched surface of specimen No. 2. 
The electron beam running parallel to these grooves gave the 
diffraction pattern showing that the macroscopic surface of the 
specimen was parallel to the (110) planes of nickel crystal and the 
direction of the grooves was parallel to the (110) direction. The 
long crystals oriented parallel to each other in the electron micro- 
graph of Fig. 2 might be seen as etching grooves with naked eyes. 











Fic. 2. Electron micrograph of specimen No. 2. The etched surface of 
specimen is composed of (110) and (110) planes of nickel crystal. 


The etched surface of specimen No. 2 was, therefore, composed 
of the (110) and (110) planes. 

The diffraction pattern obtained from No. 3 showed that the 
macroscopic surface of the etched specimen was parallel to the 
(111) planes. There were found in the diffraction patterns ob- 
tained{some Kikuchi-lines, which meant that the etched surface 
of No. 3 was flat rather than thorny. The magnified reprint of the 
etched surface of No. 3 is shown in Fig. 3. There were found many 
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Fic, 3. Electron micrograph of specimen No. 3. There are 
many lamellar crystals here. 
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lamellar crystals here. The faces of the lamellae had to be as- 
signed with (111) indices in reference to the results of the 
diffraction. 

The temper colors obtained on the etched surfaces of the speci- 
mens on exposure to the air were remarked here. The etched sur- 
face of No. 2, which was composed of the (110) and (110) faces, 
became a mat surface rapidly in the air at room temperature. On 
the other hand, the etched surface of No. 3, which was composed 
of mainly (111) faces, became a mat surface very slowly in the air. 
These facts indicated that the (110) face, whose atomic arrange- 
ment is coarse, was chemically most active, and the (111) face, 
which consists of the closest packed atoms, was most inert among 
the principal faces of nickel crystal. 


1 Walker, Williams, and Bozorth, Rev. Sci. Instr. 20, 947 (1949). 
2S. Yamaguchi, J. Appl. Phys. 22, 680 (1951). 





Erratum: Lattice and Grain-Boundary 
Self-Diffusion in Silver 
[J. Appl. Phys. 22, 634 (1951)] 


R. E. HOFFMAN AND D. TURNBULL 
General Electric Research Laboratory, Schenectady, New York 


HE activation energy for lattice self-diffusion in silver was 
erroneously given in the abstract as 49,500 kcal/g-atom. 
The value 45,950 kcal/g-atom, as given in the text, is correct. 





Corona from Ice Points 
HERMAN W. BANDEL* 
Department of Physics, University of California, Berkeley, California 
(Received April 24, 1951) 


HE influence of water droplets in an electrical field in in- 
itiating sparks and possible lightning discharges at fields 
of the order of 4 those required for uniform field breakdown of air 
led to the study of the influence of ice on similar phenomena.! 
The effect of ice points in initiating a discharge in air was investi- 
gated by studying the positive and negative point-to-plane corona 
with such points in analogy to the earlier studies of W. N. English 
on water points.? Figure 1a shows a schematic picture of the 
mounting of the ice point and Fig. 1b is an actual photograph of 
such a point. Points were prepared by freezing water in a brass 
mold about a suitable stem, warming the mold sufficiently to 
remove the point, cooling the point in a cold chamber, and dipping 
it in water to round it. When ready to mount in place in the 
holder of the cooled corona chamber, the point was “fire-polished” 
in room air. The point-to-plane was the standard 8-cm gap length 
used with points of 1-mm diameter. Later, 2-mm points were 
tried. The gas used was room air at about atmospheric pressure 
and at the temperature of dry ice in alcohol, which was —78°C. 
For comparison a standard Pt point of 1-mm diameter was used 
under the same conditions. 

Typical observed current potential curves for Pt, tap water ice, 
and distilled water ice for positive and negative points of 1-mm 
diameter are shown in Fig. 2 and Fig. 3, respectively. It is to be 
noted that the ice points yielded corona both with positive end 
negative points. In Figs. 2 and 3 the appearance of the sharp in- 
crease in current occurred at about the same or perhaps some- 
what lower potentials for the positive ice points and definitely 
lower potentials for the negative ice points than for the platinum 
point. The threshold values shown were not constant or repro- 
ducible with different points as seen for tap water in Fig. 3. They 
are thus not an intrinsic property of the ice but are to be ascribed 
to the fact that despite all the care taken, the radii of the ice 
points were not what they were cast to. Despite melting and 
“flame-polishing” the actual points on final chilling down had 
irregular radii smaller than the 1 mm assumed and, in any case, 
the points did not remain smooth but developed small crystalline 
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points. Work at —10°C, where such deformations should be less 
and where the ion impact on negative points and the heat of the 
discharge perhaps flattens down the sharp corners, yielded less 
erratic values of the onsets. While accurate ice point thresholds 
cannot be fixed, the data taken so far indicate that positive and 
negative corona onsets are not far different from those for the equiw- 
lent metal point. 

The second difference noted is that even with the more con- 
ductive tap water the ice resistance was so high that while the 
prethreshold currents were the same for the Pt and the ice points, 
the currents after corona onset rose only to 5X 10~" amp for dis- 
tilled water points and 10~* amp for tap water ice, compared with 
the conventional values of 10~* amp for the Pt point in that range. 

It must be realized that the density of the air at —78°C at 
760 mm pressure is equivalent to a pressure of 1150 mm at 22°C, 
and that at —78°C or 195°K the density at 500 mm will be the 
same as that at 22°C and 760 mm. Thus, it was not surprising to 
note that the corona threshold with a Pt point at 195°K and 70 
mm was a streamer threshold with no burst pulses. On reduction of 
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Fic. 2. Curves showing current-voltage characteristics for positive 
corona from a platinum point, a tap water ice point, and a distilled water 
point. 
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Fic. 3. Curves showing current-voltage characteristics for negative 
corona from a platinum point, from tap water ice points, and from a dis- 
tilled water ice point. Note the irreproducibility of the starting voltage for 
tap water ice. Dotted lines indicate indeterminate or nonrepeatable rise. 


pressure to 400 mm this point gave the expected conventional 
burst pulses at threshold. 

The character of the oscilloscope manifestations with ice points 
is profoundly affected by the low conductivity of the ice. The 
direct resistance measurements of the ice point ranged from 10" 
to 10% ohms for tap water and 10" ohms for distilled water. With 
tap water and positive and negative points of 1-mm diameter, the 
corona onset was marked by pulses. With distilled water no pulses 
could be seen on the oscilloscope up to 19 kv, as the currents were 
too low. The pulses were of small amplitude, rounded at the peak 
and declined smoothly. 

This characteristic was unquestionably associated with the high 
resistance and the discharge of the limited charge stored on the 
point. Pulses were random in time. They increased somewhat in 
amplitude and frequency with potential increase. There were 
rarely more than four in a single sweep of 0.03 sec. Decreasing the 
resistance by shortening the points increased the pulse amplitude. 

With 2-mm diameter positive points, the pulses definitely ap- 
peared to be streamers of small scope which could be seen visually 
extending 4 to 6 mm into the gap. The pulses were still smaller 
than those with the Pt point and were rounded off as before. With 
smaller positive points the discharge could not be seen near onset 
and below 10-* amp but could be photographed on long exposure. 
Both positive and negative photographs for 1-mm points showed 
a small brushlike discharge out from the point. 

As noted, negative and positive coronas for 1-mm points were 
not clearly distinguishable. With a negative 2-mm point the dis- 
charge was visible as a diffuse brush with a fainter glow usually 
visible over the point surface. The faintness and shifting of the 
discharge over the point did not make it possible to identify 
negative glow and faraday dark space as with the platinum point. 
The negative oscillographic pulses were more or less typical of the 
Trichel pulse from a metal point, except for decreased amplitude. 

It is clear from the foregoing that except for lowered magnitudes 
the ice point gives positive point corona of the burst pulse or 
streamer type at about the same potential as the equivalent metal 
point. Amplitudes are much reduced by the high resistance of the 
ice point, and it is doubtful if the small distilled water ice point 
pulses should be called burst pulses. Positive water points also 
give corona quite analogous to those of metal points as shown by 
W. N. English. Such action is to be expected, since such positive 
coronas in air are governed by photoelectric ionization in the gas 
and except for fields are independent of point characteristics. 

At first the appearance of an equivalent Trichel pulse corona of 
decreased amplitude from negative tap water ice points with 
thresholds not widely different from those for Pt presented a 
serious paradox, as such coronas depend on secondary emission of 
electrons from the point surface. This paradox was particularly 
serious, since W. N. English® had observed that negative water 


points do mot give a regular corona. With this a discharge occurs 
when the potential is such as to disrupt the water surface. It then 
comes from the positive tips of the water droplets in the high 
field of the point. In 1912, W. Obolensky‘ reported that appreci- 
able photoelectric emission from water surfaces did not occur on 
illumination with light above 1300A, while such emission from ice 
occurred in the region 1800A to 2000A and was of the order of 10* 
that for water. The photoelectric current from ice in this wave- 
length region was, in fact, within 0.70 that of oxidized copper. 
Thus, ice, in contrast to water, has a secondary electron emissive 
power which is quite adequate to initiate some sort of a self- 
sustaining discharge at fields in dense air that are not too different 
from Pt, which has a rather low photoelectric response under these 
conditions. Whether the resulting discharges are of the nature of 
true Trichel pulses which are choked off by negative space charge 
or not is doubtful, since the interruption can be caused by the high 
resistance of the ice. It may also be concluded that while ice points 
can lead to a corona current when placed in high fields, it is in 
contrast with water unlikely that these coronas will lead to a 
lowered threshold for spark breakdown owing to the high resis- 
tance of the ice which would prevent the development of streamer 
distortions leading to sparks. The writer wishes to acknowledge 
his thanks to Professor L. B. Loeb, at whose direction this work 
was done, for his many helpful suggestions. 

* Work done under ONR contract. 

1W. A. Macky, Proc. Roy. Soc. (London) A133, 565 (1931). 

2W. N. English, Phys. Rev. 74, 179 (1948). 


3 Loeb, Parker, Dodd, and English, Rev. Sci. Instr. 21, 42 (1950). 
4W. Obolensky, Ann. Physik 39, 961 (1912). 





The Initial Susceptibility of Nickel 
under Tension 
H. J. Peppratt* anp B. N. BrocKHOUSsETt 


University of Toronto, Toronto, Canada 
(Received April 9, 1951) 


F a stress Z is applied along the axis of a nickel wire, the initial 
susceptibility x in the direction of the stress is given, accord- 


ing to Becker,! by 
xZ=43J2(—d,), : (1) 


where J, is the saturation magnetization and X, the saturation 
magnetostriction. In the derivation the magnetostriction is as- 
sumed to be isotropic and the applied stress Z to be much greater 
than any internal stresses. The effect of crystal anisotropy is 
neglected. Experimental values of xZ obtained by Scharff? over 
the range from room temperature to the Curie point are not in 
agreement with the values of 4J,7(—d,) given by Déring® and 
Kirkham‘ for polycrystalline nickel. 
Déring® has given another expression for the initial suscepti- 
bility at low temperatures 
xZ=CJo/J«, (2) 


where Jo is the saturation magnetization at 0°K and C is a con- 
stant. This expression is in qualitative agreement with the experi- 
mental results of Scharff, but there are still large discrepancies. 
We have measured the initial susceptibility of a very pure 
nickel wire over a temperature range which included room tem- 
perature. The wire, supplied by the Johnson Matthey Company, 
was 99.99 percent nickel. The measurements were made ballisti- 
cally by the method of reversals. The magnetization curves ob- 
tained were fitted by Rayleigh’s law, J/=xH+<aH?, to obtain the 
initial susceptibility. The expected accuracy of the values of x 
thus obtained is 4 percent. For large stresses the coefficient a was 
found to be small in rough agreement with Becker’s theory in 
which the magnetization is assumed to change by reversible rota- 
tion against the stress. In no case, however, was it negligible. 
The specimen was annealed for two hours at 1100°C and then 
exposed to a seasoning stress of 11.3 kg/mm}. This did not appre- 
ably work the specimen. Measurements were then made at 
stresses of 11.3, 9.4, 7.55, and 3.78 kg/mm? at a series of tempera- 
tures below 120°C. For the three highest stresses x was very nearly 
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' Fic. 1, Limiting initial susceptibility of nickel under tensional stress. 
Curve A—maximum stress 11.3 kg/mm?, curve B—plastically deformed 
with applied stress of 22.8 kg/mm?. 





proportional to 1/Z, and a value of xZ for Z—~ was easily ob- 
tained graphically. The values of xZ thus obtained are shown as 
curve A in Fig. 1. The slope of the curve is in agreement with 
Déring’s theory (Eq. (2)), though the range is too small for 
the agreement to have much significance. Because of the effects 
of crystal anisotropy, which increase strongly with decreasing 
temperature, this curve could not be extended below 20°C. 

The specimen was then exposed to a stress of 22.8 kg/mm? 
which cold-worked the wire somewhat. Measurements were made 
at this and lower stresses at temperatures between —40°C and 
100°C. The values of xZ obtained are shown as curve B. Not 
only is xZ lower than for the annealed specimen, but its tempera- 
ture variation is greater. 

Since at low temperatures very high stresses are required to 
overcome crystal anisotropy, it had been originally intended to 
investigate this temperature region by use of severely worked 
wire. The discovery that the temperature dependence of xZ is 
different for annealed and cold-worked materials makes this seem 
useless. Thus it does not appear possible to obtain values of xZ 
at very low temperatures which can be compared with theory. 

Further measurements have been made by one of us (B.N.B.) 
in the range from room temperature to the Curie point. These 
confirm the results presented here and in particular indicate that 
for annealed nickel in the range 20°C to 150°C the temperature 
variation of xZ is given by Déring’s expression (2) to an accuracy 
of about 20 percent. Above 150°C the measured values of xZ and 
its temperature dependence are less than those predicted by 
Eq. (2). An account of this work will be submitted for publication 
in the Canadian Journal of Physics. 

* Now at Department of Physics, McGill University, Montreal, Quebec. 

t Now with National Research Council, Chalk River, Ontario. 

1R. Becker and W. Déring, Ferromagnetismus (Verlag. Julius Springer, 
Berlin, 1939). 

2G. Scharff, Z. Physik 97, 73 (1935). 

*W. Déring, Z. Physik 103, 560 (1936). 


‘D. Kirkham, Phys. Rev. 52, 1162 (1937). 
§'W. Doring, Z. Physik 124, 501 (1948). 





Allotropy of Beryllium 


A. U. Sgyso.t, Josepn S. LuKEesH, aNnD D. W. WHITE 


Knolls Atomic Power Laboratory, General Electric Company, 
Schenectady, New York 


(Received December 14, 1950) 


WO recent investigations using x-ray diffraction’ and 
dilatometric? methods, as well as other studies at several 
AEC project sites, have indicated that beryllium is single-phased 


between 0° and 1000°C. Therefore, it is of considerable interes, 
to note a recent report* of the existence of an allotropic form of 
beryllium coexisting at room temperature with the normal form, 

Sidhu and Henry,’ the authors of the latter paper, based their 
conclusions on their observation of several extraneous, weak 
diffraction lines in “pure” beryllium that seemed to increase jn 
intensity with the addition of gold as an alloying element up to 
concentrations of 2 atomic percent. The normal beryllium lines 
(so-called a-form) were unaffected by an increasing concentration 
of gold. It was concluded that the extraneous lines represent a g. 
form of beryllium, fitting a large-celled hexagonal structure, that 
takes as much as 2 atomic percent gold into solid solution, while 
a-beryllium dissolves practically no gold. 

We question the necessity of interpreting the weak, extraneous 
lines as being due to a new phase of beryllium. Sidhu and Henry 
ruled out impurities “as determined by the spectrographic and 
x-ray analyses” as a possible explanation. In this connection, two 
facts are of importance: (a) oxygen is not normally determined 
in spectrographic analysis, and (b) Lukesh* has found that as 
little as one percent by weight of added BeO can be detected in a 
powder photograph of presumably oxide-free beryllium. It js 
general experience that contamination of Be with BeO is difficult 
to prevent, particularly when the Be is heated in a BeO crucible. 
We suggest that the extraneous lines observed by Sidhu and Henry 
can be attributed to impurities. Seven of the thirteen extraneous 
lines have spacings and relative intensities agreeing with published 
data on BeO. These are 2.34 (2.34), 2.22 (2.19), 2.06 (2.06), 1.351 
(1.350), 1.272 (1.288), 1.236 (1.239), and 0.911 (0.915)A, where the 
numbers in parentheses are the published values for BeO. Six 
lines remain unidentified and may be due to a different phase or, 
more likely, an unknown impurity. 

In regard to the 2 atomic percent gold alloy, three of the 
stronger extraneous lines are in close agreement with three strong 
lines of AuBes, and one of these does not appear in the “pure” 
Be pattern. Those lines correspond to spacings 3.47 (3.50), 3.03 
(3.03), and 2.12 (2.15)A, the spacings in parentheses being those 
of AuBe;. It would appear possible that some AuBes might be 
present in this alloy. The remaining lines that are not in agree- 
ment with Be, BeO, or AuBe; might represent an unknown inter- 
metallic compound, Au,Be,, with a Au: Be ratio less than 1:5. 
Such a possibility would explain the observation of an increase in 
intensity with added gold without a change in interplanar spacing. 

If there were a 8-Be phase and it dissolved gold, one would 
expect a change in lattice parameter with increasing gold content, 
particularly in view of the large (29 percent) difference in atomic 
diameter. Sidhu and Henry reported that there was no apparent 
change in interplanar spacings with increasing gold content. 

1 P,. Gordon, J. Appl. Phys. 20, 908 (1949). 

2R. M. Treco, J. Metals, Am. Inst. Mining Met. Engrs. 188, 1274 (1950). 


3S. S. Sidhu and C. O. Henry, J. Appl. Phys. 21, 1036 (1950). 
4 Joseph S. Lukesh (unpublished research). 





On the Initial Decay of Oxide-Coated Cathodes 


T. Hist AND K. ISHIKAWA 


The Research Institute for Scientific Measurements, Tohoku University, 
Sendai, Japan 


(Received February 12, 1951) 


) hee order to clarify the mechanism of the initial decay of tem- 

perature-limited current from oxide-coated cathodes, for which 
various mechanisms, such as surface cooling,' diffusion of free 
barium, or poisoning by gases,? have been proposed, the decay 
phenomenon was observed over the 75-second time range with an 
oscilloscope, and the following results were obtained: 

In cases of both commercial tubes and tubes which were pre- 
pared for the present study, having guard ring anodes and elec- 
trolytic nickel cathode bases, it was observed that, in general, the 
emission current decayed but the decay became slower and less 
pronounced after high temperature heating of the cathode. For 
example, some tubes showed no decay after heating the cathode 
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at about 1250°K for one hour. However, heating the cathode at a 
still higher temperature produced little change in the decay. 
From a state showing no decay the application of high anode 
yoltage and the drawing of emission current would cause the decay 
to return again and the tube to recover to the state before heating. 
The changes caused by heating the cathode gradually became less 
although they could be repeated to some extent. In order to es- 
tablish the mechanism of these interesting phenomena, the fol- 
lowing experiments were carried out: 

(1) As a result of heating a getter deposit by warming the bulb 
from the outside without heating the cathode, the decay became 
slower and less pronounced although the initial emission current 
remained almost unchanged. For example, the decay diminished 
by half after heating the bulb at about 150°C for one hour. By 
applying high anode voltage, the tube recovered to the initial 
state of decay before heating. Such a change, which could be made 
more pronounced by heating longer and at an increasing tempera- 
ture, became less when repeated several times, and a treatment at 
too high a temperature was scarcely effective. These results pro- 
duced by getter heating are qualitatively in good agreement with 
the changes observed in high temperature heating of a cathode. 
The effect of cooling a getter deposit with dry ice from outside of 
the tube was negligible. 

(2) A change in decay characteristic was found to be negligible 
in the case of high temperature heating of a cathode when the 
tube was immersed in melting ice so that the getter deposit did 
not get warm. The decay characteristic showed a tendency to 
diminish with the same cathode heating when the tube was kept 
in the air. 

(3) In order to establish further the dependence on the getter, 
special experimental tubes were prepared, each of which con- 
sisted of two parts. One part was a measuring diode having a con- 
struction similar to the previous ones, and the other part was a 
getter chamber connected with a tube so that the getter section 
was not heated by the cathode. Contrary to the previous results, 
the initial decay remained almost unchanged after high tempera- 
ture heating of the cathode in the measuring diode, while it be- 
came less pronounced, as in the previous case, by heating the 
getter deposit and the cathode simultaneously. As in the previous 
case, application of a high anode voltage caused the decay char- 
acteristic to recover to the initial state and heating the getter 
deposit at too high temperature gave no change. The result of an 
experiment in which only the getter deposit of this special tube 
was heated with the cathode at room temperature was the same 
as that in experiment (1). 

The effect of heating a getter deposit in the above experiments 
is considered to result in an improvement of vacuum owing to an 
increase in the gas absorption ability of the getter deposit. Re- 
covery of a decay by applying a high anode voltage after a decay 
once disappeared may be due to an evolution of gases from the 
anode bombarded by electrons. The reason a decay characteristic 
scarcely changes in the case of heating a cathode or getter deposit 
at too high temperature may be attributed to a decrease in gas 
absorption ability of the getter and/or to the evolution of gases 
from the anode, glass wall, and elsewhere. A gradual decrease in 
the effect during its repetition may be due to a decrease in this 
absorption ability of the getter. Therefore, the effect of high 
temperature cathode heating in reducing the decay is naturally 
considered to result from a, temperature rise of the getter deposit 
by heat radiation from the cathode. There are many instances that 
a decay disappeared completely by high temperature heating of a 
cathode, although no such examples were observed in experiments 
(1) and (3) in which a getter deposit was heated from the outside. 

From these results it appears that the main cause of the initial 
decay of temperature-limited current from oxide-coated cathodes 
over the 75-second time range may be attributed to the poisoning 
action of gases in a tube. Similar conclusions were reached by 
Feaster® in studies of pulsed emission from oxide-coated cathodes. 

'H. Kawamura, Nippon Sigaku-Buturi Gakkaisi 17, 159 (1943). 


J: P. Blewett, Phys. Rev. 55, 713 (1939). 
G. R. Feaster, J. Appl. Phys. 20, 415 (1949). 
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Photoconductivity of Composite Photoemissive 
Cathodes 


SERGE PAKSWER AND WILLIAM O. REED 
Research Department, The Rauland Corporation, Chicago, Illinois 
(Received March 30, 1951) 


T is still questionable whether photoelectrons in composite 
photoemissive cathodes are emitted from alkali metal atoms 
adsorbed on the surfaces, whether they are formed in the top 
layers of the sensitized coating, or whether they are produced as a 
volume effect inside the coating. A review of the very extensive 
literature shows that all three possibilities have their proponents. 
The arguments are based on experiments made on secondary 
emission, behavior in electric or magnetic fields, and on the in- 
fluence of the thickness of the layers on spectral sensitivity; also 
on the behavior in polarized light, the velocity distribution of 
photoelectrons, the quantum yield, and fatigue phenomena. 
Few contradictory experiments! are reported on measurements of 
photoconductivity in Sb-Cs cathodes. 

Since the presence or absence. of photoconductivity and its 
spectral distribution could help decide in favor of one or the other 
mechanism, we undertook to perform experiments to learn the 
experimental difficulties. Our experiments were carried out on 
three semitransparent photoemissive coatings: the Ag-O-Cs 
cathode, the Sb-Cs cathode, and a PbS coating which we cesiated 
after processing the PbS for maximum infrared photoconductivity. 
All the experiments were made in tubes with a central anode and 
two conductivity strips of Pt, encompassing the photoelectric 
cathode formed by evaporation and processing on the glass wall 
of the bulb. 

Upon illumination of the processed cathodes of all three types, 
a considerable increase in current between the conductivity strips 
was observed besides photoemission to the anode. It could be 
shown that this current was due to a “skimming” effect of elec- 
trons along the layer towards the positive strip. It was obvious 
that this “skimming” current could cover up any volume con- 
ductivity if present and that it was necessary to suppress it. Thus, 
we resorted to a well-known technique and filled the succeeding 
tubes after activation with He at a pressure of 350-450 mm. This 
filling reduced the photoemission as well as the increase in current 
between the strips to a small value of about 1 percent of the origi- 
nal value. If the He was pumped out, the original sensitivity was 
regained. In the case of the Sb-Cs surfaces, the He also suppressed 
thermionic emission, and heating of the processed layer in the dark 
decreased its resistance following the logarithmic law—typical 
of a semiconductor. 

Since the admission of the He only greatly reduced photo- 
emission and the current between the strips, but did not suppress 
it entirely, our next step was to find out whether the remaining 
current between the strips was still due to some skimming or to 
actual volume conduction. We postulated that if this effect had a 
spectral distribution which differed from the remaining photo- 
emissive current to the central anode, such current should be due 
to photoconductivity. Since the incremental sensitivity of the 
current between the strips was very small, we used a dc voltage 
between the strips but chopped the light source and measured the 
ac voltage across a series resistor with an ac voltmeter. The re- 
sulting signal-to-noise values were so small that spectroscopic 
curves could not be made, and we obtained data by interposing 
different filters between the light source and the photosensitive 
surface (which on all tests was used with the glass surface turned 
towards the light source). To match the resistor, all examined 
Sb-Cs and Ag-O-Cs tubes were processed to a dark resistance of 
approximately 100,0002 between the strips. Examining tubes in 
this way with a Sb-Cs cathode, we found that the spectral dis- 
tribution of the current between the strips was shifted to the 
longer wavelengths as compared with the photoemissive current to 
the anode in the same tube. 

For example, for one tube the ratio of the signal due to con- 
ductive current to the signal from the photoemissive current was: 
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for a projection lamp 100 w of approx. 3000°K 0.43 
0.176 
0.025, 


that is, practically no conductivity was observed to uv of 3600A 
although we had good signals to the central anode. On another 
tube, using the projection lamp and filters, we obtained the 
data in Table I. 

Other Sb-Cs tubes showed a similar behavior. Conditions on 
Ag-O-Cs seemed to be more complicated. The ratio of current be- 
tween strips and photoemissive current was very much smaller 
than the ratio for the Sb-Cs surface (for the projection lamp 3-4 
percent as compared with 20-40 percent). A shift in spectral re- 
sponse could not be definitely observed. One of our tubes showed a 
peculiarity observed on repeated tests several months apart. When 
we illuminated it with our projection lamp and interposed yellow 
or red filters, the current between strips was considerably increased 
over unfiltered light signals, the photoemissive current to the 
central anode remaining normal. We think that this behavior is 
due to some quenching action by short-wave radiation on 
conductivity. 

The resistance of a photoconductive layer of Pb-O-S was con- 
siderably increased upon introduction of pure cesium from a side 
tube. Considerable photoemission especially to near ultraviolet 


H4 lamp in clear glass 
H4 lamp with black uv filter 
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TABLE I. 
% Over-all % Over- 
Wratten filter © cond emissivion 
Ultraviolet 18A 1 3.23 
Blue-green 78AA 40 74 
Orange 22 55.5 47 
Red 27 42.1 22.1 
Red 29 33.3 5 
Infrared 88A 8.9 0 




















radiation was observed after baking the layer in the presence g 
the cesium. Upon admission of He, it was found that the rem 
ing photocurrent between the strips in response to ultrayig 
and blue-green radiation was entirely due to remaining “skip 
ming” electrons and there was no measurable photoconductivity, 

We would not like to draw any further conclusions from ours 
tests concerning the mechanism of photoemission. We com. 
municate these results to indicate some of the difficulties inherent 
in the measurement of conductivities in photoelectric layers with 
the hope that our observations might be useful for further work 
along this line. 













































1N. S. Khlebnikov and A. E. Melamid, Doklady Akad. Nauk. SSSR 
63, 649 (1948). See Chem. Abstracts 43, 3705d (1949), P. Borzyak, Zhur 
Tech. Phys. 30, 923 (1950). See Chem. Abstracts 45, 437g (1951), “ 
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Symposium on the Solution of Simultaneous Equations and the Determination of Eigenvalues 


As part of the Semicentennial Celebration of the National Bureau of Standards, a Symposium on the 
Solution of Simultaneous Equations and the Determination of Eigenvalues will be held at the Institute for 
Numerical Analysis (a section of the NBS Applied Mathematics Laboratory) at Los Angeles, California, 


on August 23-25, 1951. 


The symposium will include surveys of method, both theoretical and practical, and related computa- 
tional procedures adapted to hand machines, punched card equipment, and automatic digital computing 
machines for the solution of the two types of problems. 

A. Ostrowski (Basle, Switzerland), E. Stiefel (Ziirich, Switzerland), and C. E. Fréberg (Lund, Sweden) 
will present papers on the Inversion of Matrices. A. S. Householder (Oak Ridge), P. S. Dwyer (Michigan), 
and speakers from the NBS will also report on this subject. 

The Determination of Eigenvalues will be discussed by H. Wielandt (Tiibingen, Germany), R. A. Frazer 
(NPL, England), G. Fichera (Trieste), and F. Rellich (Géttingen, Germany) from abroad. Also H. H. 
Goldstine (Institute for Advanced Study, Princeton), N. Aronszajn (Oklahoma A and M), A. Weinstein 
(Maryland), A. T. Brauer (North Carolina), and speakers from the NBS will present papers. The chairman 
of the symposium will be Professor J. Barkley Rosser of Cornell University. 


























Boston College has announced a special two weeks intensive course in Modern Industrial Spectrography 
at Chestnut Hill, Boston, Massachusetts, from July 23 to August 3. The course is particularly designed for 
chemists and physicists from industries in the process of installing spectrographic equipment. Information 
on the course can be obtained from Professor James J. Devlin, Physics Department, Boston College, 


Chestnut Hill, Boston 67, Massachusetts. 


Course in Modern Industrial Spectrography at Boston College 



















